AN INTRODUCTION TO 

THE THEORY OF GROUPS 
OF FINITE ORDER 


BY 


HAROLD HILTOX, M.A. 

XECTURtai IN MATHEMATICS AT BEDFORD GOILEGE 
FORMERLY' FELLOW OF MAGDALEN COLLEGE^ OrFORD 
AND AiSSISTANT MATHEMATICAL LECTURER AT 
THE UNIYERSITT COLLEGE, BANGOR 


OXFORD 

AT THE CLARENDON PREIs 


1908 




52435 


HEOTt-T rROTTOE, M.A. 

PEIBIISKER TO THE UXIVERSITY OF OXFORD 
LOlfDON-, EDINTBURGH 
ITEW -yOKK AND TORONTO 


PKEFACE 

T his book aims at introducing tbe reader to more 
advanced treatises and original papers on Groups 
of finite order. Tbe subject requires for its study 
only an elementary knowledge of Algebra (especially 
Theory of Numbers), but the average student may 
nevertheless find the many excellent existing treatises 
rather stiff reading. I have tried to lighten for him 
the initial difficulties, and to show that even the most 
recent developments of pure Mathematics are not 
necessarily beyond the reach of the ordinary mathe- 
matical reader. 

I have omitted as far as possible lengthy and 
difficult investigations; their place is taken by an 
unusually numerous selection of examples. Students 
who have had no previous acquaintance with the 
subject should work a few of th^ examples after 
reading each section. Many of them can solved 
at sight, and are inserted merely to make the reader 
familiar with the definitions and theorems of the text. 
Hints for the solution of the rest will be found at the 
end of the book. 

In an elementary treatise reference would be out 


IV 


PREFACE 


of place ; for complete lists the reader may consult 
Easton’s Constructive Development of Group-Theory 
(Philadelphia University, 1902), and Miller’s ‘ Eeports 
on Group-Theory’ in Bulletin Amer. Math. 8oc., v 
(1899), p. 227 ; vii (1900), p. 121 ; is (1902), p. 106 ; 
xiv (1907), pp. 78, 124. 

I have derived much help from Burnside’s Theory 
of Groups (Cambridge Univ. Press, 1897), Weber’s 
Algebra (Yieweg und Sohn, 1898), Seguier’s Groupes 
Abstraits (Ganthier-Villars, 1904), Bianchi’s Gruppi 
di Sostituzioni (Spoerri, 1900), Dickson’s Linear 
Groups (Tenbner, 1901), &c. : to these treatises I hope 
to introduce the reader. In addition I have consulted 
a very large number of papers in Proc. London Math. 
Soc., Berliner Sitzungsberkhte, Bulletin Amer. Math. 
Soc., Amer. Journal Math., Math. Annalen, Crelle’s 
Journal, Messenger of Math., and other periodicals. 
Most of the examples are taken from these books 
and papers, but I have added others of my own when 
I could not otherwise find a suitable illustration of 
any theorem. 

The theory of Group-characteristics seemed to be 
too advanced for an introductory treatise, but I have 
devoted one short chapter to the subject to assist 
the reader in understanding Frobenius’ and Burnside’s 
recent contributions to group-theory. 

I have omitted the theory of Algebraic equations ; 
partly from considerations of space, and partly because 
the necessary information is already accessible to 
English readers, e. g. in Dickson’s Theory of Algebraic 
Equations (Chapman, 1903) and in Mathews’ Alge- 
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Iraic Equations (Cambridge Math, Tracts, Xo. 6, 
1907). 

The nomenclature of the subject is by no means 
settled, I have tried to select definitions which have 
the advantage of being either self-explanatory (e.g. 
‘ greatest common subgroup ’) or concise (‘ normal ’) ; 
but the task was not at aU easy. 

I have treated the pure group-theory with greater 
thoroughness than the applications. The aim of 
chapters 11, III, IV, VI, VII, VIII is to stimulate 
interest, rather than to give a complete or rigid 
investigation of the subjects there dealt with. On 
a first reading the student may omit, if he chooses, 
chapters III, IV, VII, VIII, XTV, XV, and the last 
section of Chapter V. 

The following conventions are adopted : — (1) p 
denotes a positive prime integer throughout ; (2) a 
reference such as V 10 means ‘ the tenth section of 
the fifth chapter ’, while V IO3 means ‘ the third 
example in the tenth section of the fifth chapter’. 

Lastly, it is my pleasant duty to express my 
warmest thanks to three mathematicians who have 
given me most valuable assistance. Prof. E. B. Elliott, 
F.RS., at whose suggestion the book was undertaken, 
kindly read through the MS. of the earlier chapters 
and indicated several improvements ; Mr. J. E. 
Campbell, P.R.S., generously devoted much time to 
the reading of the proofs, and pointed out many 
obscurities ; Prof. W. Burnside, E.RS., kindly helped 
me throughout with much useful advice on questions 
of nomenclatm-e, &c., and has supplied me with 
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material for tlie Appendix. My best thanks are also 
due to the Delegates of the Oxford University Press 
for undertaking the publication of the book, and to 
the staff of the Press for the eare and skill with which 
the printing has been done. 

H.H. 


A^ril, 1908 . 


CONTENTS 


CHAPTER I 

ELEMENTS 

PAGE 

§ 1. Definition of an element 1 

2. Order of an element 2 

3. Transforms 3 

4. Commutators 4 


CHAPTEE II 

PEBMUTATIONS 

§ 1. Definition of a permutation 6 

2. Circular permutations 7 

3. Cycles 7 

4. Order of a permutation 9 

5. Transform of a permutation 9 

6. Product of transpositions 10 


CHAPTEE ni 

SUBSTITUTIONS 

§ 1, 2. Definition of a sul)stitution 12 

3. Transform of a substitution 14 

4. Homogeneous linear substitutions 15 

5. Hermitian forms 18 

6. Poles and characteristic e<iuations 20 

7. Multiplications and similarity-substitutions . . . .23 

8. Substitutions of finite order 24 

9. Fractional linear substitutions 26 

10. Galois Fields 28 

11. Piimitive roots of a Field 81 



viii 


CONTENTS 


CHAPTEE lY 

GEOMETEICAL ELEMENTS 

PAGE 


§ 1. Definition of a geometrical movement 33 

2. Enler’s construction 35 

3, 4. Rotatory -inversions 37 

5. Screws 38 

6. Congruence and enantiomorphy 39 

7. Movements considered as elements 39 

8. Geometrical representations of movements .... 40 

9. Transform of a movement 41 

10. Symmetry 42 

11. Successive inversions 43 

12. Collineations 44 

13. Collineations of order two 46 


CHAPTER Y 


GROUPS 


§ 1. Groups and semi-groups 

. 51 

2. Sets of elements 

. 54 

3. Generators 

. 55 

4. Subgroups 

. 57 

5. Cyclic groups 

. 60 

6. Conjugate elements and subgroups 

. 60 

7. Normal elements and subgroups .... 

. 62 

8. Normaliser of an element 

. 64 

9. Normaliser of a subgroup 

. 65 

10, 11, 12. Greatest common subgroup ..... 

. 66 

13. Permutable groups 

. 67 

14. Subgroup whose order is prime to its index . 

. 68 

15. Direct product 

. 69 

16. Isomorphic groups 

. 70 

17, 18. Factor-groups 

. 72 

19, 20. Abelian groups 

. 75 

21. Frobenius^ theorem ...... 

. 75 


CONTENTS 


ix 

CHAPTEE VI 

PERMUTATION-GROUPS 

PAGE 

§ 1. Alternating and symmetric groups 79 

2, 3, Permutation-group isomorphic mth a given group . . 81 

4. Cayley’s colour-groups 85 

5, 6. Transitive groups 90 

7, 8. Intransitive groups 91 

9. Primitive and imprimitive groups 93 

10, 11. Noi-mal subgroups of transitive groups .... 94 

12. Groups containing a transposition 95 

13. Groups containing all circular permutations of degree r . 96 

14. The alternating group is simple 96 

15. Normal subgroups of the symmetric group ... 97 


CHAPTEE YII 

SUBSTITUTION-G ROUPS 

§ 1. Definition of a substitution-group 93 

2. Transform of a substitntion-gi-oup . . . . .93 

3. Invariants 99 

4. Reducible and irreducible groups lOO 

5. Homogeneous linear groups 101 

6. Hermitian invariants 102 

7. Redncibility of a finite homogeneous group . . .102 

8. Finite Abelian substitution-groups 104 

9. General homogeneous linear group 105 

10. Fractional linear group . . • . . . .107 


CHAPTER YIII 

GROUPS OP MOVEMENTS 

§ 1. Definition of a group of movements 108 

2. The screws form a normal subgroup 108 

3. Equivalent points and lines 109 

4. Translation-groups ........ 109 


X 


CONTENTS 


§ 5. n-Bl rotations and rotatoiy-inversions , 

6, 7. Holoaxial point-groups 

8. Extended point-groups 

9. Nets and lattices 

10. Groups containing no infinitesimal translation 

11. IsomorpMc groups of sul)stitutions and movements 

12. Example of isomorpMc groups . , . . 


PAGE 
. 110 
. Ill 
. 114 
. 115 
. 118 
. 119 
. 121 


CHAPTEE IX 

aENERATORS OF GROUPS 


§1,2. Generators 124 

3. Generators of an Abelian group 126 

4, 5, 6. Invariants of an Abelian group 127 

7. Prime-power Abelian groups 130 

8. Abelian groups of the type (1, 1, 1) .... 131 


CHAPTEE X 

THE COMMUTANT ARD GROUP OP AUTOMORPHISMS 


§ 1. Definition of the commutant 183 

2, The commutant is normal 133 

8. The commutant of a factor-group ..... 134: 

4. The group of inner automorphisms . . . . .135 

5. Metabelian groups 135 

6. The groups of automorphisms 136 

7. Holomorphs and characteristic subgroups . . .139 

8. Permutation-groups isomorphic with the holomorph and 

group of automorphisms ..... , . 140 


CHAPTEE XI 

PRIME-POWER GROUPS 

§ 1, The central of a prime-power group .... 142 
2. The series of normal subgroups . . . . . . 143 


co^^te:s:ts 


XI 


PAGE 

§ 3. A BTibgroup of order is contained normally in a siil> 


gronp of order ps-hi 144 

4. Tlie G. C. S. of the subgroups of index p . . . . 145 

5. The nnmlier of subgroups of given order . . . ,146 

6. Groups with only one subgroup of given order . . . 147 

7, 8. The groups with a cyclic subgroup of index j) . . . 143 

9. Groups with one subgroup of order 2 . . . . 150 


CHAPTEE Xn 

SYXOW’S THEOEEM 

§ 1. Sy low subgroups 1^2 

2. Probenius’ extension of Sylow’s theorem .... 156 


OHAPTER XIII 

SERIES OP GROUPS 


§ 1. Series of groups 

2. The composition-series 

8. Composition-fact or*groups 

4. Composition-series containing a given normal subgroup 

5. Soluble groups 

6. Composition-series of a minimum normal subgroup . 

7. The cMef-series 

8. Chief-factox-groups 

9. The characteristic-series 

10, 11. The series of derived groups 

12, 13. The series of adjoined groups 


158 

158 

159 
161 
161 
162 
164 

164 

165 

166 
167 


OHAPrER XTV 

SOME 'WEXL-KyO'WE GEOUPS 

§ 1. The group {a, Z>} in which {a} is normal . 

2. Eibedral, dicjelic, See,, groups .... 

3. Metaeyclic groups 

4, 5. Groups with cyclic Sylow subgroups . 

6, Definition of Samiltonian and quatermon groups 
7, 8, 9. The determination of all Hamiltonian groups . 


169 

170 

171 

172 

175 

176 


* 


Xll 


CONTENTS 


CHAPTEE XV 

CHAKACTERISTICS 

§ 1, Representations and characteristics , . . . 

2. Sets of characteristics . . . . 

3. Characteristics of an Abelian group .... 

4. Reciprocal subgroups of an Abelian group 

5. Characteristics of a non- Abelian group 

6. No simple group contains a conjugate set of elements 

Hints por solution of the examples ..... 
Appendix. Problems awaiting solution 


PAGE 

. 179 
. 180 
. 181 
. 182 
. 183 
. 186 

. 189 

. 233 


Index 


234 


CHAPTER I 


ELEMENTS 

§ 1, Things represented by the symbols a, b, c, (which, 
may be quantities, operations, &c.) will be called elements 
or operations if they satisfy the following conditions : — 

(1) Elements possess a law of combination; i. e. any 
element b can be combined in one way only with any element 
a to form a third element g, which is called the product or 
resultant of a and 6 and is denoted by ah, a .b, or axh. 
The equivalence of ab and g is denoted by the equation 
ab^g. 

The result of combining b with a is not in general the 
same as the result of combining a with 6 ; i e. ab is not in 
general the same as ba. If ah = ha, a and b are called 
permuidble or commutative elements. 

(2) Elements obey the associative law ; i. e. if ab = g 
and be = h, gc ^ ah; or, as it may be otherwise expressed, 
{ab)c = a(bc). 

We write abc for (a6)c = afbc) ; abed for {abe)d = {ah) (cd) 
= a{bcd) = a{bc)d, and so on. 

(3) A fixed element e exists such that ae = ea = a, what- 
ever element a may be. We call e the identical element or 
identity. It is denoted by the symbol 1, if no confusion can 
be caused thereby. 

(4) An element a always exists such that aa = c, 
whatever element a may be. We call a the inverse of a or 
‘ the element inverse to a \ It follows that if ag = ah, 
aag = aah ; and hence eg = eh or g = h. 

We denote for convenience aa by a^, a^a by a^, a^a by a^, 
and so on. The inverses of a, a^,a\ ... are denoted by 

.... We define a^ by the equations = a, a^ 1. 

Ex. 1. If 0 is any fixed point, it is shown in IV 2 that the 
result of rotating any body first through an angle 9 about a line 
OA and then through 0 about OJB is the same as that of rotating 
the body about a certain line OC, Hence any rotation about 
a line through 0 may be considered as an ‘element ^ according to 
the definition given above. The ‘identical element’ is the act of 
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ieayiag tlie body linmoyed. Tlie element ^inyers© ’ to the rotation 
about OA is a rotation about OA through the same angle hut in 
the opposite direction. In general the result of first rotating the 
body through 9 about OA and then through (p about OJB is not 
the same as that of first rotating through (j> about OE and then 
through 6 about OA ; i. e. the two rotations are not in general 
permutable. 

Ex. 2Hfi) Proye a a = e ; (ii) deduce that ^ if = 7ia. 

Ex. 3.^ The inyerse of ah ...M is ... 

Ex. 4j n being a positiye or negative integer. 

Ex. 5^t and = {a^y^ = m and n 

being any positive or negative integers. 

Ex. Q{ li ah =: ha, 

Ex. 7-^ If each pair of the elements a, 5, c, ... is permutable, (i) 
; (ii) ... ... x 

Ex. 8,^ If ha:=a^% (i) ha^ (ii) W = 

( (iii) hah^a = {a^r(hab'^a)h^^, (iv) (haf = (a^h)^ {haf(aby\ 

Ex. 9. If l)a=or¥, (i) W= (ii) 

Ex. 10, When the law of combination is ordinary addition, (i) 
all positive and negative integers (including zero), (ii) all rational 
quantities (including 0 and oo), (iii) all real quantities, (iv) all 
complex quantities, may be considered as elements any two of 
which are permutable. 

Ex. 11 . When the law of combination is ordinary multiplication, 
(i) all rational quantities, (ii) ail real quantities, (iii) all complex 
quantities, may be considered as elements any two of which are 
permutable. 


§ 2. It may happen that the powers a, ... axe not all 

distinct. Suppose a** = {r>s). Then = aL a~^ = . a“^* 

= 1, Let be the first of the powers a, ... which = 1. 

Then n is called the order of a. 

Ex. 1. A rotation of a body through 27r-^^ ahont any line may 
he considered as an element of order n. Fox the body is brought 
back to its original position when the rotation is performed n. times. 

Ex. 2. The identical element is the only element of order 1. 

Ex. Br If an element is equivalent to its inverse, its order is 2 ; 
and conversely. 

Ex. 4. If a is of order n, (i) = 1 and h being a 

positive or negative integer ; (ii) conversely if = 1, ip = 7cu, 

Ex. S. If ^ = qr, the order of is r. 

Ex. 6. If d is the H.C.F. of n and r, the order of a® is n-i-d. 

Ex. 7. If each pair of the elements a, b, c, ... is permutable, the 
order of abo ... is a factor of the L.C.M. of the orders of a, €, .... 
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Kx. If n, h HIT* <*l<*nKaiiH c»r ordra's //, m, {>ro\T‘ ilial (i) if t,' is 
tht’ .1 of a whi<‘h is |M‘rmuiul)In wit ii Ik in in(<^|j:ral; 

(ii) if T‘ lh<" pow^r of rf whi<‘Ii is also a powor of /;, 

is ; fiii| if n’^h' rr //-a', wlicm r is prinio to )i and .s t.o a/, 

fl// 

l’<x. If “s //'■ rr* 1, tiff is iho iiivors<^ of /at. 

Fx. I<*. If O" //'' n - :rj 1, nf) — h(l. 

K\. I 1 . dlo‘ ftrdor of fi iH rp\ wlioro q is jHTtiH* tor, I^rovo that, 
(it ititoj^^is'H (t and /i oaii Im* chosoii so lhai it -r whom iho 

(trdor of i‘“i // and of is r; (ii) oonvor.soly if n -z hr, \vdi<M*(5 
if and r iiro pisnunfaldo ohnnonts of oniors 7 and /, h and 

K\. 1*2, If a, h aro idoiuontn cd' <jrdors n, iH and /a? nr, provo 
that dtOti nHai 2n| (2ai *— () ; (ji| nM) and i(b^ am of tlio 
Haino nrdor. 

Kx. Id. If ha ^ and aro of ilu^ Hunn^ onlor. 

§ 3^ Tho oloinoni. h ^ah is {‘allnd iho (TfiaHjaroi, of d Ity /> or 
tlio of trd ahJorutijiKf a by !>. 

Thr t-ifi jMorrr of f/to f nt finfonti of (f hy ff rrt fhe. In/'mforiH 
if thr it ft potrrr (f ft foj A, i fnufuf a poHiHvr f>r ^uA'.yntivr 
t tut t *jf r. 

For hinoi* h , h ^ofr- h hfh, it follows ai onr.o by 

imlnfdion that (h hiff /> whon f is po it.ivo. Ai^aim 

}*ilir»i-h Jf h/ ' !,(/; hfh) ^ h hf (h hf.h) ^wlirO 

/ innooiitivo; and thoisifon* {h ^off .n h ht^h as Indbro. 

A oas* of frotpiont or.nunvnro in ihaf in whi(dt iho transhjnn 
of if hy f* in a |»owi‘r of o. Supposes h ^ah -n- ihoti A ihv^hi^ 
fj a ponitivo inh‘gor. Ktn’ thin in ovddontdy iruo 

wholl y - I :iindHinroA r, (#/ rr. o \ hy indiiciifin 

t,ho ro.'^oili is U'tio in i^onoral, 

A.^oiin, (hihf^y -r. y f hring {KtHiiivo 

irit.O| 4 »*ni, Ko,r thin m ovifiontly inn* whon t ■■ 1 : and ninco 

fsa ♦ t f • tia i , ^ t f-' t>^ri ;, pp/... 1 1 

hy iinliirtioii iho r«',siili m tnio in gimoral 

Kx. 1. h " hih and a Imvo tha aamfi ordor. 

K'X. 2. If Irhili ■2S’ «, « and b am pomuitahlo, 

E%. «i* all and hu havi* llto mnm nrdor. 

Ivx. 4. Ttifi lra.fi*fori« of uh hyc in thu proiltifi of tho iraniforina 

of a arifl fe lif r. 

Kx* i. If iltfi tniwforini of c by a &rid b arti tbo saiiio^ kr^ and 
ali“" ^ mr« pefmnimhU with c* 
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4 COMMUTATORS [1 3 

Ex. 6. If = (i) {a^hvf (ii) the 

transform of by is 

Ex. 7. If in Ex. 6 a and b are of orders n and m, = 1 
(mod. n). 

Ex. 8. If &^ = 1 and iT^ab = a% find the order of a. 

Ex. 9. If a, b are of orders jp, jp— 1 (p prime*), the relation 
ab = la^ is possible for all values of 7c not divisible by p> 

Ex. 10. If b transforms a into its inverse and a transforms b into 
its inverse, = &^ = 1. 

Ex. 11. If a and b both transform c into one of its powers, ab 
and ba transform c into the same power of c, 

§ 4. The element c = a'^'^b~'^ah is called the commutator of 
a and 6. 

Of course c is not in general permutable with either a or h. 
If c is permutable with is the commutator of a® and b. 
For since b~^ab = ac, h^^a^b = {acY = when ac = ca. 
Hence a^%~'^a^b = c®. Similarly if be = c6, is the commu- 
tator of a and b^. 

If c is permutable with both a and 5, is the 

commutator of and 5^, since c® is the commutator of and 
6. Moreover from a7)^ = b^ac^ we deduce (ba)^ = ha7)a = 
b . bac . a = b‘^a^c, (ba)^ = bah^a^c = b . b^ac "^ . ah = b^ah'^, and 
by induction in general (baf = Similarly {ahY 

= Again, since c^y is the commutator of a^ and 62/, 

(bva^)^ = bvkv^^ and so on. 


Ex. 1. If c = 1, a and b are permutable ; and conversely. 

Ex. 2. The commutator of a and b is the inverse of the 
commutator of b and a. 

Ex. 8. Any transform of a commutator is a commutator. 

Ex. 4. Identity is the only element which is the commutator of 
another element and itself. 

Ex. 5. If the commutators of g and a and of g and b are identical, 
g is permutable with ba^^ and ab'~^. 

Ex. 6. Every commutator is the product of two elements of 
equal order. 

Ex. 7. The commutators of a and 6, and 6”“^ have the same 
order. 

Ex. 8. If ==b^ = 1, {aby is the commutator of a and 6. 

Ex. 9. If a and V transform g into powers of g, their commutator 
c is permutable with g. 

Ex. 10. If c is permutable with a, its order is a factor of the 
order of a. 


* See Preface, p. t. 
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Ex. 11. If c is permutalle with a and 6, (i) (5a)' = 

(ii) {aiy = aVc~W~''^)j (iii) (f^s-yr ^ the commutator of lya^ and 
&^a^= the commutator of a^hy and = the commutator of 

and d'^'b^cK 

Ex. 12. If the commutator qj of pr . and gj is permutable with 
5^15 ^2 5 ••• 5 each value of i and j, ... ... /i 

^ (^12^13 *•’ ^l;r^23 "§ ** ^2x^34 **’ ^2x 

Ex. 13. If abzrz da^j find the cominutator (i) of and h- a’', (ii) 
of d^by and a^b^. 

§ 5. Ill the following chapters we shall illustrate the 
abstract idea of an element by applying it to certain concrete 
cases. Chapter II is devoted to permutations, Chapter III to 
substitutions. Chapter IT to various geometrical examples. The 
corresponding groups of elements are discussed in Chapters TI, 

VIIj and Till respectively. 



CHAPTER II 


PERMUTATIONS 

§ 1 . Suppose we are givea any m letters or other symhola 
(in this section we take the numbers 1 , arranged in 

a definite order. If we rearrange them so that a takes the 
place of L, j 3 of 2, 7 of 3, ...,|upf m (where a, jS, y, fx are all 
distinct and all included among the symbols 1 , 2 , .. the 
operation [S) performed is called &^ermutation or suistitution.* 

, , , /I 2 8 . . . 07i\ 

of degree m, and is denoted by the symbol ^ y ^ / 

If a second permutation ^ ^ ^ *'*m) 

A, ^ Ij B, y by G, by M, the law of combination of 
permutations is defined by ST = U, where ^ 5 <7 . . . jf) ‘ 

This is denoted symbolicaUy by (J ^ J ^ g " ' 

(jL ^ notice that U gives the result of per- 

forming first the rearrangement defined hy 5^ and then that 

defined by T. •• a j 

It is obvious that, when the law of eombination is denned 
in this way, permutations obey the associative law and satisfy 
the conditions by which ‘ elements ’ were defined (I 1) . The 

permutation 2 3 '*m) displacing any symbol is the 
identical element, and | J ‘ ‘ is the element inverse to S. 

I3x. 1. Every permutation (except identity) displaces at least 
two symbols. 

Ex. 2. Find the order ^^( 35422 !* 

Ex. 3. If s = (i “ (J ” *). P»V. sr.TS, 

and S^T are of order 2. 

* < Substitution ’ is perhaps more frequently used tlian ^ ; 

We shall, howerer, always use ‘ permutation ' in this book, m order to 
confusion with the operations defiLued in HI !• 
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ir 1~3] CIECTJLAE PERMUTATIONS 

Ex. 4. The numbers of ivays in which, m q[iieens can be placed 
on a chessboard of squares so that no two can take each other 
is the number of permutations S such that the distance between 
an 7 pair of symbols in the upper line ^ the distance between the 
same pair in the lower line. 


is called 


. - A XX- -L /I 2 3 . .. 1 

§ 2 , A permutation such as (^234 

a circular permutation and is denoted for the sake of breyity 
by (1 2 3 . , . m). Each symbol in (1 2 3 ... m) is replaced by the 
one that follows it. 

The order of a circular 2^er'nfL'uiatiori is equal to its degree. 
Take, for example, the permutation S = {I 2 B 4) 


) = 1 ; and the reasoning is general. 

XX 2 0 4 / 

A circular permutation of degree and order 2, such as (1 2), 
is called a transposition. 


Ex. 1. A circular permutation of degree 1 is identity 

Ex. 2. (2 1) =(1 2). 

Ex. 3. (12 3 ... m) = (2 B ... m 1) = (3 ... w 1 2) = ... . 

Ex. 4. (m m — 1 ... 21) isinyerse to (1 2 ... m~l m). 

Ex. 5. Two circular permutations with no symbol in common 
are. permutable. 

Ex. 6. {b e) = (a b) (a c) (a b). 

Ex. 7. (a b c) is the commutator of two transpositions. 

Ex. 8. ProYe (i) (1 3 4) = (1 2 B) (2 1 4) (2 1 3), (ii) (2 4 5) = 
(2 1 4) (1 2 5) (1 2 4), (iii) (B 4 5) = (2 1 3) (2 4 5) (1 2 3). 

§ 3. Every pemniation is the product of circular per- 
mutations no two of which have a symbol in common. 

Consider, for example, the permutation 

/I 2 34 5 6 7 89 10 11\ 

"^--15 8342 11 10 16 7 9/’ 

It replaces 1 by 5, 5 by 2, 2 by 8, 8 by 1. Take any symbol 
not already inyolved, such as 6; then S replaces 6 % 11, 
11 by 9, 9 by 6. Tate another symbol not already involved, 
such as 7 ; then S replaces 7 by 10 and 10 by 7, Finally, 
8 does not displace 3 and 4?. Hence S is the product of 
(15 28), (6119), (710), (3), and (4); or (1528) (6 11 9) 
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CYCLES 


[113 

(7 10) (3) (4). We call (1 5 2 8), (6 11 9), (7 10), (3), (4) 
the cycles of S, The degree of a cycle is the number of 
symbols it contains. Since (3) and (4) are each identity, 
we write /S = (1 5 2 8) (6 11 9) (7 10), unless we wish to 
call attention to the fact that S involved originally all the 
eleven symbols and was of degree 11.* Two permuta- 
tions containing the same number of cycles of the same 
degrees — such as (1 2 5 8) (6 4 9) (3 10) (7 11) and (1 9 7 3) 
(5 4 8) (2 6) (10 11) — are called similar, A permutation with 
the same number of symbols in each cycle — such as (1 4 3) 
(2 5 7) (9 6 8) — is called regular. 


Ex. 1. Kesolve 


/I 2 3 4 5 6 7 8 9 10\ 
V3 86924 10 51 7 )' 


/I 2 3 4 5 6 7 8 9 10 11 12 13 14 15\ 
Vll 7 5 12 1 2 3 4 6 9 10 8 14 13 15/' 

(ah c d e f g\ 


^ ta b c d e j g\ , ^ 


Ex. 2. The inverse of (a h ... g h) {ij ... g,r) {st ... w oc) ... is 
{h g ... h a){r g ...j i) {x w ... t s) — 

Ex. 3. {a h) {c d) and {a c) (hd) are permutable. 

Ex. 4. (a h c ... 7c) {al)=-{ah c ... 7c 1). 

Ex. 6. Find the product of (i) {ah ... I m n ... x) and (am), 
(ii) (ah c ...) {xg jsf ... ) and (a x). 

Ex. 6. The number of cycles into which the permutation S of 
§ 1 is resolved is increased or diminished by 1 when two of the 
symbols a, /3, y, are interchanged, according as these 

symbols occur in the same or in diiferent cycles of S. 

Ex. 7. Prove (i) (ah ...I m ... fS a) = (a a) (b fS ) ... (I A) [m /x) 
.{ah)iM->(^l}{^m)=ia0){hy)...(7c\){lf^).(aa) (5/3)... (U) (m^); 
(ii) (a 5 ...7 j Zm A K .../3 a) = (a a) (5 /3)... (IK) , (a h) (/3c) ... (k 1) (Am) 
= (a /3) (6 y) ... (Tc A) (I m) . {a a) (b j3) ... (I A). 

Ex. 8. Find the product of (i) (ah ... g 7i> i j x y ^ ...) and Qi g ... 
h a ij ^7] C,...)] {^i) (ah ...gTiijTcxyz...) md (7% g ...h a ij 7c 

Ex. 9. If aS = {aia^ ... (i) one cycle of 8^ is (a^ a^F+i 

**•)> where a^ and a^ are identical when x’Eiy (mod m); 
(ii) 8^ is circular, when z is prime to m; (iii) 8^ is a regular 
permutation containing t cycles of degree g, when qt; (iv) 
is a regular permutation containing d cycles, when d is the H.C.P. 
of m and t. 


* The reader should notice the distinction between the ^degree of 8' and 
the * degree of a cycle of S\ 
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II 5] TRANSFOEM OF A PERMUTATION 

Ex. 10. Every regular permutation is a power of a cii-cular 
permutation. 

Ex. 11. Express (1 3 5 12) (2 7 6 11) (4 8 10 9) as a power of 
a circular permutation. 


§ 4. The order of a permutation S is the L. G, M. of the 
degrees of its cycles. 

Let S=ABG,,,, where J., R, are circular permu- 
tations no two of which have a symbol in common. Then 
AjR, 0, ... are evidently permutable elements. Hence we 
have ,,,] so that = 1, if and only if 

= (7^ = . . . = 1. Therefore the order of S is the 
L. C. M. of the orders of A^B^G,.,,, But the order of 
a circular permutation = its degree, and hence the theorem 
follows. 


Ex. 1. The order of a regular permutation = the degree of each 
cycle. 

Ex. 2. Find the order of /I ^ 3 4 5 6 7\ 

o uiuoi ui 5 e 7 2 1 4/ 

/I 2 3 4 5 6 7 8 9 10 11\ , /ale def\ 

V5 11 6 8 4 8 10 9 1 2 7/’ \dfeacb/' 

Ex. 3. Every permutation can be expressed as the product of 
two permutations of order 2 in the same symbols. 

Ex. 4. The order of a permutation of degree w is a factor of m I 


§ 5. The transform of a permutation S by a permutation T 
is found by performing the permutation T on the cycles of S. 

Suppose S = {ctbG ,..) (klm ,..) 

/a b c ,,, kl m , 


and 


T = r 

\a 


/3 y ... K X ^ 


:)• 




Similarly T~^ [k I m ...)T = (k \ fx &c. 

Hence T-^8T = f-^a b c) T . T-^ {k I m ...)T . 

= (« ^ y •••) (ff M...) •••• 


Ex. 1. Transform (1 3 6 4) (9 6 2) (7 8) by (1 5 8 1 2) (3 6), and 

/I 2 3 4 5 6 7 8\ . /I 2 3 4 6 6 7 8\ 

U 4 1 2 6 5 7 3y* ^ U 7-3 8 6 2 5 1/ 
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Ex. 2. A permutation is similar to every transform. 

Ex. 3. A permutation can Ibe transformed into any similar 
permutation on the same symbols by some permutation on these 
symbols. 

Ex. 4. If A, B are two similar permutations and P = A(7, 0 is 
a commutator. 

Ex. 5. If two permutations have only one symbol in common, 
their commutator is of order 3. 

Ex. 6. If two permutations have just two symbols in common, 
their commutator is of order % B, or 5. 

Ex. 7- The only permutations on m given symbols which are 
permutable with a circular permutation S on the m symbols are 
the powers of S. 

Ex. 8. Pind all the permutations on the 10 symbols involved 
in = (/I 1) 0 d e]{12B4h) which are permutable with S. 

Ex. 9. The permutation (1 2 ... (m+l 2wt) is 

permutable with(l m-tl) (2 w-f 2) ... (m 2m). 


§ 6 . A.ny pemi'iJbtation caih he expressed as the prod%ct of 
troenspositio%s. 

Since any permutation is the product of circular permu- 
tations, it is sufficient to prove this theorem for a circular 
permutation. 

Now we have at once (a b c , h) (cc Z) ^ ** ' ^) * (j 

= ^ ‘ ^ = (a 6 . .. fc i). Hence by* induction (a & c ... Z) 

= [a 1) (a 6) ...(a 1). 


Ex. 1. The number of ways in which a permutation can he 
expressed as a product of transpositions is unlimited. 

Ex. 2. Express 

/I 2 3 45 6 7 8 91()>. /ah c d e f g h i\ 

13 8 6924 105177 KcJiehfagid) 

as products of transpositions. 

Ex. 3. Any permutation on 1, 2, ... , m can he expressed as the 
product of transpositions of the form (1 2), (1 3), ..., (1 m). 

Ex. 4. If the product of Tc transpositions is of degree m with 
5 cycles (including cycles of degree 1), h > m — s. 

Ex. 6. A circular permutation of degree m can he expressed as 
the product of m~l transpositions, but of mo smaller number. 
Ex, 6. m volumes of a book disarranged on a shelf in the order 
A 7, • M are brought into numerical order by repeated inter- 
changing of two volumes. Prove that m — s interchanges are 


II 7] ODD AND EVEN PEEMUTATIONS 11 

necessary, where 5 is the number of cycles (including cycles of 
degree 1) in 

/I 2 8 ... 

KajB y ... fj.) 


§ 7« whatever ivay a given permutation is expressed as 
a 2 ^roduct of transpositions^ the number of the transpositions 
is ahvays odd or always even, 

' Consider the expression 

D = (a— 6)(a— c) {a—d) (a-*e) ... (& — c) {h—d)[h—e) 

... (c-^d) (c^e ) ... (d—e),., 

which is the product of the differences of all possible pairs of 
the symbols a, b, c, d, e, A transposition of two symbols 
changes D into — D; and therefore a permutation expressed 
as a product of an odd number of transpositions changes 
D into —D, while a permutation expressed as the product of 
an even number of transpositions leaves D unaltered. 

Hence if a given pei'mutation is expressed as a product 
of transpositions, the number of such transpositions is always 
odd or always even. The permutation is called an odd or 
even (‘ negative ’ or ‘ positive ’) permutation in the two cases 
respectively. 


Ex. 1. The product of r odd and s even permutations is odd or 
even according as r is odd or even. 

Ex. 2. A circular permutation is odd or even according as its 
order is even or odd. 

Ex. 3. A permutation of degree m containing s cycles (including 
cycles of degree 1) is odd or even as m— s is odd or even. 

Ex. 4. A commutator is always even. 

^Xtlx. 5. Every even permutation can be expressed as the product 
of circular permutations of order 3. 

Ex. 6. Every even permutation on 1, 2, 3, ..., m can be ex- 
pressed as the product of circular permutations of the form (12 3), 
(1 2 4), (1 2 5), ...,(1 2m). 

Ex. 7. If a^j is the element in the i-th row and ^-th column 
of a determinant, the coefficient of a^y in the expansion 

of the determinant is +1 or —I according as the permutation 


/I 2 3 
\a/3 y 


is even or odd. 


Ex. 8. A permutation is always permutable with some odd 
permutation on the same symbols unless the degrees of its cycles 
are all odd and all distinct. 


CHAPTER III 


SUBSTITUTIONS 

§ 1. Suppose we are given m independent quantities 
yX^ which we shall call the ‘variables'. If we 
change them respectively into the m independent quantities 
ic/jjTg', where x^ is a function fi {x^,x^,,.,yX^ of 

ojj, x,^y ... j x^y the operation performed is called a substitution 
of degree m. This substitution is denoted by the notation 

= A Ki ^ 2 ) * • ^m)> (i = 1, , m), or, if no ambiguity 

is thereby introduced, by (/^/g, ®ven hyx'—f {x). 

Solving the equations obtain m 

equations of the form x^ = {xfyXfy ..., x^'). We shall only 
consider the case of a ‘ birational ' substitution in which the 
functions f^y are one-valued. The simplest and most 
important example of such a birational substitution is the 
‘ homogeneous linear ’ substitution 

x/ = ... +ai^x^. 

If ^ = f/i, A, and 2" = the law of 

combination of substitutions is defined by ST = Uy where 

TJ zn {<j>i {fx^f^i ^2 (A’ •••>/»»)) ••• > J^))> 

which may be written a?'= [/(^)]* If should be noticed that 

ST is obtained by first changing Xi into x(— 
and then changing x( into or by elimi- 

nating xly xfy ...yX^ from the 2m equations 

~ fi J ^25 * * • > ^w)> ^i' ~ i • • M 

and then putting x/ for x/^ 

It is obvious that, when the law of combination of sub- 
stitutions is defined in this way, substitutions obey the 
associative law and satisfy the conditions by which ‘ elements ' 
were defined. The substitution (ajj, a? J is the identical 

element. The element inverse to ^ is •••» ei^aoe 

^ fvf 2 ? • * • > ~ (^1 > ^2 > • • 7 ^m ) ~ 

A permutation may be considered as that special type of 
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substitution in which ar/, , x^' are the quantities 

some order or other. 

§ 2. Some authors define ST as the result of first sub- 
stituting /i (iCi, 0 ^ 2 , for Xi and then substituting 

0^* (iCi, aj 2 s •••} which is the same as substituting 

fi (^15 ^2j j ^wi) From this point of view ST is the 

substitution not a;/= (l>[f(x)'] as in § 1. 

Though this is in some ways the more natural convention, 
we have adopted the definition of § 1 as being that used 
by the majority of writers, and as being more readily adapt- 
able to the geometrical applications. We pass from one 
definition to the other by interchanging ST and TS, 

Ex. 1. The coordinates (x, y) of any point in a plane are 
changed into cos^ a; + sin^^— — sin^ + by rotating 

the rectangular Cartesian axes of reference through an angle 6 
and transferring the origin to the point (^, Jc). Hence the changing 
of the axes is equivalent to performing the substitution 
y—h, — sind aj + cos^y— Z;). 

Ex. 2. The product of two birational substitutions is birational. 

Ex. 3. If ^ is x'=f{x\ T is x'= and F is 0 ?'=. yh{x\ STY 

Ex. 4. Find the inverses of x' = {ax-^ 1) {cx + d\ 

(18a;—8y, and (3:r+3^ + 2^, x—y-\-z, ^x + Zy + z), 

Ex. 5. {ax + %, CX+ dy) and {Ax + JBy, Cx + By) are permutable 
ii a — d ih i c A — B i B I C. 

Ex. 6. Find the orders of 

0/= a;'=a— ru, a;'= (rc— l)-f-^, 

x'^ ^i:i(a5 + l)^(x-l), {x-y, x), 

(Sir— 13j/, 5rr— 8^), (bir + fiy, — 4ir— 5^^, 8ir+8;^— ^), 

{3a;— 3^ + 4^, 2a;— 3y-|-4-3r, —y’\-z). 

Ex. 7. Find the condition that x' ax + 1) should be of finite 
order. 

Ex. 8. Find the ^»th power of [ax, hx-^-ay, cx-{-az\ and show 
that it cannot be of finite order unless b = c = 0. 

Ex. 9. Find the w-th power of {ax, cx-^-dy), and find the 
conditions that its order should be finite. 

Ex, 10. If 8 ^{Bx-\-y + 2z, x—y + z, 2a;+3y + ^), 

T = (— 4a;+3^+5^, x--y^z, 5x—By—6z) find T5and T^STS^, 

Ex. 11. The product of x'z= is *'= a;-3. 
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TEANSFOUXI OF A SUBSTITUTION [III 2 


Ex. 12 . (i) If cos <^> = (®+d) -r- 2 / ad~bc, 


tlie power of ^'= 


ari-b 


IS 


-f- d> 

(<^-^4- (^4 —1) <f) 

(ox-h^^) sin (w 4 l)<^>+(c^~a)siIl(:?^— 
when sin (j) 0 ; 

. . , [(L+n)a-h(l—^)d']x-i-2nd , - ^ 

(ii) Tind the condition that the substitution should he of finite 


order. 

Ex. 13. Express the ^-th power of a;' = (aj; + 5) -f- (c^ -f- c?) as 
a continued fraction. 

Ex. 14. The ^-th power of 

^[ah i/c-l)’h((i-h7c)x]-i-[(b-ah) + (h-l)cc] 
is found by putting Af for fc. 


Ex. 15. IfS= {aiX-\’liy^CiZ-^dito,a^x-\-b 2 P'^o. 2 S^-hcl,;^^ay 

+ c^x ■{‘b^y + c^z d^w) 

is of finite order, so is 
T= 

Ex, 16. (i) If (^t+ 2 -^t+. 3 ) 

-r ^^>2) (i = 1, 2, w — 3), 

find the substitutions effected on ^/j , 2/2 ? perforzning 

the permutations and ... O on %, •.., 00 ^^. (ii) 

Show that the substitutions so obtained axe birational. 

Ex. 17. The substitution x' := ax +lnj, y':=:cx-\-dy is repre- 
sented geometrically by making [x, y) and {p\ y') corresponding 
points on. the conic acx^-{-hdy^-\-2bcx^ — J(, and its polar reciprocal 
with respect to cx'^-^'hy^ = ^ ; or on the conic 

^a(a — d)i‘C {l—c)}x^i-{d (a-~d)+-b(^~-c)}2/^-f 2{(3^i)— -cd} =7c 

and its polar reciprocal with respect to 

{a^d) (x^’hy^) +2 {l—c) xy == 7c. 

Ex. 18. The substitution 

£c' = aa; 4- % + gz, = ka;+ ly^fz, z' = gx i-fy + cz 
is represented geometrically by making (ir, y, z) and (a?' z') 

corresponding peints on the conicaid 

ax^+by^-i-cz^’^2/yz-i-2gzx-h2Jixy 1 
olar reciprocal with respect to x^-^y^ 4 - ^2 ^ 


vof a Shy a suhstiizit ion T 

i,ng S in terTm of Tiew variables d^ned 
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Let S, T, be respectively the substitutions 

fi (^1 >^2 5 • • * 5 ^ (^15 ^25 • • • 5 ^m)i 

...,W). 

Consider new variables 2//, y^', • • • , 2 /m'^ 2 /i » 2/2* • • • ? 2 /m defined by 
•y / = (Xj^ ->^2^ ” • J )’ Vi ~ (^1’ ^2 5 * ‘ * 5 Then is 

expressed in terms of these new variables by eliminating 
£»/, X.', between the 3 m equations 

Vi = ^ = /i. 5 ^2 ^ • • • > 

Vi = (^1 ’ ^2 » • • * 5 ^m)j W 

and solving the resulting m equations for yi\y 2 i-*» 9 ym 
terms of 2/1 , 1/2 ; . . . , 2/^^ • Suppose we obtain thus 

yi = fi(yiry 29 —,2/m)- 

Then x.^) is the substitution T-''^ST. 

For by § 1 T-^OTis obtained by eliminating 

^13 ^2 J * * • 5 5 > ^2 , * • * > 

between the 3 m equations 

y/^ 4 >i{xj ^ X2 , n*>, x^)i Xi ^fi{Xi^ x^, *•* 3 ^^3 

«^^ = ^i(2/i,2/2--»2/m) (ii) 

and then replacing ?// by x{, y^ by x^. But equations (ii) are 
immediately deducible from equations (i). 


Ex. 1 . If we put {x^', x(, ..., x,^') for x( and q[),- {x^^, x^, ... , 
for X in the equations x/ = fi{xi, x^, ..., and then solve for 
x{ in terms of Xi, X23 x^, we obtain the substitution TST~‘^. 

Ex. 2 . Find the transform of (i) x' =: {ax + fi) -i- (yx-h^) by 
ic'= ax + h; (ii) (co^ iCi + 63 ^^^2 + — ^2^2? •••, 


(^i + — ^ 
\ COi — COg 


Xo-t ... + 




* * y ? 


(iii) (o) j Xi 5 ^2 d" ^2 ^27 • • • 7 d” ^m) ^y 

(iv) (2^ + 34 ?, -ir + 2 ^ + 4 :, — aJ+2^+44:) by 

{x- 0 , x-y- 0 , ~:r+^ + 24 r); 

(v) (8^—182/, 5 a;— 82^) by (2a;— «/, — Ba;+2y). 


§ 4. The most important type of substitution is the homo- 
geneous linear substitution. 

A “ (^11^ d~ <^ 22^2 d" . • » d” ’ ^21^ d~ ^22^2 d" . * . + m^m "> 

• ••3 ^ml^d’C6^2%"b ••• d-< 3 E.^^CC^), 

where the ‘coefficients’ (a^j) and ‘variables’ {x^) are any real 
or complex quantities. 
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ORTHOGONAL SUBSTITUTIONS, ETC. [Ill 4 
The sq^uare matrix 



^12 


• • ^im 

(f^l 

«22 



; • • 

• 


. « . 

i ^mi 

^m2 




is denoted by | a j, if no ambiguity is introduced thereby. 
When I a 1 is considered as a determinant, it is called the 
‘ determinant of the substitution A Since A possesses an 
inverse A”'^. \(l\ 0. 

If 


JB = 

d“ ^12^2 

■f **• 

4" ^22 ^2 A • . 




•• • 5 


+■ . .. -f- 

we verify at once 

that 




A£ 

= (^11% + ^12^2'+ •• • + 

^21 

^1 AC*22^2 A 

•• • A 



.. 

.,C 


2 A •* . H- 

where c^j 


■h, 

- »► A 

• 


Employing the usual rule for the multiplication of deter- 
minants we at once prove that | a | . j 5 | = jc| ; i.e. the 
determinant of the product of two suhstitutions is equal to 
the product of their determinants. 

We may associate with each substitution such as A (or 
with the matrix | a j) a corresponding biliniedT farm 

d [a, y) = {i, y = 1 , m). 

The suhstitntion. A'' derived from A by intexchanging (i^j 
and aji (for all values of i and j) is called the transposed 
substitution of A. The substitution A derived from A by 
replacing a^yby the conjugate complex quanti^ is called 
the substitution confagode to A, Similarly A! denotes the 
substitution conjugate to A'. 

The substitution A is called real if A = A (i. e. a^j is real 
for all values of i and j), symmetric if A'=A (i.e. 
Hermdtiarb if A''= A (i.e. and the bilinear form 

a (^, x') is a positive Hermitian form (§ 5), orthogonal if 
AAi= 1, unitary if AA'= 1. 

the substitution A changing into 

is orthogonal, we prove at once by forming the product AA' 
that +'a 2 i^ 2 ; +••• =h if i = J, and = 0 if 
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III 4] OETHOGONAL SUBSriTTJTIONS, ETC. 
Therefore 

^ . . . + “ =: + CtjgiC^ + . . . + ^ini ®ot) " 

"H (^^21^1 ^22^2 *4 * • . "1 4" * . . + C^'mi^i "f 

+ •• • + + a-g- + . . . + a^,„. 

Conversely, if a;/^ + 4- . . . +• oc^'^ = %^ + -I- . . . + for 
all Talues of x^, 1 aad hence A is ortho- 

gonal. 

Similarly if A is unitary, 

and conversely, if tLis relation holds, A is unitary.* 

Hx* 1. What are the conditions that AB = BA ? 

Ex. 2. The determinant of A~'^ is -{I |}“\ 

Ex. B. The determinant of a substitution = the determinant of 
any transform. 

Ex. 4. The determinant of a substitution of order n is an 2 ^th 
root of unity. 

Ex. 5. If G = XLM RST, ^tirSra-rap ^fP> 

... , I/, /X., A = 1, 2, ..., ni). 

Ex. 6. Matrices may be considered as elements defined by the 
law of combination |«| . |b| ^ |o|. 

Ex. 7. The determinants of A and are equal, and the deter- 
minants of A and A are conjugate complex quantities. 

Ex. 8. If AB = C] AB=: 0, B'A = d', and B^A' = G\ 

Ex. 9. The transposed substitution of J?” ^AB is B'A'B'^'^, 

Ex. 10. If J. and B are (i) real, (ii) orthogonal, (iii) unitary, 
so is C. 

Ex. 11. (i) A real orthogonal substitution is unitary, (ii) a 
unitary orthogonal substitution is real, (iii) a real nnitaiy 
substitution is orthogonal 

Ex. 12. If A is (i) real, (ii) symmetric, (iii) Hermitian, (ir) ortho- 
gonal, (v) unitary, (vi) of order so are Aj and A^- 

Ex. 18. The substitutions A, A' may be defined as the operations 

of changing into — ^ ^ respectively. 

Ex. 14. If A changes into x{, 

(i) a{x, y) (h) c{x, y) =b{^,y). 

Ex. 15. (i) AA^ is symmetric, (ii) AA^ and AA^ axe Eermitiam 
Ex. 16. (i) The determinant of an orthogonal substitution is 
4l, (ii) the determinant of a unitary substitution has unit 
modulus, (iii) the determinant of a Hermitian substitution is real 
and positive. 

* sc' denotes 

C 


siLroir F. e. 
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HERMITIA2T FORMS 



[III 4 

Ex 17. Eromthe relations 

"we can deduce the \ ■!“ 1) relations 

%1 ••• ’i' ^im^jyn ^ ^- = i? = 0 if i^j ; 

and conversely. 

Ex 18. Every orthogonal substitution of degree 2 can he put 
in the shape (cos^ sin t) 1 sin <9 rr + cos i9 y). 

Ex 19. An orthogonal substitution of order 2 is S 5 rmnietTic, 
and conversely. 

Ex 20. If ^21 ^ 2 ; hi are the direction- 

cosines of three mutually perpendicular straight lines, 

l^x m^y 7i^s) 

is an orthogonal substitution. 

Ex. 21. (i) The transform of a real substitution by a real sub- 
stitution is real, (ii) The transform of a symmetric substitution 
by an orthogonal substitution is symmetric. ^ {ui) The transform 
of a Hermitian substitution by a unitaiy substitution is Hermitian. 

Ex. 22. Eind an orthogonal substitution of order 2 changing Ji 
into ai% + a2a?24 ... where are any 

quantities such that 

Ex 23, (i) If J3-^AB=I) and B is orthogonal, a(x, y) 

= d {S v) where 

— ^£1^1 4 1^12^2 "b ••• "h “b 

(ii) If 15 is unitary a(x, §) = d(f, tj). 

\ 5. The bilinear form 

Q/^Xy zzz ^ J = 1 } •••) 

is called HerTn'it'imi when = ciji is real if i =i)-* 
If -we express a (cc, x) in terms of other variables 

^21 *•*> ^Ttl 

(homogeneous linear functions of the new 

bilineaj form is still Hermitian. For if 

a (07, «) = 2 { Xij {eijXj^ 4- . . • 4 4* . . . + 

4 CLji QjiX 1 4 ... 4 4 ... 4 ; 

nr 2 { 2 (n£je(g€^fXgX^ 4 dy e^g. } , 

•which is Hermitian. 

We shall show that by choosing X^ as a suitable linear 
function of -.j we may bring a Hermitian form 

of non-zero determinant into the canonical shape 

(ZjXjX^ 4 ^2 X 2 Xg 4 ... 4 fr 5ji A ^ A 
* Ab in. ^ 4 Xit are complex quantities conjugate to a^. 


Ill 5] 
where 
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«ii 

aj2 • • 

• «lfc 


^21 

<*22 • ■ 

• ®2& 



®i'2 • • 



Tkis is obvious if m = 1. Assume it true for every value 
of m less than the one considered. Then we shall prove the 
result true in general by induction. 

Choose -f a^o ^^2 + • • * 

so that ^ 11 "^ 1 ““ “f” ^21 ^2 d" “ * • 1 ^TKi ^vui * 

Then __ 

^11 * ^ ~ Ctjj^XjXj -f* 2 3j . , .j 0'72i'j 

= (by our assumption) cC'iiXj^X^-th^X^X^’j- 

+ ‘ • d- 

where h^b^.,.bj^ 



^11 ^22 ““^21 

^ 11^23 ^ 21^13 


~’^ 2 I ® lA ; 


^11 ^32 ^31 12 

^'^ 11^33 ^ 31^13 

• ^11 



^11 ^^2 ”■ 


• ^ ll ^ JcJc ' 



“'ll 

0 

0 

0 

^'21 

^11^22 ^21^12 

%1^23~ %1%3 • • 


<*31 

^11^32 ^ 31^12 

^1^23 — ^31 %3 ‘ * 


«il 


^11^A:3 ^*1^13 • • 



= (luultiplying the 1st column by and 

adding to the t-th column]. 

Hence bj^ = a^iCij^, and therefore 

a {Xiic) zrz XjXjXj^-h (12X2X2'^ , -f 

Since + is Heimitian, a^, €^ 2 , 

are real. 

Again, since XX^, XXg, ...jX^Z^ are real and positive, 
a {x, B) is real and ia always > 0 if are all > 0, 

c 2 
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whatever values (not all zero) are given to ajj, iTg, 

In this case a (aj, x) is called a positive or definite Hermitiaii 
form. If we write for \/ when is positive 
(i = 1, 2, m), 

a (cc, becomes + 2 / 2^2 ■+••• + • This is the canonical 

shape of a positive Hermitian form. 

In the above argument we have assumed that no one of the 
quantities vanishes. This is legitimate; for 

since the determinant of the form ^ 0, at least one of the 
(m — /<;)~th minor determinants (with k rows and columns) 
of I a I does not vanish. We can therefore by a suitable 
arrangement of the m variables always ensure that aj^ ^ 0. 

Ex. 1. A homogeneous function of the second degree in m 
variables with non-zero determinant can be expressed in the shape 
... +XJ. 

Ex. 2. A real symmetric substitution A is Hermitian if the 
bilinear form a{Xy x) can be expressed as the sum of m real 
squares. 

Ex, 8. In whatever way a {x, x) is reduced to canonical shape 
the number of positive coefficients in the canonical form is always 
the same. 

Ex. 4. The sum of any number of Hermitian forms is 
Hermitian ; and the sum of any number of positive Hermitian 
forms is positive. 

Ex. 6. If A {x, is a form of zero determinant such that 
a^j:=zaj^j while all the (m— l)-th minors of the determinant 
vanish but not all the (m~^)-th minors, a{x^ x) can be brought 
to the shape ... 

Ex. 6. The bilinear form a {x, y) with non-zero determinant 
can be reduced to the form + ... where 

..., are linear functions of Xi^ ..., and Vi, 

Vi, Vi, 


§ 6. Quantities Xg, , X^ not all zero such that 
XX*^ = C3f-^jXj -|- U’^gXg + - • • "h ('^ = Ij 2, ..., 771 -)., , ,*,(i) 

are said to define a pole (X^^jXg, ... , X^) of the substitution A 
of § 4. Two poles (X^, Xg, XJ and {Z^, Xg, XJ are 


not considered distinct if 



y- • Eliminating 


* If ap, ^21 ...7 ctfn-t are all positive, the form is called ‘ hypoliermitian of 
rank t 
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Xg, from the m equations (i) we get 


aij— A 

aj2 



C('2‘> A . • 

a 2m 


^m2 * 



This is called the characteristic equation of A. 

By § 3 the characteristic equation of is obtained by 

eliminating F^, jr/, from the 3 m equations 


\¥i = &iia;/+6i2a;/+. 

• • 4 i 


Yi = 6^1 +bi20i>.2 + . 

. . 4 


Xi=aiT^X^ +01^2032+. 

+ (i= 1, 2, m) 

(ii). 


where Fg, ... , F^) is a pole of B^'^AB, 

From (ii) we deduce x{ Therefore the characteristic 

equation of B^^AB is obtained by eliminating 
from kxi = (X^‘ja3i + % 2 ^ 2 + is d{k) = 0. 

Hence the characteristic equation of A is identical with the 
characteristic equation of any transform of A. Obviously 
XpX 2 ,...,X^ are values of satisfying equa- 

tions (ii). Therefore 

F^ = h^^X-j^ 4“ -^2 "b . . . 4- • • 

Hence any pole of B’^^AB is obtained by applying the sub- 
stitution J? to a pole of A coiTesponding to the same root 
of the common characteristic equation. 

Ex. 1. The product of the roots of d(A) = 0 is \a\, and their 
sum is an-f^» 22 + +^mm- 

Ex. 2. No root of 0(k) = 0 is zero- 

Ex. 3. If = 0 when j< % the roots of d(X) = 0 are 
^22 ’ * * • » * 

Ex. 4. If the equations (i) of § 6 are equivalent to only m ~ 2 
independent equations for a certain value of A, A has an infinite 
number of poles. 

Ex. 5. If A has more than m poles, it has an infinite number. 

Ex. 6. If (1, 0, 0, ... , 0) is a pole of A, a^i = = ... = = 0. 

Ex. 7. Every substitution has at least one pole and can be 
transformed into a substitution with a given pole. 

Ex. 8. If A, B have a common pole, so have T^^AT and 

T'-^BT. 

Ex. 9. (i) A pole common to A and B is a pole of AB, (ii) The 
corresponding root of the characteristic equation of AB is the 
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jjroduct of the corresponding roots of the characteristic equations 
of A and J?. 

Ex. 10. The poles of A corresponding to the roots A^, A^, A3, ... 
of ^^(A) = 0 are poles of A^ corresponding to the roots A^^, A,/, 
... of the characteristic equation of 
Ex. 11. If ^ is Hermitian, the coefficients in d(A) are real. 

Ex. 12. Prove (i) a(X, 2^) = A + ^2^2 "t" ••• ? (^i) 

c(X,t/) = A.&(X,2 /), if ^p = a 

Ex. 13. A and A' have the same characteristic equation. 

Ex. 14. If (•Xij -^2) ***j -^w) poles of Af 

A! respectively corresponding to unequal roots A, /x of their 
common characteristic equation, 

a(X, Z) = Xi.2’i + X2Z2 4- +X^Z,^=0. 

Ex. 15. If AjB ^ 0, the characteristic equation of A is 




C12 . . 



^^22 

C‘22 




• 



Ex. 16. If A is orthogonal 

(i) 0{k) = ±X«‘. (ii) Xi+ ... + = 0 

unless the corresponding root of ^ (A) = 0 is + 1. 

Ex. 17. If A is unitary (or leaves unchanged a positive 
Hermitian form), the roots of d (A) == 0 have unit modulus. 

Ex. 18. If J- is (i) real and symmetric, (ii) the product of two 
real symmetric substitutions G and D, the roots of d(A) = 0 are 
real, provided the bilinear form corresponding to 0 or D is the 
sum of m real squares. 

Ex. 19. If A is (i) Hermitian, (ii) the product of two Hermitian 
substitutions C and D, the roots of ^(A) = 0 are real and positive. 

Ex. 20. The characteristic equation of a hypohermitian sub- 
stitution of rank t (defined in the same way as when \a\=^0) 
has t zero roots and real positive roots. 

Ex. 21. Show that the determinant of S= 

Xjc-iXj^-'Xj^Xj^^i, XiXj^’—Xf^Xiy Xi^+iXj^—Xf^Xj^+i, , 

Xyy^x^—Xj^x^ is (— and that if Xy.^% 8""^ AS has 
(1, 0, 0, ..., 0) as a pole. 

Ex. 22. Show that if !r= + ^12^312+ ••• 

-^2^1"t'^22^2'l' ••• d'^2w^?wy **•> 

TAT~^ has (1, 0, 0, ..., 0) as a pole. 

Ex. 23. Show that if T= (XiXi't-X^x^A ••• 

is orthogonal, T^^AT has (1, 0, 0, 0) as a pole ; and conversely 
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if T~'^AT has (1, 0, 0, 0) as the pole corresponding to the 

pole {Xj, Xg, X^ of A and T is orthogonal, T changes 
into a multiple of XiXi-\‘X 20 C 2 -h ... -hX^x^» 

Ex. 24. A symmetric substitution can be transformed into 
a symmetric substitution with (1, 0, 0, ..., 0) as pole by an 
orthogonal substitution of order 2. 

Ex. 25. Find the roots of the characteristic equation and the 
poles of (i) (cos^a: — sin^y, sin d + cos d ^), 

(ii) {ix + {l--i) y, —iy), where a/ — 1, 

(iii) {ix + {l — i)^, — 

(iv) (^ + 3^, -a; + 2^ + ^, — ic + ^+4.er), 

(v) (5ir + 6y, — 4n;-~5^, 

(vi) (20a;— 15^-— 24^, — 13ir+6y + 16^^, 24a;— 16y — 29^). 


§ 7 . The homogeneous linear substitution 

is called a multiplication ; the multiplication 
(aa?!, ax^, ax^) 

whose coefficients are all equal is called a similarity-mh’- 
stitution. 

The substitution {a^Xa, where a, /i, /a 

are the symbols 1, 2, ..., m in some order or other, is called 
a monomial substitution. 

Ex. 1. (i) A permutation and a multiplication are special types 
of monomial substitution, (ii) A multiplication is syxnnietric 
and is Hermitian if its coefficients are real and i)ositive. 

Ex. 2. The product of two multiplications, similaritioB, or 
monomial substitutions is respectively a multiplication, Biinilarity, 
or monomial. 

Ex. 3. Any two multiplications are permutable. 

Ex. 4. A similarity is permutable with evei'y substitution ; 
and a substitution permutable with every substitution on the 
same variables is a similarity. 

Ex. 5. Every substitution on permutable with 

{a^Xi^ a^x^) is a multiplication if no two of the 

coejfficients are equal; and is of the form 

if ciji^ (3^2 — — aj!^ and no two of ^/c 4 ' 2 > are 

equal. 

Ex. 6. The coefficients of a multiplication of order n are w-th 
roots of 1. 

Ex. 7. A multiplication of finite order is unitaiy. 
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Kx. H. TIio product of the cor^ffieientB of a monomial substitution 
of ortlor n is an >oih root of L 

Hx. It A Hubstitutiou with (1, 0, 0, 0), (0, U 0, 0), 

(0, 0, 0, ...» If as |K>h*H is a multiplication ; and conversely. 

Kx. 10. If two (‘(Hdlicionts of a multiplication are equal, the 
subsiituiion has an infinite number of poles. 

Ex, li. The (nadlicients of a multiplication are the roots of its 
cliaracf eristic, (xjuation. 

Ex. 12. If %, ..., every substitution permutable 

with |S'= 

Ex. 12. If any sulmtitution is multiplied by a similarity, its 
poles arc^ unaltered and the roots of its characteristic equation are 
all multiplied hy the same quantity. 


§ 8. n// h(mui(jPnfHmH Uaea/* wuhslHuliim, of fvtiite (mler n 

anti (liyrrt^ 7/^. ra n ht^ Iro itHfhritied into a 7miltiplirati()ii. 

The result is ola'ioiisly true when 7n> = L We shall aBHurne 
it iiui* for evt‘ry sulmtitutiun of degree m — 1, and then prove 
it true by indueiion for a substitution of degree m. 

Lei the hubstittilion bo the Bubstitiition A. of § 4, and lei 
(-Yj, .Yy, l»e any pole of A. It is oliviously possible to 

eltoose the nr qunntitieH h^j of § 6 in an infinite number of 
ways BO that their determinant j o ) is 0 and 

= U F,= !>...= = 

Them Ji-^AB hm (\J\ 0, m a jmle.^ 

Hupi>08t5 B^^AH = (cij^acj ... + 

4 + ... 

Simee (1,0, C), 0) is a pole of wa see at once that 

s=s = 0. 

Because B^^ABm of finite order and changes 
Into linear ftm€tion« of wo can by our asaump- 

ikm find linear functioim of such 

that B'-^AB ehangOB % into .% into 

K^p^esning B’^^AB in terms of it 

becomoi 

T1.I0 r4h power of ia at ona© proved by induction 

to \m 



te 4liio 1 6, Xx* Uf ttt m 
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Now if (*>1 = (^*^1 — (^i) = 


25 


r-i 


and there- 


fore in this case = 0, since B~^AB is of finite order. 
Express B~^AB in terms of the variables 


2:, = x, + c^z^+.,.Ac^z, 




• 9 


where — c*)^-) if coj co^ and = 0 if oo^ = co^. 

Then we readily see that B~^AB takes the form 

(^1^19 ^2^2 > ***5 ^7»^w)“ 

Therefore A is transformed into a multiplication by BD, 
where D is the substitution x(=^Zi. 

Since the r^-th power of B'^^AB is 


(jO^Zc^ 


“1” = "2 


.= £0 »= 1. 


A practical method of transforming any given substitution 
A into a multiplication is as follows. Find if possible 
m poles 

(Zi,z,:, .... VO, 

of A^, corresponding respectively to the roots A^, Ag, 

(not necessarily all unequal) of the characteristic equation of 
A\ such that the deteiuninant of the substitution 

B zzz ( 2 /j iTjL “t -^2 ^2 " 1 * • • * d" ^1 d" ^2 ^2 d* • • • d" > 

. . . , Xj^ A X^A...A Z^^^^ x^) 
is not zero. Then if If = AgOJg, ...9 we verify 

at once by using the equations corresponding to (i) of § 6 
that AT^TM, Therefore T transforms A into a multipli- 
cation,* 


Ex. 1. Every substitution of degree m and finite order has at 
least m distinct poles. 

Ex. 2 . If all the roots of the characteristic equation of a substi- 
tution of finite order are equal, the substitution is a similarity. 

Ex. 3 . If {aiXij ..., a^x^) is transformed into 63%, 
..., (i) the a’s are the same as the e's in some order or 

other ; (ii) if no two of the a’s are equal, the transforming 
substitution is monomial. 

Ex. 4 . A substitution of degree 2 with 2 distinct poles can be 
transformed into a multiplication. 

Ex. 5 . If the commutator of two substitutions of degree 2 with 
a common pole is of finite order, they have both poles in common. 

Ex. 6. Transform 

(i) (8a!— 13y, ^x—Qy), (ii) {ix + {l~i)y, —iy), 

(iii) (ia;+(l— j)^, {l+i)x—iy), 

(iv) {y+fie, —x+2y+z, —x+y+4:0), 

(v) (5a! + 6y, — 4a!— 6y, &x + 8y—z), 

(vi) {oiiX^, (^Xi + co^X^, + 

into multiplications. 


* See also Ex. 7. 
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Ex. 7. (i) If (X/, X/, (Xi", X/, .... 

Xg^^^, .* •> ^ poles of A such that the determinant of 

T (Xi Xi^ Xc^X-^-^-X^ ^ 2 "^ •*• 

..., X^'x^-\-XJ'x^^ ... is not zero, TAT~^ is a multi- 

plication. (ii) If A can be transformed into a multiplication, 
such poles always exist. 

Ex. 8. (i) If a substitution 

x' =• / = a< 2 ,x + \y-^C 2 B, z' ^a^x-\- \y-¥c>^^ 

is transformed by rc' = X, y' — Y, /=^Z into the multiplication 
{kx, fiyj vz), {x^ y^ z) and {x\ y', z^) are corresponding points on 
the conicoid kX^-^- ixY^ + vZ^ = 1 and its polar reciprocal with 
respect to 1. (ii) If the lines joining three poles 

of the substitution to the origin are mutually perpendicular and 
the same is true of the axes of reference, the substitution is 
symmetric, (iii) Conversely, if the axes of reference are rect- 
angular, non-coplan ar lines joining the origin to three poles of 
a symmetric substitution are mutually perpendicular in general. 

I3x. 9. If any power of a substitution is a similarity, it can be 
transformed into a multiplication. 

Ex. 10. If no two roots of the characteristic equation of a 
substitution are equal, it can be transformed into a multiplication. 

Ex. 11. If A is a symmetric substitution whose characteristic 
equation has the roots Ag, A^, (i) A can be transformed 
into a multiplication by means of an orthogonal substitution ; 
(ii) a{x, y) can be put in the form 

where is a homogeneous linear function of Xi, ..., x^ and 
is the same function of ^^ 2 ) ••*? 

Ex. 12. Prove that every substitution can be transformed into 
the womnZ form ••• 

a^^x^\ in which a^j == 0 if i > jf. 

Ex. 13. (i) The product of two substitutions in normal form is 
in normal form, (ii) The inverse of a substitution in normal 
form is in normal form. 

Ex. 14. Transform into normal form 

(i) (-lOo;— 9^, 16a;-fl4y), 

(ii) (20a;— 15y~24;8^, — 13a;-f62^-f 16;8r, 24a;— 16^— 29;^). 


§ 9 . By writing x/ for for x^-i-x^ in the 

homogeneous linear substitution A of degree m (see § 4) we 
may derive the fractional linear mhaiitution a of degree 
m — 1 defined by 


Evidently a is not altered if we multiply each coefficient 
O'ijihJ = 1, 2, .... m) 
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by the same quantity. Therefore in dealing with fractional 
substitutions we may always suppose the determinant formed 
by the coefficients (in this case | a |) to be 1. 

We call (Aj^, Ag, ^ pole of a, if 
is a pole of A. The poles 

(Aj, Ag, and (Z^^, Z^, Z^^^) 

of a are considered distinct unless 

Aj = Z^ y Ag = Ag 5 . . • , ^ni—1 ~ ^m—l ’ 

i. e. we are concerned with the actual magnitudes of 

Ag, 

not with their ratios only as in § 6, 


Ex. 1. The product of two fractional linear substitutions is a 
fractional linear substitution. 

Ex. 2. a is not altered if we replace A by AJf, where M is 
any similarity. 

Ex. 3. Let a, b, c be the fractional substitutions derived from 
the homogeneous substitutions A, B, <7. Then (i) if AB == Cy 
ab = c ; (ii) if ab = c, AB = CM ; where Af is a similarity. 

Ex. 4. (i) If A is of finite order, so is a. (ii) If A is a multipli- 
cation, so is a. 

Ex. 5. A fractional linear substitution of finite order can be 
transformed into a multiplication. 

Ex. 6. If (Aj, Xg, is a pole of a, 

X^- = (a,£iXi + %2A2+ ... («&^iXi + «^2X2+ ... 

Ex. 7. Prove that the poles of b^^ab are obtained by applying 
b to the poles of a. 

/ acc -f* fc \ 

Ex. 8. The substitution S = be = 1 

and 2cos0 = a-hd, is called elliptic^ hyperbolic, or loxo- 
dromic according as tan</; is xero, real (r^t 0), a pure imaginary, or 
complex. The poles of S are denoted by a and /^. Prove that : 

(i) a, /3 have the values (a— dT2i sin where i= — 1. 


(ii) {x'^-a) = {x — a)-^{cx’^d) (ca-f d) = -f* + 

(iii) If a = A S is parabolic ; and conversely. 

(iv) If S is parabolic, it can be put in the form 

1 

S'— a a 


(v) If S is parabolic, it is a transform of a;' = e. 

(vi) If S is non-parabolic, it can be put in the form 


a/ —a 
a/ — 


= 
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(vii) If iS is non-parabolic, it is a transform of x' = 

(viii) If S is of order 2, it is hyperbolic, and = 0, 

(ix.) If S is of finite order ( > 2), it is elliptic. 

(x) If is loxodromic, it is the product of an. elliptic and 
a hyperbolic substitution. 

(xi) <t> is not altered when we transform S by any substitution. 


(xii) The transform of Shy Si a:' = is 




: 


a^—Oi 


where ai = 




A 




(xiii) If S and S^ have a common pole and their commutator is 
of finite order, they have a second common pole. 

/■-\rm j £ f — 1 I — 2 

(xiv) The orders of a? = , — :== — , and 


are 6, 4, and 12 respectively. 




iCHh */ % 


§ 10 . In §§ 4 to 9 the symbols used &:c.) denoted 

ordinary real or complex quantities. Much of the preceding 
is, however, applicable if the sy^mbols denote any quantities 
with laws of addition, subtraction, multiplication, and division, 
these operations (additions, &c.) being subject to the laws of 
ordinary algebra. 

Let p be any prime, and let P (rc) = ... be 

a rational integral function of x with positive integral 
coefficients less than p and not reducible mod p; i.e. not 
satisfying any equation of the form 

P {x) = Pi [x) . Pj {x) -l-p . P^ix), 
where {x), P^ (a;), and P^ {x) are integral functions with 
integral coefficients. 

Let F{x) be any integral function of x with integral 
coefficients. The remainder when F{x) is divided by P{x) 
is evidently of the form f{<^)-hp . ^ (x), where <jl) {x) is an 
integral function of degree r — l with integral coefficients 
and / (ic) = (Xq 4 4 4 . . . 4 2?^“^ in which each 

coefficient is one of the integers 0, 1, 2, , p— 1. We call 

f(x) the residue of P{x), mod p and P{ai). There are p^ 
possible residues, for each of the r coefficients 
may be chosen inp ways. 

All functions having the same residue are said to form 
a class. If Fj, are any two functions belonging to two 
given classes, the classes of Fi — F^^ Fi are evidently 

definitely and uniquely given, so that the classes obey laws 
of addition, subtraction, and multiplication. The classes Cq 
and Cl corresponding to the eases = cfcg = . . • = (^r-i = ^ 
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and = 1, €1^ = a, = ... =a^^j = 0, are called the ^ero and 
(uiit classtes xespectiTelv. If 0 is anv other class, evidently 

o^e,,= c,-h-c=Oaiidcc\ = a^c=a 

To sliovr that the classes obey a unique law of division 
(the divisor not being the zero class), yre must prove that, 
and C\. being anj t^vo classes, we can always find a single 
class such that = ( 7 ^, (v ^ 0). Then = ( 7 ^^ -f- C {. . 

It is sufficient to show that we can find a single class 
such that 0 ^, . = Cj ; for then ( 7 .^^ = 

LebF(.v) be a function of the class (7^. Then, since C\. is 
not the zero class and JP (a:) is not reducible mod j). we can 
prove that functions F^{x)^ (x) e:sist such that 

(x ) . F{x)--Pj^ (x) ,P(x)^l (mod p). 

The proof is an extension of the method used in showing that 
if / are two integers with no common factor, we can find 
integers Cj, fj such that 1 (see Dickson's Linear 

Groups. Teubner, 1901 , p. 8). Then Fj^{x) belongs to the 
class ( 7 ^rh 

We may represent the classes bj the marks 

which obey laws of addition, subtraction, multiplication, and 
div^isioD, and form a Galois Field of order denoted by 
GF[p^]. We shall suppose the mark of the class to 
which f(x) belongs. Then % is the zero mark such that 
and -Uj is the unit mark such that 
= Ug'Ui = Ug. We may denote the mark 'Upp by the 
integer / (/j) when no ambiguity is introduced thereby. This 
notation is especially useful when r = 1 and in the ease of the 
zero and unit marks of any Field. 

The Galois Field contains p integral marks u 3, . . . 

corresponding to the cases in which 

oc,j = =...= = 0, and oc^ = 0, 1, 2, p— 1 

respectively. An important case is that in which ^ = 1. 

Then / (x) is one of the integers 0, 1, 2, p—l. The 
Galois Field consists solely of the zero and integral marks 
which are usually denoted in this case by 0, 1, 2, ..., p— 1, 
and are called ‘ integers reduced mod p \ All integers leaving 
the same remainder when divided by p form a class. 

Ex. 1 Find > ^ > 0 ), and 

Ex. 2. If p^ = 2% L(x) is 

Ex. Ifp^ = 3\ P(x) is x^-bx+2, or 

5 '?-' ^ 

fv't'g 


so 
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Ex. 4. Find addition and multiplication tables for aU marks of 
tbe Field (i) when p*" = 2-, (ii) when 

j)^= 32 P(ir) = .r^+2r-F2.* 

Ex. 5. In Ex. 4 (ii) find the difference and quotient of % and 
i« 4 , M., and % , % and 

Ex. G. The substiintion P = is of orders?, if 5 is any non- 
zero mark of a GF [jp’']. 

Ex 7. (i) The substitution (S) r' = is of order 2. 3, 4, 

(a^dY 

6, J) if Wj-ffq-t-w-iy 

respectively; whereof, b, c, d are marks of a GFip^']. (ii) Find 
the general condition that = 1- 

Ex S. Every linear suhstitution whose coefficients are marks 
of a GFip^l is of finite order. 

Ex 9. Find the orders of (y, r+g/), (y, :r-f 1) in the GF[2]. 

Ex 10. Find the orders of jc' a;+l in the 6 ^jF[5]. 

’< x > 4 4 *37 

Ex 11. If S, T, JTdeaote f£±i, ! in the 

3a?4o 4a;43 so 

GF[7], find the orders of S, I] F, TU, ST, STF. 


Ex 12. If S, T, U denote so' ^ 


9^47 5ir48 4 


in the 


^ ^ ^ 2i ^ 8wC 

GF[11], find the orders of S, T, If, ST, SF, STU. 

Ex. 13. Find the orders of =ar42, in the (rPp^]. 

Ex 14. Eind the orders of = in the (3^F[3^] 

when P(a;)= r^4 23742. ^ 

Ex. 15. If t£ is a solution of an equation of degree ^ in a GF[p'^'] 
(i. €. an equation of the Jc-th degree in which the unknown quantity 
and the coefficients are marks of the Field) but of no equation of 
degree < Ic^ the p* marks aQ-hait^4 -• are all 

d.istiact ; a^, ai^_i being any marks of the Field. 

Ex. 16, Every mark of a 6rP[p^J is a solution of some equation 
of degree < r in the Field- 

Ex. 17. In Ex. 15 every power of u is of the form 

... 

where hQ,li, ..., bj^_i are marks of the Field. 

* Unless r -1 such tables depend, of course, on the irreducible functioji 
chc»®n as P(x). It maybe shown that changing JP{x) is merely equivalent 
to permuting the mmisis of the Field ; L e. there is only one essentially 
distinct GFip^]. 
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Ex^ 18 . If %, 5 % roots of the eq[uatio2i 

jF(u) ... 0 in a GJ^lp^J 

and Si denotes -• prove that 

(£) F(u) ( -L_ + _i_ + ... Jf. _i_) = Mk-1 

\U — iCl U—tV,2 U — UjJ 

+ (^— 1 ) ... +«*_! ; 

(ii) /S;+ai 5 ^_i + 025 ^ 6 - 2 + ••• +««-iSi + 60 ^ = 0 , (e= 1 , 2,...,fc) ; 

(iii) Se-^a^ 8 e-i + + ... + a^^e-k = 0> (e = 1, ^+' 2 , 

+ Sj ...y 

§ 11 . If ^ is any mark of a GF[p^']^ the series 16^, ... 

contains at most^^— 1 distinct marks, since tke Field only 
contains 1 marks excluding 0(=uj. Hence for some 
value of s and t, 'uu^ = vP and = 1 ( = If is the 
£rst mark of fclie series ^hieh == 1 , is called the period of u. 
let u'' be a mark not included in the series 8 = (t6, 
a mark not included in the series 

S or 'vfS = {u'u, 

a mark not included in u^S, u" 8 , and so on. Then vre see 
at once that no tv^o of the marks included in Sy 'u/Sy n"Sy . . . 

are identical. Hence : — 

The period of each rrutrh of the 6fF[p^J is a divisor 
of 

Just as ^ve prove in ordinary algebra that an equation 
of the 7^-th degree has not more than n roots, so we prove 
that there are not more than % marks 'n satisfying an 
equation +• Cj^~^ + . . . 4 = 0 whose coeffici ents are 

marks of the Galois Field. It follows that, if d is any divisor 
of p^— 1, there are d marks satisfying 'a^ 1. For there are 
p** — 1 marks satisfying 1, and = {'uA— 1). </> (at), 

where 4 (^) is of degree (p^ — But 4 (u)=0 is satisfied 
by at most d marks of the Field, and hence there 

are d marks satisfying — 1 = 0. 

A mark satisfying = 1, but no equation at® = 1 (6< ik) 
is called a pr imitive root of 'vA = 1. 

If = 1 and at is a primitive root of ot^ = 1, a? is a factor 
of fe. For if h=^la-+m {ce>m> 0 )y at^ = = 1 ; and 

therefore m = 0. 

Let Jc= where c,.., are primes. Then the 

numbers of primitive roots of = 1 is i — (the number of 
roots of = l,at^^^ = 1, =!,..•) 4 (the number of roots 
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of 1, ...) — (the number of roots of 

- / /»• Ic h \ 

.(' -"•■' = 1, ...) +&C. =/.•- (- +• j + ;: + •••) 

k k . \ r k 


+( 3 + 5 ; ■*■-•)-(, 

=*0-;)0-5)0-s)-- 


A primitive root of = l is called a primitive root 

*f the FleliL If u is such a primitive root, the marks of 

the Field are u-, 1). 


Ex. 1. If a, If c are marks of a GF [|)’'] and the periods of a 
and € are k and I respectively, the order of 5 ?' = aa; + & is kj of 
((i.r. bx 4* djl) is and of {ar, hx-^ci/) is the L. C. M, of k and L 

Ex. 2. How many primitive roots of the trF'[8^] and GF\7^^ 
are there? 

Ex. 3. Every primitive root of the GF\^p^~\ satisfies an equation, 
of degree r but no equation of lower degree. 

Ex. 4. If w is a primitive root of the and d is a factor 

of — h a primitive root of «^‘^= 1. 

Ex. 5. IS^'o integral mark is a primitive root of a GF[^‘^] unless 
r = 1. 

Ex. 6. In (i) the <jjP[ll],(ii) the (3^F[3-] where P(a:^) =^ 2 + 2aJ4 2, 
find the primitive roots of the Field and the period of the mark 4. 

Ex. 7. (i) Every similarity-substitution on m given variables 
whose coefficients are marks of a given Field is a power of a given 
similarity, (ii) The order of a multiplication is the L. C. M. of 
the periods of the coefficients. 

Ex. 8- A mark of a 6rJF[p^] is called a square or a mf square 
according as it is or is not the square of some mark of the Field. 
Prove that (i) if p = 2, every mark is a square ; (ii) if j? > 2, the 
even powers of any primitive root f4 are squares and the odd 
powers are not-squar^; (iii) the product and quotient of two 
squares or of two not-squar^ are squares ; (iv) the product and 
quotient of a square and a not-square are not-squares. 

Ex. 9. If d is the H. C. P. of m and p*"— 1, there are exactly' 
(p^— 1) -f-d marks ( : 5 «^: 0 ) of the GF[jp^] which aretw-th powers 
of some mark of the Keld. 

Ex. 10. By two ‘ conjugate complex quantities * a and a we 
mean two quantities where % are marks of 

a given (rFf p^] (p > 2), and i is defined by t^= a given 
primitive root u of the Field. Prove that (i) ai 0 unless 
a=i = €; (ii) unless a or 1 j= 0; (iii) a^'‘ = a; 

(iv) = 1 


♦ IMs iam«ib«r i® wnally deuoted bj f (k). As proof shows,- 

.t-T numbers <fc and prime tofe. 
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GEOMETRICAL ELEMENTS 

§1* A GEOMETRICAL TnovemeTit is any displacement of 
a figme which does not alter the distance between any pair of 
points. Eor example, a redexion in a plane, a rotation about 
a line, an inTersion about a point (?,* &c., are ‘movements 

Let a, 6 be any two planes meeting in a line I (perpendicular 
to the plane of Fig. I), and suppose a is brought to coincide 
with 6 by a rotation about I through any angle Ja. Then 
if any point T is brought to Q by reflexion in a, and Q is 
brought to jR by reflexion in 5, evidently P is brought to ii 
by a rotation through a about L\ Hence successive reflexions 
in two planes are in general equivalent to a rotation about the 
intersection of the planes. 

In the particular case in which I is at infinity (Fig. 2) we 
see that successive reflexions in two parallel planes whose 
distance apart is ia; move any point through a distance oo in 
the direction perpendicular to the planes. Such a movement 
is called a translcLtio'rh. 

If A, jB are two movements such that the efiect of applying 
to any figure first A and then JS is the same as that of 
applying first B and then A, A and B are called permutable 
movements. 

In §§ 1 to 6 we shall ’ denote ‘ successive reflexions in tie 
planes c, &, c, . by (a) . (&) . (c) 

Ex. 1. Reflexions in two given planes are only permutable if 
the planes are perpendicular. 

Ex. 2. The following pairs of movements are permutable : — 
(i) a rotation about a line Z and a reflexion in a plane perpendicular 
to Z; (ii) rotation about Z and inversion about any point of Z; 
(iii) rotation about I and a translation parallel to I ; (iv) reflexion 

* A. displacement such fcliat the line joining the initial and tinal positions 
of each point of the figure passes through 0 and is bisected at O. 

*|* A-ttention must h© paid to the sign of ct. We consider oi positive if it is 
described in the clockwise direction. 

D 


Hinrow r. e. 
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in a plane and a translation parallel to the plane ; (r) any two 

translations. 

Ex. 3. A line I meets a plane P at right angles in 0. Any 
two of the three moTements (i) reflexion in P, (ii) inTersion 
about 0, (iii) rotation through tt about are permutable ; and a 
combination of any two is equivalent to the third. 


P 

A 



Fig. 1. 

Ex 4. An inrersion is equivalent to succ^sdve reflexions in 
three mutually perpendicular planes. 

Ex S. Any number of successive translations Is univalent to 
a single tmnistion. 
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Ex. 6. Translations can l)e represented by vectors drawn from 
a fixed point, and combine in accordance with the ^ parallelogram 
law’. 

Ex. 7. An inversion followed by a translation is equivalent to 
an inversion. 



I 

I 

I 

I 

• R 

Jig. 2. 

Ex. 8. The only movement which leaves three non-collinear 
points P, Q, i? fixed is a reflexion in the plane JPQB- 

Ex. The only movements which leave two points P, Q fixed 
are those obtained by eomhining successive reflexions in planes 
through PQ. 

§ 2. let OA, OB be two intersecting lines. Taie 0(7 such 
that the angle between the planes OAB, OAG is ia * and the 
angle between the planes CBG^ OB A is ijS. Let ^ y he 
the angle between the planes OGB^ OGA. Then a rotation 

* i, €. wh«n the second plane OA(7is rotated atout CA throngli an angle |cx 
it comes into coincidence with tlie first plane OAB ; and so in the other t%vo 
cases. 

I> 2 
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tliroii£(h C£ about OA followed by a rotation throngb /3 about 
OB = fO JO . (0 JR) . fOR J) . (OBC) = {OCA ) . (OCR) = a rota- 
tion tlirongb y about 00. This composition of two rotations 
h ciilled Filler s {or Bodriffnes) constrwctiom 

Ex 1. A rotation through J about OB followed by a rotation 
through a about OA = a rotation through y about the reflexion of 
OC in the plane J OR. 

Ex. 2. The two rotations of § 2 are permutable only (i) if a, P, 
or A OB is yery small, (ii) ifa=/3 = y=^. 



Ex. S. Successiye reftexions in any even number of planes 
through a fixed point are equivalent to a rotation. 

Er. 4. If a = and <x, J are small, find / and the position 
of 0€. 

Ex. 5. Successive rotations through angl«i ot, about parallel 
lines are equivalent to a rotation through a+-j8 about another 
parallel line. 

Ex. 6. Rotations through a about OA, ^ about OB, a about 
OA are equivalent to a rotation about a line in the plane A OB, 

Ex. 7. Successive rotations through equal and opposite angles 
about parallel lines are equivalent to a translation. 

Ex. S. A rotation about I followed by a translation perpen- 
dicular to I (or vice versa) is equivalent to a rotation through an 
^uad Migle about a line parallel to i. The translation and 
rot^aon we permutable unJe® one or other is infinitesimal. 
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Ex. 9. Successive rotations about ikree radii of a sphere through 
twice the angles of the corresponding spherical triangle produce 
no displacement on any figure. 

Ex. 10. AOA'y BOB', COC^ and aOa\ b0l% cOc'^ are two sets 
of mutually perpendicular lines. OA, OB, OG are brought into 
the positions Oa, Oh, Oc ; Od, 01', Od ; Oa', 01), Od \ Oa', 01', Oc 
hy rotations about OB, OBi, 0I>.2, OD^. Prove that (i) the planes 
B^OA, DOA are perpendicular; (ii) the planes ^<9(7, Dc^OJD^^ 
are concurrent ; (iii) the planes BOB^, B^ OB^ are perpendicular. 

Ex. 11. (i) Translations, (ii) rotations about lines through 
a fixed point may be considered as elements. 

§ 3. Every oddnnmher of successive refiexions is equivalerit 
to three successive reJLexions, 

If we prove this for £ve successive reflexions, we can at 
once extend it to the case of seven successive reflexions, then 
to nine, and so on. Take then five successive reflexions in the 
planes 1, 2, S, 4, 5. Now by § 1 if the planes 4 and 5 meet 
in a line I, we can replace the movement (4) . (5) by (IT) . (Y); 
where IV is any plane through I chosen arbitrarily, and Y 
is a plane through I such that the angle between IV and V is 
the same as the angle between 4 and 5. Take I Y as the plane 
through I passing throngh the intersection of 1, 2, 3. Then 

(I) .(2). (3) . (IV) is equivalent by § 2 to two successive re- 
flexions, so that the theorem is proved. 

Ex. Every even number of successive reflexions is equivalent to 
four successive reflexions. 

§ 4 . The movement (1). (2) .(3) is reduced to its simplest 
form as follows. If 2 and 3 meet in a line I, (2) . (3) may be 
replaced as in “§ 3 by (2'"). (Ill); where 2' is perpendicular 
to 1. Then (1) , {2') may be replaced by (I) . (II) where I is 
a plane perpendicular to the planes II and III. Now 

(II) . (Ill) = a rotation about the intersection h of II and III 
which is perpendicular to I. Hence (1) . (2) . (3) = a rotatory- 
reflexion, i.e. a reflexion in a plane followed by a rotation 
about a line perpendicular to that plane. .The reflexion and 
rotation are obviously permutable. 

Since a reflexion in I has evidently the same effect as an 
inversion about the intersection of I and h followed by 
a rotation through tt about h, the movement is also equivalent 
to a rotatory -inversion, i. e. an inversion about a point 
followed by a rotation about a line through the point. The 
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inversion and rotation are obviously permutable. Evidently 
no two rotatory-inversions can be eq[uivaleiit unless they are 
iiientieal. Hence : — 


Ever^f odd mimher of sticeeesive rejlexiom is equivalent to 
a unique Totatoiy-iywersio'n, 

Reflexion, inversion, &c., are particular cases of rotatory- 
iii version. One case requires special mention ; that in wbieh 
the line h is at infinity. The movement is then called a 
f fid mg- reflexion, and is equivalent to a reflexion in a plane 
followed by a translation parallel to that plane. 


Ex. 1. (i) An odd number of successive reflexions brings in 
general one and only one point to its original position, (ii) What 
are the exceptions? 

Ex. 2. Show that a gliding- reflexion S is equivalent to a 
rotation through tt about a line I followed by inversion about 
a point not lying in L 


§ 5. We shall now show how to reduce an even mimher 
of successive reflexions to its simplest form. By § 3 it is 
sufficient to consider four successive reflexions in the planes 
1, 2, S, 4. As in § 4 we can reduce the movement (1) . (2) . (3) 
to (I) . (II) . (Ill), where the planes II and III meet in the 
line h pei-pendienlar to I. Then (II) . (HI) can be replaced by 
(2). (3), where the planes 2, 3 pass through h and 3 is 
perpendicular to 4. Now the planes I and 2 are perpen- 
dicular, and so are the planes 3 and 4. Hence (1) . (2) . (3) . (4) 
= two successive rotations through tt about two lines a, 6 ; 
where a is the intersection of I and 2, and b is the intersection 
of 3 and 4. 

Let k be the line meeting a, b at right angles. let 
a and be the planes through k, a and fc, 5. Let be 

the planes through a, b perpendicular to k. Then two succes- 
sive rotations through n about a, 6 = (a) . (kJ . O) . (k^) 
= (a) . (.d) . . (fCg), since reflexions in the two iierpendhcular 

planes ^ are evidently permutable. But (a) . (^ j = a rota- 
tion about k, and (kj) . (x^) = a translation parallel to k. 

This combination of a rotation ahont k followed by a 
translation parallel to A is called a screw about k. The 
rotation and translation are obviously permutable. Two 
screws are evidently equivalent only if they coincide. 
Hence : — 
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Every even nunibeT of successive o^efiecions is eqnivcdent 
to a 'unique scretu. 

A rotation or translation is a partienlar case of a screw. 


§ 6. Every geometrical movement is equivalent to a screw 
or cb rotatory-inveriion. 

Let B be the initial positions of any two points of a 
figure, and let A\ B' be tlieir final positions after the figure 
has been subjected to any movement leaving unaltered the 
distance between e^ery pair of points. Let c be the plane 
bisecting A A* at right angles; and let be the reflexion 
of B in c, so that = AB, Let d be the plane bisecting 
at right angles. Since A‘'B-^ = AS = A'B\ d passes 
through A\ Hence {c ) . {d) brings A to A' and B to S' . The 
movenaent is completed by successive reflexions in planes 
passing through the line A' S'; for evidently every movement 
keeping both A' and B' fixed is obtained by combining such 
reflexions. Hence the whole movement is equivalent to a 
number of successive reflexions ; which proves the theorem. 

If the movement is equivalent to a screw, the initial and 
final positions G of the figure are congruent or ‘ super- 
posable The movement is called a racvemeTit of the fint 
sort^ and is equivalent to an even number of successive 
reflexions. 

If the movement is equivalent to a rotatory-inversion, 
F and ff are euanticmwT^hovbs ; they are related in the same 
way as a right and left hand, or as an object and its reflexion 
in a mirror. The movement is called a miovemeut of the 
second sort, and is equivalent to an odd number of successive 
reflexions. 

Ex. 1. AA' BB\ CO' are diameters of a sphere. The spherical 
triangles ABC, A'B'O' have corresponding sides and angles equal 
and are enantiomorphous. 

Ex. 2. A movement is completely determined when we are 
given the initial and final positions of four non-coplanar points 
of any figure to which the movemeat is applied. 

Ex. 3. What movements leave a given point 0 fixed ? 

§ 7. If /S and T are any two movements, and 8 brings 
a figure from the position F to the position (?, while T 
brin^ it from Q to H; the figure is brought from jP to H" by 
a unique screw or rotatory-reflexion JT which may he con* 
sidered as the product of 8 and T {ST = U). 
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It is obvious tliat -5 wben the laiv of eombmation of movo- 
meiits is defined in this way, elements obey the associative 
law and satisfy the conditions by which elements were 
defined. The identical element is the operation of leaving 
the figure unmoved. The element inverse to S is the unique 
screw or rotatory-inversion bringing the figure from the 
position G to jP. 

Ex. 1. The product of r movements of the first sort and 5 move- 
ments of the second sort is of the first or second sort according 
as s is even or odd. 

Ex. 2. A rotation or rotatory-inversion of angle a is of finite 
order if and only if g -t-'jt is commensurable. 

Ex. 3. A screw is not in general of finite order. 

Ex. 4. Find the order of a rotatory-inversion of angle 2TT-r u 
{n integral). 



Pig- 4. 


§ 8. Any movement may be conveniently represented by 
a geometrical dia^am. Thus Fig. 4 (i) represents a transla- 
tion parallel to the line AB through a distance AB. Again, 
Kg. 4 (ii) represents the rotator j-invexsion consisting of an 
inversion about O followed by a rotation abcut I through a ; 
wliere I m tie line through 0 perpendicular to the plane 
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of the diagram and a is the angle subtended at 0 by the 
arrow there shown. A rotation may be denoted by omitting 
the O, and a screw by combining the diagranas representing 
a translation and a rotation. 


Ex. 1. Another conyenient representation is as follows : — 
Denote a screw by a pair of unlimited straight lines, and a 
rotatory-inversion by a pair of unlimited intersecting straight 
lines with a O at their point of intersection. 

Ex. 2. All equal straight lines drawn in the same direction 
represent the same translation. 


§ 9 . The transform of a movem^ent S hy a 'movement T is 
found by performing the movermnt T on the geometrical 
^representation of S, 

Let X be any geometrical representation of S. Let any 
point P' be brought to the position P by T~'^j let P be 
brought to Q by S, and let Q be brought to Q' by T. Let 
A be brought by T into the position X'. Then T brings P, Q, A 
into the positions P' , Q', A' respectively. Eenee the figure PQ A 
is congruent or enantiomorphous to the figure P'QX'^ according 
as T is of the first or second sort. Now A is the representation 
of the movement S bringing P to Q: hence A^ is the represen- 
tation of a similar f movement iS' bringing jP' to Q'. Bnt 
brings P' to and this is true for ah positions of the 
point P'. Hence = T-^ST. 

Ex. 1. If ^ is a right-handed screw, jS' is a similar screw but 
right- or left-handed according as T is of the first or second sort. 

Ex. 2. The transform of a rotation is a rotation, and of a 
translation is a translation. 

Ex. 8. If 8 is any given screw, T any given translation, we 
can always find a translation t such that TS = 8t. 

Ex. 4. If P, t are given equal translations, we can always find 
a rotation P such that TP = ML 

Ex. 5. If P, 5 are two similar screws (both right- oT both 
left-handed) about parallel li nes 2, T, we can always find trans- 
lations P, t such that ST =: Ts, S := st 

Ex. fi. If S is any screw and B any rotation of the same angle 
about parallel lines I and Vj we can find translations T, T' such 
th&t 8= IIT = T'R 

* The rotatoTy-inversion may be called ‘a rotatory-iaversion through 
a about 0 and T. 

■f For erample, if S is a rotatoTy-inversion, S' is a rotatory-inversion 
through, the same angle; if S is a screw, S' is a screw with the aame 
translation and angle, &;c. 
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Es. 7. If r, i similar rotatory-inversions about 

parallel lines, we can findlranslations T, such that iT Ti. 

Ex 8. If jS is a screw and It a rotation of the same angle about 
a parallel line, while 5 is a second screw and r a rotation of the 
same angle about a parallel line, we can find translations T, T' 
such that Ss = Mr = T ' , 

Ex. 9. Prove a result similar to that of Ex. 8 for the product 
of a screw and a rotatory-inversion or of two rotatory-inversions. 

Ex 10, Prove the following practical construction for finding 
the resultant of screws of angles a, ... about lines a, 6, .... 

‘ Find the position 0 to which any convenient point O' is brought 
by the successive screws. Find the resultant B of rotations 
through 0 , /8, ... about lines through 0 parallel to a, 5, .... Xet 
M be the screw equivalent to a translation represented by O'O 
followed by the rotation E. Then Jf is the required resultant.' 

Ex 11. Obtain a method similar to that of Ex. 10 for finding 
the resultant of any number of successive screws and rotatory- 
inversions. 

Ex 12. The resultant of three screws of angle x about three 
perpendicular non-intersecting sides of a rectangular parallele- 
pipedon whose translations are represented by twice the respective 
sides is identity. (The resultant of the three translations taken 
alone is represented by twice that diagonal of the parallelepiped on 
which meets none of the three sides.) 

Ex. 13. If a, h are two lines inclined at an angle d and at 
a distance apart, the resultant of screws through tt about a and 
b whose translations are 2x and is a screw through 2B of 
translation 2 s about a line whose distances from a and b are 
cosec 0 (y -f cos 0) and cosec 0 (x -fy cos d). 

Ex. 14. ABCB is the face of a cube ; AOA^, BOB', COC'’, 
DOjy are its diagonals. Find the resultant of a rotatory-inversion 

2 TT 

through ~ about A and ADj & screw of angle tt and translation 
o 

. represented by AB about a screw of angle ir and translation 
2 G'A about a line through 0 parallel to C'JL, and a gliding- 
refiexion in the plane ABB'G' of translation AB^ 

§ 10. If a movement (other than identity) brings every 
point of a figure F into the position previously occupied 
either by itself or by some other point of F, F is said to 
possess symifieiTy, If F is thus brought to self-coincideace 
by reflexion in a plane s, s ib called a symmetry-plane of F. 
Ii F is brought to self-coincidence by a rotation about a line I 
through a positive angle a (but through no smaller angle), I is 
ceiled an n-el roiaiian-asois of F, where ^10 = ^tt. Similarly 
we can have an ^ %-ai symmetry-axis of rotatorj-inversion 
a ‘cenlare of symmetry’, a ‘sciew-axis of symmetry^ &c. 
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For example, a cute has its middle point 0 as a centre of 
symmetry (i.e. it is its own inverse ahoat 0), its diagonal 
as a 3-al rotation-axis, the plane through two opposite edges 
as a symmetry-plane, &c. 

Ex. 1. Find other symmetry-axes of a cube. 

Ex. 2. (i) If 2 is an n-al rotation-axis or symmetry-axis of 
rotatory-invei'sion, n is integral, (ii) Give a case in which n= cc. 
Ex. 3. No translation nor screw (unless it reduces to a rotatioii) 
can bring a finite figure to self-coincidence. 


§ 11. Many other geometrical operations besides ^ move- 
ments ’ satisfy the conditions to which elements are subject. 
As an example we may take successive inversions in any 
number of circles all of which are orthogonal to a fixed 
circle. 

If we project any figure on a sphere S from a point F of S 
on to the plane through, the centre 0 perpendicular to OF" 
(stereographic projection), the projected figure is the inverse 
of jthe original with respect to a sphere of centre V and radius 
V2 .OY. Hence a circle projects into a circle, and angles are 
unaltered by projection. If e is any circle on H, and P, Q 
are points on 2 inverse with respect to c (JFQ passes through 
the pole of the plane of c with respect to 2), all circles on 2 
through P and Q are orthogonal to c. Hence, if c\ P', Q'are the 
projections of c,P, Q, all circles through P" and Q' are orthogonal 
to o', i. e. JP' and O' are inverse with respect to c'. In particular, 
if c is a great circle, P and Q are reflexions of each other 
in the plane of c ; while o' is orthogonal to the fixed circle 
which is the projection of the circle at infinity on E. Hence 
from each theorem concerning successive reflexions in planes 
through a given point, may be deduced a theorem concerning 
successive inversions in circles orthogonal to a fixed circle. 

Ex. 1. Show that in any plane (i) a rotation about a point, 
(ii) a translation, (iii) a magnification with respect to a point 
are particular cases of two successive inversions. 

Ex. 2. The operation consisting of successive inversions in two 
given real circles is of finite order only if the circles cut at a real 
angle commensurable with 'tt. It is equivalent to successive 
inversions in any two circles cutting at the same angle in the 
same points. 

Ex. 3. Any even number of successive inversions in circles 
orthogonal to a fixed circle is equivalent to two successive 
inversiena 
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Ex. 4. If is aa operation consisting of successive inversions 
in tiie circles Ji, ^ 2 -’ is? T is a similar operation changing 

tiiese circles into the circles io? hr ••• ? is the operation 

consisting of successive inversions in u, is, ... . 

Ex. r>. Take rectangular Cartesian axes of reference in a plane. 
Let any geometrical operation displace a point from the poshion 
Ij'.f ) to the position [x^ y'). Let ^ {i~ V — 1). 

Find geometrical operations such that (i) z' = d—S!, (ii) z' ■= 
h and d being real. Deduce the fact that the product of these 
substitutions is finite only if is eommensurable with ir, where 
cos <p= d “2\/5. 

Ex. 0. To successive inversions in any two circles corresponds 

a substitution of the form , * 

cz-hd 


Ex. 


If to the substitution 



cs-hdJ 


corresponds ao 


inversion in a circle j followed hy a reflexion in a line cos <l> x 
the radius of J = the perpendicular on Z from the centre of J 
(see III 2:^2)- 

Ex. 8. If the eq[uatioiis of j and I are real, (i) 8 is not loxo- 
diomic, (ii) A is conjugate to D and B io C with respect to a 
rectangular hyperbola whose centre is the origin and whose 
asymptote bisects AJD ; where A, JB, C, B are the points repre- 
senting the complex quantities a, b, c, d. 

Ex. 9. When a, c, d are real, to S corresponds an invei'sion in 

0 foUow^ by a reflexion in 

2cx = a—d. 


§ 12, As another example we may take the case of col- 
lineation. 

If two figures are such that each point of one figure 
corresponds to a single point P' of the other, while conversely 
the single point P' corresponds to P ; one figure is said to be 
derived from the other by a coUinear or ^qjective transfor- 
mation. 

First take the case in which both figures are plane. If 
(a;, y, s), y\ /) are the coordinates of P, P' referred to any 
two triangles of reference (one in each figure), we have 
evidently relations of the form 

If we choose the triangles of reference ABG, A'B'G' so that 
A and A\B and G and O' are corresponding points in the 
two figures, y'= =: 0 when t/ = s; = 0, &c. Hence we have 

obviously = 4 = ^ When we aa’e given 
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the coordmates of another pair of corresponding poiats, we 
can find the ratios Eenee a collinear transforma- 

tion of one plane figure into another is completely determined 
by the correspondence between four points of one figure (no 
three of which lie on a straight line) and four points of the 
other. 

Plane projection evidently establishes a collinear transfor- 
mation of one plan© into another, which is, moreover, the 
most general possible ; for we can always prefect four given 
points A, jB, (7, V into four other arbitrary points a, 6, o, v as 
follows. Let AV, BY meet BC^ CA in i> and Ei and let 
m, bv meet lo^ ca in d and e. Take X on JBG such that the 
cross-ratio of (BI)GX)= hd-^cd, and take F on CA such that 
the cross-ratio of (CJLd F) = ce -r Then project XY to 
infinity, the angles BAG, OB A into angles equal to hac, eba, 
and the line AB into a line of length equal to ab. 

Similarly if the figures are three-dimensional, we can show 
by taking the vertices of the two tetrahedra of reference as 
corresponding points that the collinear transformation is 
completely determined by the correspondence between five 
points of one figure (no four being coplanar) and five points 
of the other. 

It is at once evident that to any number of coplanar points 
of oue fi-gure correspond coplanar points of the other. Simi- 
larly to collinear points of one figure correspond collinear 
points of the other. 

Let cc = 0, = 0 be the equations of two planes in one 

figure and a'= 0, 0 the equations of the corresponding 

planes in the other figure. Then to the planes 

a = Ai/3, a = a = a = 
in one figure correspond the planes 

a'=\3r, 

in the other. Hence the cross-ratios of the corresponding 
pencils of planes are identical, being both equal to 

(Aj,— A2)(Xg— Aj -r (^1—^4) 

It follows at once that the cross-ratios of corresponding pencils 
of lines or ranges of points are identical. 

The operation of making one figure correspond to another 
by a collinear transformation is called a colliThecdion^ A col- 
lineation evidently satisfies the conditions by which an element 
was defined, the identical element being the collirieation 
which makes each point of space correspond to itself. 
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Ek. 1 Cany out the reasoning of § 12 using Cartesian instead 
of homogeneous coordinates. 

Ex, 2. A collinear transfarmation of one straight line into 
another is completely detei'mined when three pairs of correspond- 
ing points are given ; and the ranges formed by corresponding 
points are honiograpliie. 

Ex. S, If the coordinates of two corresponding points referred to 
the same tetrahedron of reference are connected hy relations 
defining a substitution S, the coordinates referred to any other 
tetrahedron are connected by relations defining a transform of ^5. 

Ex. 4. A geometrical movement is a particular case of 
eollineation. 

Ex. A collinear transformation of (i) a line, (ii) a plane ^ 
(iii) a three-dimensional figure into itself transforms in general 
respectively 2, 3, 4 points into themselves. Mention any 
exceptions. 

Ex. 6. Find the self-corresponding points in the collineatioiiL 
defined by (i) a rotation of a plane about a point 0, (ii) a screw 
about a line ly (iii) a rotatory-inversion about 0 and L 

Ex. 7. When both figures are referred to the same rectangular 
Cartesian axes of reference a homogeneous linear substitution 
defines a collineation leaving fixed the origin and the plane at 
infinity; and an orthogonal substitution defines a rotation or 
rotatory-inversion. 

Ex. 8. A collineation leaving the circle at infinity fixed is 
equivalent to a magnification with respect to a point followed 
by a geometrical movement. 

§ 19 . Suppose now that the two figures derived from each 
other hy collinear transformations are referred to the same 
tetrahedron of reference. Then the coordinates 

of corresponding points P', P are connected hj relations of 
the form 

l^x -b y'= 

These equations define a suhstitution S. If & is of finite 
order, we can express it in terms of new variables X, r,X, W 
such that 

Z'= o)3^X, F'= (Ill 8). 

Taking X = 0, T = 0, Z = 0, If = 0 as the faces of a new 
tetrahedron of reference, the corresponding points 

(«', y' y z'y w'), (®, Vi z, w) 
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a,re conneeted by the relations 

coj^cc, y'=ai^y, w'—a>iZ. 

If >Sr is of order 2, = V = “<5 t^ierefore 

a>j, 602 3 ^^4 6aeh == +; 1. 

If ia this case 60^ = 6)2 = 003 = 0)4, is a similarity and 
the collineation is the identical eollineation making each 
point correspond to itself. If — coj^ = 6)2= 6)3 = PP passes 
through the vertex (1, 0, 0, 0) of the tetrahedron of reference 
and is divided harmonically by that vertex and the opposite 
face 33=0 of the tetrahedron. If — = — 6)2 = = 6)4, 

PP' intersects two opposite edges of the tetrahedron and is 
divided harmonically by them, as is at once proved. 

Hence we see that there are two kinds of collineation of 
order 2 ; the ‘perspective’ in which the line joining two 
corresponding points passes through a fixed point and is 
divided harmonically by it and a fixed plane, and the ‘non- 
perspective’ in which the line joining two corresponding 
points intersects two fixed non-intersecting straight lines and 
is divided harmonically by them. 

Just as we deduced from each theorem concerning successive 
reflexions in planes through a given point a tlieorem con- 
cerning successive inversions in circles orthogonal to a fixed 
chcle, so we may deduce a theorem concerning perspective 
coUineations of a plane whose fixed point and line are pole 
and polar with respect to a fixed cii-cle (and hence by pro- 
jection with respect to any fixed conic). For, using the 
notation of § 11, let 0 he a great circle of the sphere 2 and 
let the straight line c' he the (‘gnomonic’) projection of c 
from the centre 0 on to the tangent plane at V, Let the line 
through 0 perpendicular to the plane of c meet this tangent 
plane at (7 , and let P\ Q' be the projections of two points 
Q on S which are the reflexions of each other in the plane 
of c. Then if C' V meets c' in W (Fig. 5), G'N' is evidently 
perpendicular to c', and 

(7'F. FF'= OF^ since COT^ OYW^ \ tt. 

Hence (7' is the pole of c' with respect to a fixed circle whose 
centre is V and radius v^ — OF^. Moreover, the lines OP, OQ 
are evidently coplanar with and equally inclined to 0(7'. 
Hence if UP'Q meets 0' in F\ (CfF\ P''Q') is harmonic since 
OOF'— ^TT. Iherefore Q' are derived from each other 
by a perspective collineation whose fixed point is 0 ' and fixed 
line is c'. 
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In the aboTe statement, for ' successive reflexions in planes 
through a given point’ vre may substitute ^successive rota- 
tions through. TT about lines through a given point ^ For if 
is the point diametrically opposite to Q on S, Q' is the 
projection of as well as of Q, and P is brought to the 
position Qj by a rotation through 'ir about 00 ', 

Ex. 1. If a straight line is transformed into itself by a 
collineatiott of order 2, corresponding points are the pairs of an 
involution on the line. 

Ex. 2. If a plane is transformed into itself hy a collineation 
of order 2, the line joining corresponding points passes through 
a fixed point and is divided harmonically by it and a fixed 
straight line. 

Ex. 8. A perspective collineation of order 2 transforms the 
fixed point and every point of the fixed plane into itself ; and 
a non-perspective collineation of order 2 transforms every point of 
the two fixed lines into itself. 

Ex. 4. A rotation through t about a line ? is a particular case 
of a non-perspective collineation of order 2. 

Ex. 5. A reflexion in a plane and inversion about a point are 
particular cases of a perspective collineation of order 2. 

Ex. 6. If a collineation T makes a point J?' correspond to a 
point P and a plane to a plane cr, and S is the perspective 
collineation •whose fixed point and plane are P and <t, T~‘'^8T 
is the perspective collineation •whose fixed point and plane are 
P' and (T^. 

Ex. 7. If T makes lines V, m! correspond to Z, m and XI is the 
non-perspective collineation of order 2 •whose fixed lines are I, 
jfjf £s the collineation whose fixed lines are l\ 

Ex. 8. If V is an involative collineation on a line I whose 
double points are P, Q and T is a collineation transforming Z, 
P, Q into Q'j T~'^YT is an involutive collineation on V 

whose double points are P' Q', 

Ex. 9. If two coUinear transformations of order 2 on a 
straight line are permufcable, their double points form a harmonic 
range. 

Ex. 10. If Oiy Oq are the fixed points of two permu table 
perspective collineations and a-^y are their fixed planes, 0^ lies 
on cTg and 0^ on The product of the two collineations is 
a non-perspective collineation of order 2 whose fixed lines are 
OiO^ and the intersection of and Cq. 

Ex. 11. If 0i and , 02and o-garethe fixed points and planes of 
two perspective collineations 8^,82, the fixed points of are 
every point on the intersection of o-j, cf^ and the double points of 
the involution determined on hy O^, (r^ and O 2 , (Tq. 

Ex. 12. Any odd number of successive (i) perspective collinea- 

HrLTOs* r. Q. £) 


50 COLLIXExVTIONS OF ORDER TWO [IT 18 

with tl:e same fixed plane, (ii) perspeetiTe collineations 
witlj tlie ‘iuiiie fixed point and with fixed planes passing tbroug’li 
a straidit line, (iii) non -perspective collineations of order 2 
Willi fixed line in coinmon and the other fixed line passing 
a given iK>int, is equivalent to a single such collinea- 

Cx„ l;l Any odd number of successive perspective collineations 
fixed points all lie in a given plane and which transform 
a ii?v€"d eoiiicoid into itself is equivalent to three such successive 

€.• Mill eat ions. 


CHAPTER V 


GROUPS 


§ 1. A set of elements is said to form a group^ if (1) the 
product of any two (or the square of any one) of the elements 
is an element of the set; (2) the set contains the inTerse 
of each element of the set. if the set satisfies condition (1) 
hut not (2), it is called a semi-gro'Wjo, 

Any group Gr contains the identical element ; for if a is any 
element of Gj so is and aa~^ = 1. 

If (? contains n distinct elements, it is said to be of order n. 
The group is called fi nite or infinite according as n is finite 
or infinite. We shall assume a group finite unless the contrary 
is stated. 

A group or semi-group every two elements of which are 
permutahle is called Abelian or commutative. 

If is any group and g is any element of finite order m, 
gf’” == 1 is in (r. If is the dfirst of the elements g, g\ ... 
which is contained in r is called the order of g relative to G. 
The order r oi g relative to is a factor of the ‘ absolute ' 
order m. Per if (& 4- 1) r > m > hr (k Toeing a positive integer) , 
gm-^hr _ g'Kii ^ g-icr _ is in G, and hence m = kr. 

Similarly we may prove that, if is any positive power 
of g contained in r is a factor of L 


Ps. 1. Suppose we have 6 elements 1, a, h, c, A e whose laws 
of comhiuation are given by the 'multiplication table’' (see p. 52) 
in which the product of the element at the left of the i-th row and 
the element at the top of the j-tli column is given at the 
intersection of the i-th row and the /-th column (e. g. he = d, 
cl = e). Then 1, a, I, c, d, e form a group. Such elements are, 
for example, the 6 permutations 1, {ccg\ {zv) or 

the 6 substitutions 


a;' 


1 1 £r 

_ y , _ q 

1—0) X X X) — l 


Ex. 2. A group contains every positive and negative power of 
any element it contains. 

Ex. S. Every element of a finite group is of finite order. 

n 2 
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Ex 4. If b are any two elements of a group G, we can alwavs 
finn ehinents ^7, h ia G smh that = b, fia = d. 

Ex. o. The positive powers of any element form a group or 
St mi- *:ro4ip aec«:>rd£iig as the element is of finite or infinite order. 

Ex. A finite number of elements satisfying condition (1) of 
i 1 j^itisfy condition (:2) and form a group. 

Ex« 7. Every semi-group contains elements of infinite order. 

Ex. 8. If the elements a, 6, c, ... form a group, so do g~'^ag. 



/ 


B 

0 

cC 

e 

/ 

I 

a 

B 

G 

d 

e 

\§ 


/ 

a 

d 

e 

0 

O' 


h 

/ 

e 

c 

d 



d 




m 

d 

d 

e 

0 

h 



e 

e 

c 

d 


m 

/ 


Hultiplication table of group in i^t. 1. 


El. 9. Every group of even order contains an odd number of 
elements of order 2. 

Ex. 10. Every group contains an even number of elements of 
order r (r > 2). 

Ei. 11. A group whose elements are all of order 1 or 2 is 

Abelian. 

El. 12. (i) If pTgy ... are the elements of a group, so are 
and so are g^g^^ .... (ii) 

permutations ( **• andi / ^2 \ 

9%9x 939 x ••• ' ^9y9i 9^92 9y93 — ^ 

are both regular and are permutahle. 

Ex. 18 . *^0 i^fcive integers form an Abelian semi-group the 
being (i) ordinary mulfeiplicatioiiy (ii) ordnxaiy 
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Ex. 14. All positive real quantities form an iniimte Alielian 
group or semi-group according as the law of combination is 
ordinary multiplication or ordinary addition. 

Ex. 15. Ail positive and negative integers form an indnite 
Abelian group when tbe law of combination is ordinary addition. 

Ex. 16. (i) The marks of the form an Abelian group 

of order p^\ the law of combination being addition, (ii) The 
marks excluding zero form an Abelian group of order p’*— 1, the 
law of combination being multiplication. 

Ex. 17. All the permutations on the symbols 
which (i) leave a function f{xi ,3:2,-.., unaltered, (ii) multiply 
•••? ^m) some constant independent of rj, ..., x^ 
form a group. 

Ex. 18. Prove a similar result for substitutions on the variables 

Ex. 1&. The movements bringing any geometrical hgure to 
self-coincidence form a group. 

Ex. 20. All possible homogeneous linear substitutions of non- 
zero determinant on m given variables with coefficients in a 
GtFIp'^] form a group. 

Ex. 2 1. The foHowing elements form a group : 

(i) The permutations {xyzio\ {o^z){yw\ {xz)j {xw)[ys\ 

iym), {;xy)(^wz). 

(ii) Tie permutations 1, ixyztcu). (pczuyvo), {xwyiiz), {mcwzy), 
{wj)(zw), (xu){i/w), {xw){yz), {xz){uvi). {ry){eu). 

SriT 

(iii) Eotations through about the origin and reflexions 
in the lines tan^.^r (r= 1, 2, ..., w). 

(iv) dotations through ^ ^ about the diagonals of a 

l> o 

cube and rotations through or about lines through its centre 
perpendicular to its faces. 

(v) The substitutions 

x' = x' = -r- a? (Z; = 1, 2, ... , m), where a>”* = 1. 

(vi) The 12 substitutions 

xf = — TV 3 i: :> d: — r~. j {% = ^/ ^\\ 

X X—1 ic-fl x—% X-\-% ^ 


(vii) The 24 substitutions 

(viii) The substitutions 

/ 2r7r . 2rx . 2rTr . 2rTr 

[cos sm % sm -x-f-cos 

\ n n n n 
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(L\) Tlie S substitutions (±:r, +y), (4^/, ±x), 
i\ ) TlieS substitutions 4^, 4-^). 

(xi) Tlie substitutions 

^ 4jr42 6jr44 6 5 ;t44 Sr4B 

4<^;4 1 ^ ^ 4j?4‘i 6.^44 4 jp4^ S^44: 

witli eoc^fficients in the GF[7], 

2 » 8 1 4 

(xii^ The substitutioas x' = t, 4i', 2 j', Sr, -, -, - with 

eieilicients in the (rF[3-] where IP{x) =5?-42;r42. 

Ex. 22, Which groups of Ex. 21 are Abelian ? 

Ex. 23. Find the order of (xsifw) relative to the group (i) of 

Ex. 21, the order of a rotatory-inversion through ^ about the 

eentre and diagonal of the cube relative to (iv), the order of 
.r'=4(/340‘^ relative to (vi), the order of {-y, -js, ~ .r) 

relative to (x). 

Ex. 24. Construct multiplication tables for the groups (i), (iv), 
(x) of Ex. 21. 

§2. The set formed by all the elements is 

usually denoted by 4a'2+ *•• + denotes this set, so 

that A = aj 4 a 24 ... 4 a^, and h is any element; then the set 

is denoted by Ab, and the set 

dcCj^ 4 bu2 4 • . . 4 bcCj. 

by d A. If jB denotes the set + ...4&s, AB denotes the 

set of rs elements a^bj (i = 1, 2,,,.,r; j = 1, 2, and 

£'A denotes the set of rs elements 

If are any elements, {a, 6, c, ...} denotes the 

group or semi-group composed of all distinct elements obtained 
by combining in every possible way all products and powers 
of bj 

More generally, if A, JB,... denote sets of elements, and 
I/, A,... denote elements, {A, B, g, A, ...} denotes the 
group or semi-group composed of all distinct elements obtained 
by combining in every possible way all products and powers 
of g, h, ... and every element of Jl, B, .... 

Ex. 1. Let a, b, c be elements of orders 4, 2, 2 respectively such 
that ab = b#, oc = ca, be = ch. Combining all possible powers 
of h and c we get only the 4 elements 1, b, c, he ; for example, 
= ch. Hence {h, <?} is a group M of order 4. 

Again, combining all possible powers of a, 5, c we get only th© 
lidemenfe 1,(% 5 , ha, ha% ba^, c, oa, ca% cb, cba^(^a\ ; 
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for esample, a^c'h^abc^h^ = a^da^la^^ BCenee {a?, b, c} is a 
group G of order 16 identical witk {S’, a^}- 

Ex. 2, If a is of order w, (a ^ contains fz elements. 

Ex. 3. {a, ...} is identical with {{a}, {&}, {c}, -•}? 

c, ...}, {{a, c}, 1 ), .... . ^ 

Ex. 4. If = 1 and = bet, {a, Z)} contains lo elements. 

Ex. 5. If ab = everj element of (a, b} is of tlie form b^a^. 
Ex. 6. If in § 2 r is finite and A- = A -f A -f . .. , A. is a group. 
Ex. 7. If A and B are groups and 
{ABf = ABi-AB 


AB is a group and is identical witk BA. 

Ex. 8. If A and B are groups and AB= JBA, AB is a group. 
Ex. 9. If G is an Abelian group of order n and g is any element 
of order m permutaMe with every element of { G, g} is an 
Abelian group whose order divides mn. 

Ex. 10. If j) divides the order of an Abelian group G, G 
contains at least one element whose order is a multiple of p. 


§3. The elements called indepeoident if 

no one of them can be expressed as a product of any number 
of the rest ; i. e. if is not contained in 

for any value of i In this case 9 ^ 155 ^ 259^35 ••• caUed inde- 
pendent generating elements or generaiors of 
A group is said to be given, ahstractly -when we know the 
number of elements it contains and the way in which any two 
combine. These data are evidently completely given when 
we know a set of generating elements and the equations 
connecting them; so that a group is given ahstractly by 
a set of generating elements and certain independent (and 
mutually consistent) relations which they satisfy. It is in 
this way that a group is usually defined. Thus, for example, 
‘the group = (ahy = 1, ao = cety he = ch’ means 

‘the group {a, 6, c} generated by the elements a-, i, c of orders 
4, 2, 2 respectively which are connected by the relations 
(cebf = 1 , ac = oa, be = cb \ 

Two groups G, G' with the same number of elements com- 
bining according to the same laws are considered as being 
one and the same abstract group in the pare group-theory, 
as opposed to its applications. We may denote this by the 
notation = (?'; while (r = G' would imply that G and & 
contained the same elements and were absolutely identical. 

Two groups containing the same number of elements of 
order 2, the same number of order 3, the same number 
of order 4, ... are called cmfomiaZ. 
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Ex. 1. Show that the group of Y is generated by c where 

= £-2 ^ 2, or by c, d where = d‘^= {cd)^ = 1. 

Ex. 2. Find generating elements of the groups (i), (iv), (v), (wiii), 
(x)ofVlo,. 

Ex. 3. Construct a multiplication table for the group 

z= 52 ~ 2 , ab ^ la, and for 5- = a-, ab = &#, 

Ex. 4. The groups = b- = (a5)^ = 1 and = 52 ^ ^ ^ 

are abstractly identical and are of order 2 n. 

Ex. 5. The groups a^ = h^ = idbY = ^ ={aljY = 1 

are abstractly identical. 

Ex. 6. Find the group generated by the permutable permuta- 
tions {1284)(o678) and (1638)(5274). 

Ex. 7. Show that (i) reflexions in two planes, (ii) rotations 
through TT about intersecting lines, (iii) inversions in two circles, 
inclined at an angle generate a group of order 2 n. 

Ex. 8. Use Ex. 7 (i) to show that exactly 8 angles are found by 
taking the supplement and complement of a given angle, the 
supplement and complement of the angles so obtained, and so 
on ; angles being considered identical when they differ by a 
multiple of 27r. 

Ex. 9, Any element permutable with 6, c, ... is permutable 
with every element of {a, \ c, ...}. 

Ex 10. If each pair of generators of a group Gr is permutable, 
G is Abelian. 

Ex. 11. Prove that the following sets of elements form groups 
of order 4 which are identical vrhen considered as abstract 
groups : — 

(i) The permutations 1, {ocicf){yiD), (r?r)(y.e). 

(ii) Rotations through 6 and tt about three perpendicular inter- 
secting lines. 

(iii) Reflexions in two perpendicular planes and rotations 
through 0 and tt about their intersection. 

(iv) Rotations through 0 and tt about a line, reflexion in a 
perpendicular plane, and inversion about their intersection. 

(v) The substitutions of = ±07, ± — 

3C 

(vi) The substitutions (± a?, ±y)* 

(vii) The substitutions of := -3 ^ where a, 

^ ' X yic—a ao;— 

y are marks of any GF{jr]^ 

Ex. 12. Prove that the following sets of dements form groups 
of order 6 which are identical when (M)nsidered as abstract 
groups : V 

(i) The permutations 1, {ysf)j {m\ (ixy), 

* (h) Rotations through 0, — -about the origin and re- 

o o 

flexioiis in the lines ^ = 0, ^ = f- V^x, ^ 


V4] 
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(iii) The substitutions x' = r. 




mx—'}n-‘ 


mx 

X ’ 


m— X 


(iv) The fractional substitutions (ic, ^), (2^?^)? 

(-' -)• -’)■ 

\y yy \x xJ 

(v) The substitutions in the GjP[2] {x, f), x\ (^, 

(vi) The substitutions ia the 6^jP[3] x =^x, a? -hi, ar-h 25 2^, 
2j3-h 1, 2ic-i-2. 

(vii) The substitutions in the (r-P[7j x^ 

4^+ 1 45*-f 3 6r 4* B 
4a3-h3 6.2j-j-3 4r -f- 1 

^ ^ 0^1? “h 4 

(yiii) The substitutions in the GJPfll] = a?, g ' ^ljr 5 ^ 

4 x-ho a* 4-9 
8^1?^ 4a: 4- 10’ a2-hl0’ 

(ix) The substitutions in the where P(r) —a:- 4-2a:4-2 

4 2a‘4*4 2 8a; Sx-{-2 

^ 40" 4- 1’ 4a; ’ a?’ 2a:4"4’ 4 

Ex. 13. Show that the groups (i), (ix), (xi) of V I 21 are abstractly 
identical and so are (iy) and (yi). 

Ex. 14. The groups = 1, at = ba^ and o-^ = = 1, 

ab = la are conformal. 

Ex. 15. The groups = 1, ah = ba^y ac = ca^, 

be = eb and a® = 2)^ = == 1, ac = ca^ be = cb are 

conformal. 


§ 4. It may happen that certain elements of a group G 
taken by themselyes form a group jET. Idl this case S is 
called a subgroup of <?, and is said to be ‘ eonbained in (? '. 

The simplest possible group is that which contains only 
the identical element. It is called the identical group, and 
is denoted by 1 if no confusion is caused thereby. In a sense 
any group G contains as subgroups both the identical group 
and G itself ; hut for the sake of coneiseness in enunciating 
and preying theorems it is sometimes conyenient to consider 
one or hoth of these £ts not included among the subgroups 
of 0, It yyill always he clear from the context whether they 
are included or not. 

The order r of any subgroup Hof a group Q of finite order 
n is a factor of u. 
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I^t 1. h . . .... h,_i be the elements of H. Let he any 

f leiuint of G not in H. Then the elements 

ffi> hOvhUi, -"Jir-iGi 

are all distinct from each other and from 1, -‘-j 

f:r.T 'would involve = }ij; and Ii^gj = hj would 

i Involve g. =1 hf^hj -whicli is in H. 

Let f/o l>e an element of G not included in M or Then 

the elements proved as 

lH/f\)re to he distinct from each other and the elements of 
Jl and i/f/j. 

Proceeding in this way we may show that each element 
C'f G is included once and only once in a finite numher of 
sets if/ 72 , ; which proves the theorem. The integer 

J =z H -T- /’is called the hide:^ of if in G. 

The sets ZT, Hgj^i may he called partitioiw 

of G with respect to H- The decomposition of ff into these 
partitions may be expressed by the identity 

G = E-hHgi -^ ... + 

where none of the g\ is in E ; or, if we prefer it, by 
G=Hg^ + Hg^+-... + Hg^, 

where one and only one of the ^’s is in iT. The decomposition 
Is unaffected by substituting hg^ for gr^., where h is any 
element of E, 

Similarly we may show that we have the identity 
G = H’\‘y^E-{-y^E -f 

= XiiT-f y2-S"-h...-fyjif. 


Ex. 1 In the group G = {a, b, c} of V 2^ where 

= {ahy = 1, ac = cd, he = c5, 

the sets of elements 

11= l+-^+.c+-e5, Z 

M zz: 1 1 + 

0 = 1 -f a- 4- 5 -f da^ -f c -f ca^ ^ ^ oha^, &c. form suhgroups. 

We have 

G = il4^a + H’a 2 4.5ra3 G = E-\-Kb + Ka-{-Ecb, 

G z=z L+Xa~\- Lh-\‘ lAKif G = AT 4- Ma+Wr. 4 - 
G = fV’+JV^c, <? = 04 " 0 a, drc. 

E:^ 2. Any set of elements of a finite group G which satisjfy- 
coMitton^) of § 1 also satisfy condition (2) and form a subgroup - 
Ex. B. Hie powers of any element of a finite group form a 

subgroup, ^ 
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L> ^2J • •• J 

= hj would 

r Hg^. Then 
DO proved as 
3 elements of 

each element 
be number of 
The integer 

ed partitions 
’ G into these 


o t»y 

lecomposition 
ere h is any 

,tity 


cb, 

+ ba^ + 'ba^j 
subgroups. 

-Mca, 


which satisfy 
m a subgroup, 
group form a 
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Ex. 4. The order of every element in a group of order n is 
a factor of n. 

Ex. 5. The only groups not containing a subgroup are those 
whose order is a prime. 

Ex. 6. If = 

a=gr^H+g^-^H-hg:,-'^H+ .... 

Ex. 7. It is not always possible to divide a given group G into 
partitions Hg^, Hg^, ISg^,^ ... with respect to a given subgroup K 
in such a way that gi^ g^^ g^j form a subgroup of G, 

Ex. 8. The ^-th power of any element of a group is contained 
in every subgroup of index p. 

Ex. 9. If H and K are groups of orders k and p, the order n of 
{Hj is not necessarily finite. If n is finite, w is a multiple 
of the L. C. M. of k and p. 

Ex. 10. If H, K are subgroups of a group 6r, (i) K] is 
a subgroup of G; (ii) G= {Hy K} when the order of (r= the 
L. G. M. of the orders of H and JK. 

Ex. 11. The elements of a group G permutable with every 
element of G form an Abelian subgroup. 

Ex. 12, The elements of G permutable with any given element 
(or with each of a number of given elements) form a subgroup. 

Ex. 13. g^, ...,gf} is a subgroup of g^, ..., gf , ..., g^}. 

Ex. 14. Every subgroup of an Abelian group is Abelian. 

Ex. 15. Those elements of an Abelian group whose orders 
divide a given number form a subgroup. 

Ex. 16- Those elements of an Abelian group which are $-th 
powers of some other element of the group form a subgroup. 

Ex. 17. The elements of finite order in an infinite Abelian 
group form a subgroup. 

Ex. 18. The elements common to two or more given groups 
form a subgroup of each. 

Ex. 19. (i) A group of permutations containing an odd per- 
mutation, (ii) a group of movements containing a rotatory-inversion, 
(iii) a group of homogeneous orthogonal substitutions containing 
a substitution with negative determinant, contains a subgroup of 
index 2. 

Ex. 20. The group of rotations bringing a cube to self-coincidence 
contains as subgroups the group of rotations bringing to self- 
coincidence (i) a regular tetrahedron, (ii) a right eq[uilateral 
triangular prism, (iii) an ellijpsoid. 

Ex. 21. The group of Vl2i(i) contains as a subgroup the group 
of ^8x1(1)? "^121^10 contains 'Vl2i(vi) and V3ix(v), and Y l2i(ix) 
contains Y8xi(vi> 

Ex. 22. In Ex. 1 divide N and 0 into partitions with respect 
to 1 + a^ and l-i-5. 

Ex. 28. Divide the group of permutations {(12), (1284)} into 
partitions with respect to B[= {(12)(34), (18)(24)}, 
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§ 5, The simplest finite group other than the identical 
group is the group G = {a} of order n composed of the 
powers a, of a single element of order n. Such 

a group is called a cyclic or cyclical group. It is Abelian, 
since 

Let a® be the lowest power of a contained in any sub- 
group H of G, and let be any other element of J?, where 
{k-^\)s>x>hs {h being a positive integer). Then since 
is in iZ, 0 ) = ks. Hence the elements of II are — 

Therefore G contains a single subgroup {a^} of index s, when s 
is a factor of n. 

Ex. 1. Verify the fact that is the single subgroup of index 
s in {a}, taking a as (i) the circular permutation (12...^), (ii) a 
rotation through 2 tt -f- w. 

Ex. 2. Every subgroup of a cyclic group is cyclic. 

Ex. 3. Two cyclic groups of the same order are abstractly 
identical. 

Ex. 4. A cyclic group is abstractly identical with any conformal 
group. 

Ex. 5. Every group of prime order is cyclic. 

Ex. 6. Show that (i) {a] = {a^} if t is prime to n, (ii) {a’’} 
is a subgroup of index cZ in {a] iid is the H. C. E. of n and n 

Ex. 7. A cyclic group {a} of order p" contains (i) elements 
whose orders divide p’'(r < a), (ii) — 1) elements of order jp’". 

Ex. 8. (i) A cyclic group of order n contains* w elements whose 
orders divide a given factor m of n, and (i) (m) elements of order w. 
(ii) A group with x cyclic subgroups of order m contains x^{m) 
elements of order m (see footnote on p. 32). 

Ex. 9. Every Abelian group whose order is a multiple of p 
contains an element of order jp. 

Ex 10. Every Abelian group whose order is the product of 
distinct primes is cyclic. 

Ex 11. If the orders of a, I are X, ii and their orders relative 
to {6}, {a} are a, while ; (i) X -r a = /x (ii) a is 

the H. C. F. of X and r. 

Ex 12. If in Ex 11 ab = la, the order of ab is xjS, where x is 
the smallest integral solution of x{r+fi) = 0 (mod X). 

Ex. 13. Find the order of ah when (i) = 1, ah = ha, 

(ii) = 1, 6^ = ah = ha. Find also the order of a relative 
to {5}. 

Ex 14. In a GF\_pl^'] (i) the p integral marks combined by 
addition, (ii) the powers of any mark combined by multiplication, 
form a cyclic group. 

§ 6 . If Qqj ... are the elements of a group the 
transforms of gi, g 2 ^ g ^ 9 by any element a form a group G\ 
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TMs follows at once from the fact that if 

9i9j - £?&. 9'i« = or^giffja = ar^9k-«'- 

We denote (?' by a~'^Gcc and call it the transfovTn of G by 
a ('result of transforming (? by a^). If G contain the 
same elements, i. e. are one and the same group, a is said to be 
permiitable with G. 

If we transform any element ^ of G by every element of G 
and obtain thus the distinct elements Aj, ... all con- 
tained in ff ; A, ^2, ... are called the conjugates ol k in G. 
They are also the conjugates of For if g^, g^^ ... are 
elements of G such that 

9l ^ ^11 92. ^^5^2 “ ^2 3 •** J 

then 

^}^2^(9i ^9^ ^^i(9i ^5^2)3 ^3 ^9z) ^^(9i ^5^3)3 

and so on: while conversely any conjugate of \ such as 
9x~^^i9x- i9i9:x)''^¥9i9-x) is a conjugate of 7i. Similarly 
h, ^2 3 ••• conjugates of ^23 •••• reason 

A, hi, ... are spoken of as a conjugate set of i^erfunU in <?. 

Since gf'^hr'^gf=hf'^ when h^=^gf'^hg^^ we can easily prove 
that h ... are a conjugate set of elements in G 

if h, A2, ... are a conjugate set. The two sets are called 
inverse conjugate sets. If the two sets coincide (i.e. is 
conjugate to h)^ ... is called a self -inverse conju- 

gate set. 

As before, if we transform any subgroup jB" of G hy every 
element of G and obtain thus the distinct groups H, ... 

which are all subgroups of G; Sjy ... are the cotV’ 
jn gates of E in G, while Ei, form a conjugate set of 

mbgronps. 


Ex. 1. For example, (i) the elements of ^ ^ 

form the conjugate sets 1, a% ba-^la^ each set 

being self-inverse. The subgroups l-hh and l-hha^ form a 
conjugate set. (ii) The elements of aJ = = 1, cb= ha^ form 

the conjugate sets 1, and 5-f 

+ +- 4 and + I)^a^ + -{■ -h + Pa+l^a^ 

The subgroups [b], {&«}, {&«*}, {ba^} form 

a conjugate set. 

Ex 2. Any transform of a group G is the same as G when 
considered as an abstract group (G' = G). 

Ex B. Every element or subgroup of a conjugate set has the 
same order. 
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Ex. 4. al) is conjugate to la in {a, 5}. 

Ex. 5. If (t is a group of order n and a is any element 
permutable with d, the order of [(r, a} (i) is if a is of orders, 
(ii) divides nq if a is of order q. 

Ex. 6. Every element conjugate to in a group G is of the form 
liCj where c is the commutator of two elements of G. 

Ex. 7. If W is conjugate to h in G (i) cc is prime to the order 
m of (ii) 7^«^ ... are all conjugate to h; (iii) }P\ 

... are the powers of li conjugate to Ji^ if Wi, 7i^2, 

... are the powers of h conjugate to li ; x being prime to m. 

Ex. 8. If an element of order m is conjugate to t of its powers, 

is a factor of (pim) (see footnote, p. 82). 

Ex. 9. If a subgroup jS* of G contains no two elements conjugate 
in G, H is Abelian. 

Ex. 10. g~'^{a, 6, c, —} g = {9~'^ag, g~'^'bg, g~'^cg, ...} and 
g-'^{A, B, C, ... }g= ig~'^Ag, g ^Bg, g '^Gg, ...} ; a, I, c, ... being 
any elements, and A, E, 0, ... any sets of elements. 

Ex. 11. If jETis a subgroup of G, a~^Sa is a subgroup of a~^Ga, 

Ex. 12. If is the lowest power of a permutable with a group 
G, r divides the order of a relative to G. 

Ex. 13. If an element a of order p is permutable with a group 
G of order n, but is permutable with no element of G, (i) p is a 
factor of n-1, (ii) gg^g^ ... gr-i = {ga-'^YO^, (iii) gg^g^ ... g^-i = 1, 
(iv) a is permutable with gz, gp-ij, where g is any 
element of G and 

Ex. 14. If the order of each element of a group is 1 or 8, each 
element is permutable with every conjugate. 

Ex. 15. If each element of a group G is permutable with every 
conjugate, (i) the commutator of any two of the elements is 
permutable with both, (ii) those elements of G whose orders 
divide a given odd number e form a subgroup. 

Ex. 16. A group G of even order contains self-inverse conjugate 
sets. 

Ex. 17. The group of T8ii(i) is permutable with every per- 
mutation on the symbols a?, y, s, w. 

Ex. 18. Find the conjugate sets of elements in the groups of 
Y li, Yl2i(u)(iv)(ix), Y2i, Y83, and in the group = 1, 

al = la^. 

Ex. 19. Find the subgroups conjugate to 1 + c in Y li and to 

in Y 4i. 

Ex. 20. Find the conjugate sets of elements and the subgroups 
conjugate to {la} in = 1^=: 1^ al = la^, 

§ 7 . If every element of a group Q transforms an element g 
of G into itself, so that g is permutable with every element of 
G, g is called a noTmal, self-conjugate^ or invariant element 
of 6 (or ‘ an element normal in G '). 
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Similarly, if every element of G transforms a subgroup H 
into itself, H is called a normal^ self-conjugate^ or invariant 
subgroup of (t (or ‘ a sxibgroup normal in (?’). 

A group containing no normal subgroup (except itself and 
identity) is called a simple group. A group which contains 
a normal subgroup (i.e. is not simple) is called composite. 

If g, h are two elements normal in G, gh is normal in G. 
For y being an element of G, y, gh = gyh = gh , y. Hence 
the elements normal in Q form a subgroup. This subgroup 
is called the central of G or the ‘group of elements self- 
conjugate in G \ It is evidently Abelian and normal in G, 

Ex. 1. For example, 1 + 4* is a normal subgroup of 

the group ~ ~ j of order 8. For the transforms of 

1) and ba^ by 1, ba^ are respectively b and boi^, and their 

transforms by a, ba^ la? are respectively ba^ and 5; while 
1 and are permutable with every element of the group. 
Similarly 1 + a + + are normal subgroups. 

The central of the group is 1 -f a?* 

Ex. 2. Every subgroup of an Abelian group is normal. 

Ex. 3. If a cyclic group is simple, itfe order is prime, and 
conversely. 

Ex. 4. If a group contains only one subgroup of a given order, 
that subgroup is normal. 

Ex. 5. If + + “• ^ conjugate elements in G, 

{h, hj, ^2, ... } is a normal subgroup of G, 

Ex. 6. If (^ = 5^i+^2+i7a+' {9i^ 92^ ••• } is a normal 

subgroup of G, 

Ex. 7. If a, b, Cy are the elements of a group G whose orders 
(i) are equal to, (ii) divide a given number, {a, b, c, ... } is normal 
in G- 

Ex. 8. If JT is a normal subgroup of G, a~^Ra is a normal 
subgroup of a^^Ga. 

Ex. 9. A subgroup of {a, b, c, ...} permutable with a, c, ... 
is normal. 

Ex. 10. If a normal subgroup II of G contains a subgroup K of 
G, it contains every subgroup conjugate to K in G. 

Ex. 11. The elements common to two or more normal sub- 
groups form a normal subgroup. 

Ex. 12. A subgroup of index 2 is always normal. 

Ex. 13. If If is a normal subgroup of (?, M is normal in any 
subgroup of G containing IL 

Ex. 14. If Cl, Cg, C3, ... are the commutators of all pairs of 
elements of G, {Ci, C 21 c^, is a normal sub^oup of G, 

Ex. 15, If a cyclic group R is normal in G, so is every 
subgroup of H, 

^Ex. 16. If ^ is any element of G = Hgi-i-E[ 92 i-S 9 z+ 


64 


NORMALISEES 


[V 7 

where JT is a normal subgroup of (r, (S)I[g — gB, (ii) 

" 4- -5"^^+... is a subgroup of Gr^ (iii) ^ = ^iJEr + ^ 2 ^+^ 3 - 2 ^+ 

(iv) every element of Bg ^ . Bg^ lies in the same partition of 6r. 

Ex. 17. If j? is a normal subgroup of G and the order m oi 
is prime to its index in G, any element g oi G whose order divides 
m is contained in B. 

Ex. 18. If B is a normal subgroup of {G^ B}^ the elements 
of G permutable with every element of B form a normal sub- 
group of 6r. 

Ex. 19, The central of a group G only coincides with G if G is 
Abelian. 

Ex. 20. A normal subgroup of order 2 is necessarily contained 
in the central. 

Ex. 21 . If G is the central of G, (i) a'^Ca is the central of 
a“^ Ga ; (ii) if G is normal in T, so is 0, 

Ex. 22. The order of the central Q of a group G is r- Prove 
that: (i) If g is any element of G, {C, g\ is Abelian, (ii) If 
* g, g\ g'\ ... are mutu^ly permutable elements of G, {0, y, g\ ... } 
is Abelian, (iii) If jEf is a subgroup of order jgr in G containing 
C, H is Abelian. 

Ex. 23. If the central of a group of permutations on m given 
symbols contains a circular permutation of degree m~l or m, the 
group is cyclic. 

Ex. 24. Every subgroup of the group = 1, = {db)^ = 

of order 8 is cyclic and normal. Its central is 1 + aK 

Ex. 25. The subgroup l+'b‘^-\-a^'b^a-^db^a^ is normal in 

=zl)^=z {ghf = 1 . 

Ex. 26. {b(i)% {dby} and {a% (pf'Vf} are normal subgroups 

of a® = = (cb^Vf = (aVf = 1 . 

Ex. 27. Those substitutions of a group of homogeneous linear 
substitutions whose determinant is 1 form a normal subgroup. 

Ex. 28. The group of V3|i(ii) is a normal subgroup of Vl 2 i(iv) 
and "V 3]^!^ (vi) of \ I 21 (ix). 

Ex. 29. L is the central of the group G of Y 

Ex. 30. The square of any element not in {a} of = 5’^ = 1, 
ab = ba^ is in the central of the group. 


8 . The elements of a groujp G permntable with any givena 
^ ''nt h of G form a subgroup whose index is equal to the 
w of elements conjugate to h in G. 

and 3 ' are any two elements of G permutable with A, 
= ghf = gg\ A, so that gg' is permutable with h. Hence 
ements of G permutable with h form a subgroup T, 
is called the normaliser of gr in Q. 
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Let G = r4-rg'i + rgr2 4' .... Then if g is any element of F, 
= 9f'^g~^^99i = 5'*"^%* = h (say)- 
Therefore every element of Tg^ transforms h into the same 
conjugate h^. 

Moreover, unless i =/ : for if hi = hj,gf'^ hgi = 

and therefore h.gigf'^=^gigj~'^.hi which is only possible 
if gi = g.. Hence the index of F in G is equal to the number 
of elements conjugate to h (including A). 

Let be the subgroup formed by the elements of G 
permutable with A^, Then F^- = F^^. For if a is an 

element of G such that c&“^A^a = A^, 

and therefore A . gi agf'^ = gi agf'^ . A. Hence gi agf^ is in F, 
and therefore is in gf"^ Tgi. 

Ex. 1. For example, in the group G of V 4^ the subgroup 0 of 
index 2 is the normaliser of A, while is a conjugate set 

of elements in G. 

Ex. 2. When A is normal in 6^, F = (?. 

Ex. 8. c”^rc is the normaliser of c“^7^c in C^^Gc, 

Ex. 4. r is a subgroup of the normaliser of A^. If x is 
prime to the order of A, = F. 

Ex. 5. Prove a result similar to that of § 8 when A is not in & 

Ex. 6. If an element a of order 2 is permutable with a group 
G but with no element of G (except 1), (i) every element of 
{G, a} not in G is of order 2, (ii) a transforms every element 
of G into its inverse, (iii) every element of G is of odd order, 
(iv) G is Abelian. 

Ex. 7. If exactly half the elements of a group G are of order 
2 and the remaining elements form a subgroup, this subgroup 
is Abelian of odd order. 

Ex. 8, Find the normaliser of b in the groups of V li, Y33, V 61, 
and in = 1, aA = haK 

Ex. 9. Find the normalisers of {xzuyw) in Vl2iCa)j of = 
ir -j- 1 

and x' =-i z in V l2i(vi), and of x) in Y l2i(ix)« 

X~^ X 

§ 9. The elements of a group G permutable with a subgroup 
H form a subgroup of G whose index in G is equal to the 
number of subgroups conjugate to H in G, 

These statements are proved by putting H for A, Hi for hi 
in § 8. As before F is called the normaliser of H in (?. 

If Hi = gf'^ Hgi is one of the subgroups conjugate to 
Sii is the subgroup formed by the elements of Q 

permutable with jET^. 

HZZ.TOH F. a. 
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Ex. 1. For example, the normaliser of {a} in the group 
= 1 of order 24 is the subgroup {a, h^a^h} of 
order 6. The subgroups conjugate to {a} are {a}, {h^ah}, 
{hab^}. 

Ex. 2. When Bi is normal in G, P = G. 

Ex. 3. c'^Pc is the normaliser of c~^Bc in g~'^Gc, 

Ex. 4. P contains H normally, and every subgroup of ff 
containing H normally is a subgroup of P. 

Ex. 5. If r is the order of the normaliser of an element h of 
order w in (r, the order of the normaliser of {h} is r x a factor 
of 

Ex. 6. Prove a result similar to that of § 9 when 21 is a group 
not contained in G. 

Ex. 7. If n is the order of a group, the number of elements 
conjugate to any given element or of subgroups conjugate to 
a given subgroup is a factor of 

Ex. 8. The central of a group of order ^ 1. 

Ex. 9. The normalisers of a set of conjugate elements or 
subgroups form a conjugate set. 

Ex. 10. No subgroup of G can contain an element from every 
conjugate set of elements in G. 

Ex. 11. If ^ is an element of order pr in a group G whose order 
is prime to 1, the normalisers of 7^ and {7i} in G are identical. 

Ex. 12. If the set of sub^oups By Hi , ... conjugate to H 

in G is also a conjugate set in {B, Hi, B^, ...}, then every 
element of G is in KV, where P is the normaliser of B in G. 

§ 10. The elements common to two or more groups form 
a subgroup of each group. 

For if a and h are both contained in each of the groups, 
so is ah. 

This subgroup is called the greatest common subgroup 
(G. C. S.) of the given groups. 

Ex. 1. For example, in Y 4i the G. C. S. of B and 0 is Jf ; and 
of K, L, Mis 1 + a^. 

Ex. 2. In what case does the G. C. S. of G and B coincide 
with B? 

Ex. 3. The order of the G. C. S. of two or more groups is a factor 
of the H. C. F. of their orders. 

Ex. 4. The G. C. S. of a subgroup of B and a subgroup of K 
is contained in the G. C. S. of B and K. 

Ex. 5. If B is the G. 0. S. of G, B, Ky ... , g^^JOg is the G. C. S. 
otg-^'^ag,g ^Bg,g-'^Kg, .... 

Ex. 6. Two groups have only identity in common if their 
orders are prime to one another. 
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I'jX. 7. Two f^roups have oaly identity in common if one is of 
prime ordcT and is^not a subgroap of the other. 

r V subgroups of G, and H is normal, the 

(jc, G. S. (Jj) of jr and JG is normal in K, 

Ex. U. Find the G. 0. S. of (i) Vl^Ki), („•>; (ii) Vl 2 ,(v;) and the 
group generated hy a; = 1 -i- x, of = ix ; (iii) H, M, and A in V 4i. 


§ 11 . If II,K,L, ... are normal subgroups of a group G, 
tlieir (jrejiteHt common subgroup D and {H^K^L^..,} are 
noQ'iiud subgroups of G. 

li g Ls any element of G, g’~^Dg is evidently the greatest 
common subgroup of g'^^Kg, g^^Lg, i.e. of 

If J{y L, — Hence g~^ 'l)g = and D is normal in G, 

Again, evidently g-^ {H, K, L, ...} g = {g^^Hg, g-^Kg, 
g'^^Lg , ...} =: {IfKfL , ; so that [H^K^Ly ...} is normal 
in G. 

Ex. 1. In V 4i K and M are normal subgroups of G» Hence 
tlieir G. C. S, 1 + a^ and ]Sf={K, M} are normal in G. 


§ 12. If If K, Z, ... are a conjugate set of subgroups in 
a group G, their greatest common subgroup aw? {E,K,L, 

UTe wrnmd in G, 

Ixit g l>e any element of G. Then no two of the groups 
g""^ Ilg. Kg, g'^^Lg, ... are identical; for if = if if g^^Hg 
= g ^ Kg, Ilence these groups are the groups if, if, i, ... in 
some order or other. The theorem then follows as in § 11. 

Ex. 1. In V4i if and l + ba^i-e-^-cba^ are a conjugate set of 
subgroups in G, Hence their G. C. S. 1 + c and 0 = {H, 1+ha'^ 
+ c-^cb(di are normal in G. 

Ex. 2. If J) IB a normal subgroup of G contained in a subgroup 
If I) is contained in every subgroup conjugate to if. 

Ex. 11 If if, if|, ifj,, ... are a conjugate set of subgroups in 
G; K, Ki, A'ij, ... are a conjugate set, and so on, the G. C. S. 
of //, //j, i/ji, If If, If? *•' {if, Hi, ifg, ..., 

ifj, .... ...} are normal subgroups of G- 

Ex. 4. Any simple group G can be generated by a conjugate set 
of elements of prime order. 

§ 13. If (f II arc finite groups of orders m, n, and the 
mrh elcmeniH OH are the same as the mn elements ifG, except 
possibly as regards arrangement (§ 2), G and H are said to be 
mrmutabk, and {OjH} is called a decomposahU group. It is 
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readily seen that every element of { (?, J?} is included among 
the elements OH = HO. 

If 0 and H are two permntahle growps of orders m and n, 
while the order of their greatest common subgroup D is b and 
of ( H} is A, mn = kb. 

Suppose H = Dh^ + JDh^ + Dh^ + . . . . Then 
{ H} = Qh-^ + Gh^ + Gh^ + . . . . 

For every element of {0^ H} is included among the 
elements GH, i. e. among OLh-^ + QDh:^ + ODh^ + . . . , i. e. among 
Gh-^ + Oh^ + Oh^^ + Again, Gh^ and Ghj have no element in 
common, since otherwise hjif'^ would be contained in both 
H and G and therefore in D. 

Hence A = m x (ri -f- 6) or mn = kb. 

Ex. 1. For example, in V 4^ the groups L and M of order 4 
are permutable, their G. C. S. 1 + is of order 2, and 0 = {X, M} 
is of order 4 x 4 -f* 2 = 8. 

Ex. 2, A normal subgroup of any group is permutable with 
every other subgroup. 

Ex. 8. If a group is permutable with each of the groups ff, 
II, Kj ..., it is permutable with {G, II, K, ...}. 

Ex. 4. (i) If G and H are two groups of orders m and n, while 
their G. C. S. (D) is of order b and {G, II} is of order A, mn < kb. 
(ii) If mn = kb, G and H are permutable. 

Ex. 6. Two subgroups H, X of & given group G are permutable 
if their indices are (i) prime to one another, (ii) both = p. 

Ex. 6. If G, H are permutable subgroups of orders q^r, gfr in 
a group of order fr, q being prime to r, the order of their G. C. S. 
is divisible by r. 

Ex. 7. If G, H are two permutable groups of orders q^r, qy$, 
where each of q, r, s is prime to the other two, {G, H} is of 
order q^rs. 

Ex. 8. The G. C. S. (D) of two permutable groups A, R is per- 
mutable with any group 0 contained in B and permutable with A. 

Ex. 9. If H, K are normal subgroups of G such that H is not 
contained in a normal subgroup of G and does not contain K, 
G is decomposable. 

Ex. 10. If H, K are subgroups of G such that H is normal, is 
not contained in any subgroup of G, and does not contain K, Gm 
decomposable. 

Ex. 11. The groups H and JT* of V 4^ and the groups of V Sj, 
are decomposable. 

§ 14 . If the order oof a subgroup A normal in a group G 
is prime to the index n^ a of A in G, every subgroup of 
0 whose order divides a is contained in A- 


15] DIEECT PEODUCTS 69 

Xet B of order /3 be a subgroup of G such that /3 divides a, 
let A, g be the orders of {A, B} and the greatest common 
^ligi-oup D oi A and B. Since A is normal in G, A and B 
‘e evidently permutable ; and hence a/3 = A5. 

^o-w* {A, B] is a subgroup of (?, so that A divides nfi, 

^Hce ^ - divides — • Again. ~ divides a since Q divides a. 

g a a ^ ’ g ^ 

^erefore ~ = 1 ; for it is a factor of a and -f- a which are 

6 

iuae to one another. Hence D coincides with E; i.e. E is 
stained in A. 

32x. 1. For example, the group ah = ha^"^ of order 

0 contains a normal subgroup {a] of order 70. Therefore the 

subgroups of orders 2, 5, 7, 10, 35, 70 are respectively 

W), {«"}, {«}• 

-Ex. 2. G contains only one subgroup of order a. 

Ex. 3. Those elements of G whose orders divide a form a 
bgroup of order a. 

Ex. 4. The --th power of any element ^ of (? is in A. 

Ex. 5. If G is normal in E, so is A, 

Ex. 6. If A, E, 0, G, H are groups such that each is 
cmal in the succeeding one, while the order of A is prime to 
index in G; A is normal in H, 

Ex. 7. If Cr is a group of order n = cuk, where a is prime to 
every normal subgroup whose order divides a is contained in 
the subgroups of order a in G. 

Ex. 8. The order of a subgroup H is prime to its index in G. 
r is the normaliser of H in G, T is its own normaliser in G. 

Sx. 9. The group = 1, = ha!^ contains a single 

rmal subgroup of order 2, 11, 22. 

Ex. 10. The group 1, db = ho = ac = ca 

itains only one subgroup of order 343, and one non-cyclic 
elian subgroup of order 49. 

Hx. 11. The group ^ = 1, ah- ha\ he = 

= ca^ contains only one subgroup of order 301 and one of 
er 43. 

} 15 . If each element of a group G is permutable with 
'.ry element of a group JT, and Q, H have only identity 
common ; { E, //} is called the direct product of 0 and H. 
Aiore generally, if (J^, G^^y (? 3 , ... are groups such that for 
li value of i P = is the direct product 

01 and {G-^y G^y ...}, P is called the direct 

>duct of the component groups (xj, G^y Q^y .... 
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Ex. 1. For example, tlie group ^ of V4i is the direct product 
of IT and l+c. 

Ex. 2. The order of a direct product is the product of the 
orders of the component groups. 

Ex. 3. The component groups are normal in their direct 
product. 

Ex. 4. A direct product is ^ decomposable ’. 

Ex. 5. If {Gi, (t 2 , -Hi, ..., Ki^ JTg, is the 

direct product of G^j •••, H^, ITg? •••» ^27 •••> It is 

the direct product of {Gi, Gp ...j, •••}, {-Hi, JTg, 

Ex. 6. The central of a direct product is the direct product of 
the centrals of the components. 

Ex. 7, If two groups contain respectively r and s sets of 
conjugate elements, their direct product contains rs sets. 

Ex. 8. If g is an element of order gr, g being prime to r, {g} is 
the direct product of {g^} and 

Ex. 9. In how many ways can a cyclic group of order 1260 
be expressed as a direct product ? 

Ex. 10. The direct product of Abelian groups is Abelian. 

Ex. 11. In an infinite Abelian group G the elements of finite 
order form a subgroup H and the elements of infinite order form 
(with 1) a subgroup K, while G is the direct product of H and K, 

Ex. 12. An Abelian group G of order each of whose elements 
is of order or 1 is the direct product of a cyclic groups of 
order p. 

Ex. 13. If G is the direct product of groups A, B, (7, ... whose 
orders are relatively prime, and the G. C. S. of A and a subgroup 
G' of G is A^j of B and G' is R', of C and G' is C', ... , G' is the 
direct product of A', B\ O', .... 

Ex. 14. The semi-group formed by all positive integers, the 
law of combination b^eing ordinary multiplication, is the direct 
product of the semi-groups {!}, {2}, {3}, {5}, {7}, {11}, .... 

Ex. 15. The group aP = = 1, ab is the direct product 

of any two of the groups {a}, {&}, {ab}, but not of all three. 

Ex. 16. In y 4^ the groups H, L, AT, 0 are direct products. 


§ 16 . Suppose that two gi'oups G, T are so related that 
to each element y of F corresponds one or more elements 
9 7 9^7 9'' 7 ••• of G, while reciprocally to each element g of G 
corresponds one or more elements y, y', y", ... of F. Suppose, 
moreover, that if gj are elements of G corresponding to 
elements y^*, yj of F, g^gj is an element of G corresponding 
Yi Yj ^ • Then G and F are said to be isomorphic. 

If Q anfhd F are isomorphic groups^ the dements of G 
correapoThdiTig to identity in F form a normal subgrowp of G, 


ISOMOKPHIO GROUPS 


71 


V 16] 

If are any two such, elements of G, corresponds 
to 1.1 = 1 in r. Moreover, g being any element of 
9~^9i9 corresponds to 7 "^ly = l in P. Hence the theorem 
follows. 

If G and T are isomorphic groups^ and L of order I is the 
subgroup formed hy the elements of G corresponding to identity 
in r, I elements of G correspond to each element of P. 

For if g^ correspond to the same element y of P, gf'^gj 
corresponds to y^y=l in T, and hence gf'^gj is in i. 
Therefore the elements corresponding to y are the I elements 
Lgi{=giL). 

If I elements of G correspond to each element of P, and 
A elements of P to each element of G, G and P are said to 
have an (Z, A) isomorphism with each other. The most 
important case is that in which Z = A = 1. In this case 
Q and P are called simply isomorphic (* holohedrally isomor- 
phic’). Two simply isomorphic groups are not distinct 
abstractly speaking. 

Another case of importance is that in which A = 1, but 
Z > 1. Here only one element of P corresponds to each 
element of G, and the order of is Z times the order of P. 
Q is said to be multiply isomorphic with P (or P ‘mero- 
hedrally isomorphic’ with Q). 


Ex. 1. For example, the group {G) = 1, = 6a® and 

the group (P) d z=z 1^ cd = dc^ have a (43, 7) isomorphism ; 
L and A being {a} and {c} respectively. To the elements 
Va^{x=il, 2, 43) correspond the elements cZ^'c’^(^=l, 2, 

... , 7) and to correspond 

Ex. 2. A group is simply isomorphic with any transform. 

Ex. 3. Two simple isomorphic groups are simply isomorphic. 

Ex. 4. Two groups simply isomorphic with the same group are 
simply isomorphic with one another. 

Ex. 5. If 6r' is simply isomorphic with G and P' with P, while 
G and P have an (Z, A) isomorphism, so have G' and P'. 

Ex. 6. Eveiy Abelian group may be exhibited as simply 
isomorphic with itself by making each element correspond to 
its inverse. 

Ex. 7. The group G of Y 4^ is multiply isomorphic with that 
ofYSii. 

Ex, 8. The groups = 6® = 1, a6 = and = d" = 1, 
cd = have a (22, 93) isomorphism. ^ 

Ex. 9. The groups of V ii have a (49, 48) isomorphism, 
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§ 17 . If E is a normal subgroup of G so that 

then the partitions Eg^, Eg^, Eg^^ ... may he considered as 
the elements of a group ^vhich is completely defined when 
G and E are given. 

We have first to show that these partitions may he looked 
upon as elements, i. e. that they have a unique law of com- 
bination, &c. 

Let Aj, h^, ^3, ... he the elements of E. Then h^g^. h^gj 
is an element of the same partition {Egj^, say) as g^gj. For 
since E is normal, Qihygf'^ is in E (= say). Hence 
K9i\9j = K9i^y9f^9i9j = KK9i9j> is inEg^g^^EgT,. 

Hence if we denote the partitions hy yi, y2» 73? •••j 7 ^ 

obey a unique law of combination defined by yj = and 
a similar relation for each pair of y’s. 

The y’s also obey the associative law. For if every element 
of Eg^ . Egj is in Eg^ and every element of Egj , jEfgy is in Eg^^ 
the elements Eg ^^ . Egj and the elements . Eg^ lie in the 
same partition, since the elements of G obey the associative 
law. Hence jf = y^ or (y^ yf) y^ = y^ {yj y^). 

Finally, if g^ is that one of the ^’s which is in H, and 
is the partition containing gf'^, 7 ^ 7 . and 

7. =727. = 7.72. .Therefore 71,72,73?... W be treated 
as elements according to the definition of II, y^ being the 
identical element and the inverse of y^. 

This set of elements evidently forms a group; for the 
product of any two of the elements is contained in the set 
and the number of elements is finite. 

The group formed by they 's is called the quotient of G by J?, 

and a factor-group of G. It is denoted by G/E or and is 

of fundamental importance in the theory of groups. It is 
evident that G is multiply isomorphic with G/H, the elements 
of E corresponding in to identity in G/E, and the elements 
of Eg^ corresponding to y^. 

In the above reasoning H is a normal subgroup of G. If E 
is a subgroup of G but not normal, G/E denotes the same as 
G/E, where D is the normal greatest common subgroup of all 
subgroups conjugate to J? in (? (§ 12). The symbol G /H is, 
however, very rarely used unless E is normal in 0 . 

Ex. 1. In V 4i G = L-^La + Eb-hEba = 71 +72 + 73+ 74 (say). 
How 12^ ^ y^^ 
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are in ab and ha are in 74 . Hence the partitions yj, 
72 ? ^ 3 ? 74 considered as elements combining according 

to the multiplication table. 



y/ 

y^ 

y 

y 

>7 

y/ 

y^ 

y 

y 


y^ 

y/ 

y 

y 


y3 

y^ 

y/ 

y^ 


yr 

y 

y 

y 


Therefore Gr/L is the group of V 

Ex. 2. H and G/H in § 17 do not define 6r. 

Ex. 3. (i) The order of G/H is the index of 21 in (?. (ii) If 21 
is of prime index, G/2I is cyclic. 

Ex. 4. If G = ... , G/H is cyclic. 

Ex. 5. G/H^za-^Ga/a'^Ha. 

Ex. 6 . If the order of an element g in G is m, the order of 
the corresponding element y of GJH is a factor of m. 

Ex- 7. If H and K are conjugate subgroups of a group A, while 
2B[ is normal in G and GinA^K is normal in G and G/K = G/H. 

Ex. 8 . A factor-group of an Abelian group is Abelian. 

Ex. 9. If H is a normal subgroup of G such that G/H is 
Abelian, H contains the commutator of any pair of elements of G. 

Ex. 10. If G is an Abelian group of order n, the elements of G 
whose orders divide a factor m of n form a subgroup H, and 
G/H is simply isomorphic with the subgroup of G formed by 
the m-th powers of all the elements of G. 

Ex. 11. (i) If G, & are isomorphic and i, H are the subgroups 
of (t, G' corresponding to identity in G\ G respectively, G/L 
and G' jlj are simply isomorphic, (ii) If two groups have an 
(Z, V) isomorphism, their orders are in the ratio Z:Z'. 

Ex. 12. If H^ is a normal subgroup of JJg of (? 2 , while 
{Gif G^j •••} is the direct product of Gi, G^j •••? 

is the direct product of groups simply isomorphic with Gi/iTi, 
G,/H^f .... 

Ex. 18, In § 13 [G, H}/G = H/H 

Ex. 14. If G is the group =: {abY = h^ and H = 1 + 

find G/H 

Ex. 15. Find {a, h, c} / {a’*, c}, where :=zh^ =, {ahY = = 1, 

ac = ca, he = ch. 

Ex, 16. Find {a, h}/{a^) and {a, where = 55 = 1 , 

ah == ha/. 

Ex. 17. Find {a, h)/{d/}, where = 5"^ = 1, ah = ho/. 
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§18. IfE is a Thormal subgroup of G, to each subgroup A 
of T = G/H corresponds a subgroup L of G containing JET, 
such that A = L /H. If A is normal in r, L is normal in G 
and G/L = F/A. 

Eefcaining the notation of § 17, if y^ are any two elements 
of a subgroup A of F, each element of Hg ^ . Hg^ corresponds 
to y^yft. Hence the elements of G corresponding to the 
elements of A form a subgroup L of such that L contains 

JTand A = i/-^* 

Again, if y~^ya,y is in A, where y is any element of F, 
g""^ , Hg^^.g is in L, where g is any element of G. Hence 
if A is normal in F, L is normal in G, In this case 
if F = Ay^ 4- Ayg + Ay 3 + . . . and every element of Ay^ . Ayj 
is in Ayj^, every element of Lg^.Lgt is in Lgj^. Hence 
G/L^T/A. 

Ex. 1. For example, in V4i to the 3 normal subgroups of 
{a, b, c}/{a% c} correspond the 3 normal subgroups {a, c}, 
{a^, h, c}, {a^, ba, c} of {a, b, c} containing c}. (See V17i.) 

Ex. 2. To a subgroup L oi G containing R corresponds a sub- 
group A of r. If X is normal in G, A is normal in R and 
G/L = r/A. 

Ex. 3. If r is simple, R is contained in no normal subgroup 
of G ; and conversely. 

Ex. 4. If {jST, A"} is the direct product of R and A, 
{H,K}/H=E. 

Ex. 5. If a normal subgroup L of G contains a subgroup II 
normal in G and G/R is Abelian, so is G/L. 

Ex. 6. If R, K are two normal subgroups of G whose G. C. S. 
is L, G/L contains two normal subgroups R/L, K/L with only 
identity in common. 

Ex. 7. If the G. C. S. of two subgroups R and A of G is D, and 
R is normal in G, G/R contains a subgroup K' simply isomorphic 
with K/L. If A is normal in G, K' is normal in G/R and 
Gf{H,E]={a/B:)/K'. 

Ex. 8. Assuming that every group of order 
(where Pi, Pt distinct primes in ascending order 

of magnitude) has a normal subgroup of order p^, prove 
that it contains a normal subgroup of order p^Pr+i •••It com- 
posed of all those elements of the group whose orders divide 
PrPr+l •••Pt' 


§ 19. An Abelian group G whose order is divisible by 
aprirm p contains an element of order p. 
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Suppose Q is generated by 01,02, 9^9 ••• and let be the 
order of the order of 02 relative to {gi}, 0X3 the order 

of 0^ relative to {01, 02)9 ^4, the order of g^ relative to 
{01, 029 0 z} 9 and so on. Then G contains evidently Og ... 
distinct elements 

... = 1, 2, a- i = 1, 2, 3, ...). 

Hence Og . . . is divisible by p, and therefore one of the 
quantities Og, Og, ... is divisible by p. Suppose is 
divisible by Then the order of = %?, where k is integral 
(§ 1) ; and 0^ is an element of order in G. 


§ 20. An Abelian group O of order n contains a subgroup 
of order r, where r is any factor of n. 

The theorem is readily verified for groups of orders 
1 5 2, 3, 4, ... . Assume it true for all Abelian groups of order 
< n. Let p be any prime factor of r, and let g be an element 
of order 2? in (§ 19). 

By the assumption Qj [g] (which is obviously Abelian 
of order n -f- p) contains a subgroup of order r -^p\ and the 
corresponding subgroup of G is of order r. The theorem is 
now at once proved by induction. 

Ex. 1. It is not conversely true that a group G of order n 
is necessarily Abelian if every factor of n is the order of some 
subgroup of G* 

Ex. 2. 6r is an Abelian group of order p^q^ry p, q, r, ... 
being distinct primes. Prove that (i) G contains one and only 
one subgroup of order ; (ii) G is the direct product of the 
subgroups J?, Q, Ej of orders p^, q^, fy, ... ; (iii) G is cyclic if 
P, Q, Bj ... are cyclic. 


§ 21. If Q is a group of order n, the number N of elements 
in G whose r-th power is conjugate to a given element a 
is a multiple of the H. G.F. of n and r. 

We assume the theorem true for all groups of order < n^ 
and then deduce the required result by induction. 

(1) First suppose that r is a factor of n and that a is not 
normal in G. 

Let H of order m be the normaliser of a in G. If g is 
an element of G such that g'^ = a, g is in if. Hence by our 
assumption the number M of elements such as gr is a multiple 
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of the H. C. F. {d) of m and r. Let b = ac be any element 
conjugate to a in G. Then = c“^(xc = 6; 

and conversely an element of G whose r-th power = 6 is 
the transform by c of the element cg^ whose r-th power == a. 
Hence G contains M elements whose r-th power = 6. Now G 
contains elements conjugate to a (§ 8). Therefore 

N = Mn -f- m. But if is a multiple of d. Hence Y is a 
multiple of r.* 

(2) Next suppose that r is a factor of n while a is normal 
in G, First take the case in which t =: {p prime), while 
the order h of a is divisible by 

Let g be an element of G such that g'^ = (X. Then 

gkr _ 1 and 9^ 1, 

so that g is of order hr. If = (X, a® = {g'*'Y = {g^Y = a ; 
and therefore s = 1 (mod h). Hence [g^Y = a if and only 
if g^ is any one of the distinct elements 
Moreover in this case g = {g^Y where e is chosen so that 
se = 1 (mod hr ) ; which is always possible since s is prime to h, 
and therefore to p and r. It follows that those elements of G 
whose r-th power = a can be divided into sets of r elements 
such that each element of a set is a power of all the rest. 
Now the number of elements in G whose r-th power = a is Y, 
Hence Y is a multiple of r. 

(3) Now suppose as in (2) that r = and is a factor of 
while a is normal in G ; but that h is not divisible by p. 

The normal elements of Q whose orders are not divisible by 
p form an Abelian subgroup K ; for if the orders of two 
permutable elements are prime to p, so is evidently the order 
of their product. 

Let t be the order of K. Find a number % such that 
ur = 1 (mod t) ; this is always possible since t is prime to p 
by § 19. Now if gr = a^h is an element of G such that 
g^ = a, Hf ^ {goT'^Y = g^oT'^'^ = g^or'^ (since = 1 ) = 1 ; while 
conversely if V = 1, {a^TiY = a. Hence Y = the number of 
elements in G whose r-th power = 1. This is true whatever 
element of Y <x may be. Hence the number of elements in G 
whose r-th power is in K is Nt. Now the total number of 
elements in (? is a multiple of r, and by (1) and (21 the 
number of elements whose r-th power is not in Y is a multiple 
of r. • Therefore Et is a multiple of r. Hence Y is a multiple 
of r, since t is prime to p. 

♦ Por if »» «= r ^ •/d, n ^ n% Mn-^m is a nmltiple of <?w-f m » : 

and is integral since « n-rm is integral. 
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(4) Now suppose r is any factor of n, while a is any normal 
element of (r. 

Let r =z p^q [q prime to p). If h is an element of G such 
that M = (X, (c-^ Jicyi = ac = a* Hence the elements, 

of G whose q-ih power = a form one or more conjugate sets 
of elements. Now if ^ is an element of G such that g'^ = a, 
is an element whose 5 -th power is a. But by ( 1 ), ( 2 ), (3) 
the number of elements whose p^-th power is an element such 
as is a multiple of p^. Hence iV is a multiple of pj^. 
Similarly iV is a multiple of every power of a prime dividing r, 
so that ^ is a multiple of r. 

(5) Lastly, let r be any positive integer and a any element 
of G. 

Let n = dn' and r == cZr', where d is the H.C.F. of n and r. 
Find integers- ix, y such that T'x—‘'nfy=^\\ this is always 
possible since r' is prime to Then if 

g^ =z a, g^ = = g^^ = 

while conversely if 

gd — gr _ ^r'x — 2 = 0 ^^ 

since a'^' = g'^'^ = 1 . 

But the number of elements of 0 whose (i“th power = a^' 
is a multiple of (Z by ( 1 ) and (4). Hence the theorem is 
completely proved in every case. 

CoBOLLABY. If n is the order of a group G, the number 
of elements in G whose order divides a given factor r of oi is 
a multiple of r. 

Ex. 1. For example, in the group == = {aby = = 1, 

ac = ca, be = cb of order 18 (i) there are 9 elements whose 3rd 
power is 1 and 9 elements whose 8rd power is conjugate to h ; 
(ii) there are 4 elements whose 10th power is c or c‘^, 4 whose 
10 th power is 1, and 2 whose 10th power is conjugate to a, ca, 
or e^a. 

Ex. 2. A group of order 2 m {m odd) contains m elements of 
odd order. 

Ex. 3. (i) If a group G contains q' elements whose orders 
divide q and / elements whose orders divide r {q prime to r), 
G contains at most qY elements whose orders divide qr. (ii) If 
q' ^ q and r' r, G contains exactly qr elements whose orders 
divide qr. 

Ex. 4. If those elements of a group G of order a/c (a prime to k) 
whose orders divide a generate an Abelian subgroup H, H is of 
order a. 
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Ex. 5. The ntimber of elements in a ^roup G- of order u whose 
r-tli power is a is divisible hy the H. 0. P. of r and the order of 
the normaliser of « in 6^. 

Ex. 6. If % is the number of cyclic subgroups of order in 
a group G- whose order is diTisible by 
(%—!)+ (^ 2 — + ... +(%— = 0 {modp^). 

Ex. 7, Yerify the result of § 21 when ^ = 8 in the group of 
Y 6i(ii). 

Ex. 8. V is a particular case of the result of § 21. 
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PERMUTATION-GROUPS 

§ 1. A group whose elements are permutations on m given 
symbols is called a permutation-grovjp of 

degree m. 

One such, group is that containing each of the m I possible 
permutations on the m symbols. It is called the symmetric 
group of degree m, and is of order m ! . 

Again, there are \ ml possible even permutations on the m 
symbols which form a group of order i ml called the alter- 
nating group of degree m. For since the product of two 
even permutations is even, the even permutations form a 
group A. Let t be any transposition, and h any odd per- 
mutation. Then being even is in A, so that ^is in At, 
Hence the symmetric group = A -f* A^, and A is of order i ml. 

The alternating group is a normal subgroup of the symmetric, 
since any transform of an even permutation is obviously even 
(see also V 7^^). 

If every permutation of a group G is regular, G is called 
a regular permutation-group. 

If G contains permutations 7i, 72 ’ •••> replacing by 
each of the symbols ^ contains a permutation 

(e.g. 7 r”^yg) replacing any given symbol by another given 
symbol x^. In this case G is called a transitive permutation- 
group; while if G does not contain m such permutations, 
G is called intransitive. 

A transitive group containing a permutation replacing any 
two given symbols by any other two given symbols is called 
doubly transitive. Similarly, a group containing a permu^ 
tation replacing any 3,4, ..., ... given symbols by any 

other 3,4, ... given symbols is called triply, ^ quadruply, 

. . . , k-ply, . . . transitive. A group which is transitive but not 
doubly, triply, ... transitive is called simply transitive. 

Ex. 1. Every permutation-group of degree m is a subgroup of 
the symmetric group of degree m. 

Ex. 2. The symmetric group of degree m contains as subgroups 


80 PEEMUTATION-GEOUPS [VI 1 

every symmetric group of degree < and the same is true of 
alternating groups. 

Ex. 3. Every symmetric group is decomposable. 

Ex. 4. A transitive group of order and degree m can always be 
found, but there is no transitive group whose order is less than 
its degree. 

Ex. 5. (i) The S3nnmetric group of degree m is m-ply transitive, 
(ii) the alternating group is (m— 2)-ply transitive, (iii) there is no 
(m — l)-ply transitive group of degree m. 

Ex. 6. If the permutations of an intransitive group G replace 
ccihj Xu X 2 , , every permutation of G permutes these p. 

symbols among each other. 

Ex. 7. Every subgroup of degree m in an intransitive group of 
degree m is intransitive. 

Ex. 8. If two permutation-groups (r, H act on distinct symbols, 
{G, H} is their direct product and is intransitive. 

Ex. 9. If a transposition is a normal element of a permutation- 
group (t, G is intransitive and a direct product. 

Ex. 10. Prove that {(1 2){3 4), (1 8 5)(2 4 6)} is a transitive 
group of degree 6 and order 12, 

Ex. 11. Find two transitive and one intransitive group of 
degree and order 4. 

Ex. 12. Every two conjugate elements of a permutation-group 
are similar. 

Ex. 13. Any two similar permutations on the same symbols 
are conjugate in the symmetric group. 

Ex. 14. Every conjugate set of elements in the symmetric 
group is self-inverse. 

Ex. 15. (i) A permutation of degree m containing a, y, ... 
cycles of degree 1, 2, 8, ... has a normaliser r of order 

J2 = l°a! 2®j8! Byyl... 

in the symmetric group of degree m, (ii) If a, /?, y, f, ... are 
all 0 or 1, r is Abelian, (iii) When is V contained in the alter- 
nating group ? 

Ex. 16. Find the number of subgroups conjugate to 
X {(12)(3 4)(5 6 7)(8 9 10 11)} 

in the symmetric group on 1, 2, ... , 14. 

Ex. 17. The number of conjugate sets in the symmetric group 
of degree m is the coeiBficient of in 1 -f* (1— ic)(l— ir^)(l— ► 

Ex. 18. Two similar even permutations a, h are conjugate in 
the alternating group if a is permutable with an odd permutation c* 

Ex. 19. (i) The permutations similar to an even permutation a 
form two conjugate sets in the alternating group if a is not 
permutable with any odd permutation, (ii) This is the case if 
and only if the cycles of a are of odd and distinct degrees. 
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Ex. 20. (i) An even permutation a of degree m containing a, 
A y, C Vy t, K, A, ... cycles of degree 1, 2, 3, 4, 5, 6, 7, 8, 9, 
10, 11, ... has a normaliser of order rl“a! 2^/3! 3^ y! ... -f.2 
in the alternating group of degree m, where 

^ — Ij- (^— (2 — g) (m— /3) ... (1— 

”” (w— 1)! {m~<x{m—l)] ml 

(m — y) ... (2-~y) (m — 6) .. . (1 — 3) 

(m— 1)! {m— y(m— 1)} ml 

(ii) a is conjugate to a~^ in the alternating group when r = 1 or 
when r = 2 and y-f-^ + A-f- ... is even. 

Ex. 21. (i) The permutation a = (1 2 3) (4 5 6 7 8 9 10) is 
conjugate to a, a\ a?-% in the alternating group on 

1, 2, 11. (ii) Pind the number of subgroups conjugate to 

{a} in the alternating group. 

Ex. 22. Those permutations of a group which (i) do not 
displace (ii) permute among each other any given symbols form 
a subgroup. 

Ex. 23. Those permutations of a group which leave a given 
function of the symbols unaltered form a subgroup. 

Ex. 24. If permutations leaving a function / of the symbols 
unaltered form a group G and a permutation T changes f into /', 
every permutation of T~^GT leaves/' unaltered. 

Ex. 25. (i) No permutation of 

G = l + (a&)(od) + (ac)(5d)4-(«d)(Z)c) 
changes the function (difference of one pair of symbols x differ- 
ence of the other pair), (ii) Deduce that G is normal in the 
symmetric group on a, &, c, d. 

Ex. 26. (i) Find the group G formed by those permutations on 

\ c, d which leave ac + hd unaltered, (ii) G is the normaliser 
of {ac){hd) in the symmetric group on a, c, d. 

Ex. 27. The function Xi + ... +X^~''^x^ is in 
general changed into m ! distinct functions by the permutations 
of the symmetric group on Xi, X 2 j ..., 

Ex. 28. Construct a function of Xj, x^^ Xy^^ which is un- 
altered by the permutations of a given group G but by no other 
permutation on these symbols. 

Ex. 29. (i) If a, h, c, Tr — a, -tt—A '^r—y are the sides and angles 
of a spherical triangle, and II, are the radii of the circum- 

^ scribed and inscribed circles ; any formula connecting the sides, 
angles, &c., of a spherical triangle remains true when we apply to 
it any permutation of the group G generated by {acii){b fS){cy){B p), 
{ho)(^y), (ca)(ya). (ii) G is decomposable, intransitive, and of 
order lA 

§ 2. Every abstract group of order n is simply isomorphic 
with a regular permutation-group of degree and order n. 

H1I.T0S F. G. Q- 
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Let ^ 2 , fifn fee the elements of a group 0 of order ■w. 
Then g^gi, g.Ji, -.,gn9i a^^e the elements in 

some order or other. For they are aU in G and they are all 
distinct, since g^gi = Pj, Pi would involve g^ = g^ 

Let Si denote the permutation ( ^ ) on the 

''i/l ui y^iJi 

symbols g^^g,^, Then since Si replaces g^ by g^gi and 


' )' 

sPa/ 


S, replaces j.ftb; Mi9s . = Q j!^, , 

Hence if g^Qj = Sj^. Therefore the permutations 

^ 1 , /S ^2 5 ^ permutation group P on the symbols 

Qi, g 2 , •••, 9n order and degree n simply isomorphic with G. 

The group P is transitive, since it contains a permutation 
replacing g^ hy any arbitrary symbol ; namely, the permu- 
tation Si, where = 9t^ 

If g^ is of order e, any cycle of S^ is of the type 

{g^gi gxgi-g^gi^)- 

Therefore S^ is regular, being the product of ^ -f- cycles of 
degree e. Hence P is regular. . 


Ex. 1. (i) G is simply isomorphic with the group P' formed 

by the permutations '** (ii) Each per- 

^9i9i 9x9'^ 9i9w 

mutation of JP' is permutatable with every permutation of P. 
(hi) The G-. C. S. of P and P' is simply isomorphic with the 
central of 6r. (iv) The only permutations on Qi, g^, 
permutahle with every element of P are the elements of P'. 

Ex. 2. If aj ==w^l — where is the order of g^y and 

9x9y9z - = 9r ; ^r-^x^y<^z - even. 

Ex. 3. The groups P, P of Ex. 1 are at once derived from the 
multiplication table of G, Thus is obtained by writing tbe 
elements of the column headed under the corresponding 
elements, of the left-hand column, and S{ is obtained hy writing 
the elements of the row headed g^ under the elements of the 
top row. 

Ex. 4. (i) The multiplication table of a group of order n is a 
^ latin square of order n % i. e. an array of n rows and n columns 
formed by n sjrmbols where no row and no column contains the 
same element twice, (ii) Though we can j&nd in this way a latin 
square of any given order, we do not obtain all possible latin 
squares in this way. (iii) Find possible latii^ squares of or^er 
2, 3, 4. 
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I § 3, If a grcnip G contains a subgroup R of index m, 

is * isomorphic tvith a transitive permutation-group of 
degree m. The isomorphism is simple if H contains no 
normal subgroup of G. 

Let G = EgT^ + E:g2+-‘+Il9m- Denote the paxtitions 
iT^i, Hg^, ... , Hg^ by the symbols y^, ..., y^. Let a, b he 
any two elements of O. Every element of Eg^ . a lies in the 
same pai-tition of G (the partition containing g^a) ; let this 
partition be y/. Similarly suppose that each element of y/ . h 
lies in. the partition y/'. Let S, T denote the permutations 

//i 72 V • Then since every element 

^yi y^ •••ym ^ 

of HOi . ah lies in y/'" and ST = ^ the 

product of a and b corresponds the product of the permu- 
tations 8 and T corresponding to a and h respectively. 
Hence all the permutations such as S, T^ ... form a group Q 
of degree m isomorphic with G. Q is transitive, for we can 
always find an element g of G (e.g. g{“^gi) such that 
is y^. 

Identity is the only element of Q corresponding to identity 
in (?. The elements of G corresponding to identity in Q form 
a normal subgroup K of Q (Y 16). Let k be any element 
of K} then Eg^k = Hg^ for all the values 1, 2, m of i. 
Since one of the gr’s is in JT, Hh = LT, i. e. & is in H. There- 
fore jET contains the normal subgroup K of G- If H contains 
no normal subgroup of (?, the isomorphism between 0 and Q 
is simple. 

CoROiiLAEY. A growp G containiTig a set of m coThjwgate 
elements or subgroups H^y ..., is isomorphic with 
a transitive permutation-group R of degree m. 

For the normaliser of any one of the conjugate elements 
or subgroups is of index m. 

Ex. 1. Q and R are simply transitive. 

Ex. 2. Q = G/E. (See end of Y 17). 

Ex. 3. To the subgroup E of G and to the normaliser of Ei in 
G corresponds the subgroup formed by those permutations of 
Q and R respectively which do not displace one symbol. 

Ex. 4, The group R of the corollary may be considered as 
a transitive permutation-group on the symbols E^ E^, E^ 


in which the element 


( 

\a-^E^a 


sponds to the element a of & 


-^2 
ar^E^a ... 


a-^E, 


) of R corre- 


G 2 
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Ex. 5. To identity in B corresponds every element of G 
permu table with each oiJSu 

Ex. 6. The group = (^aby = 1 is simply isomorphic 

with the symmetric group of degree 3. 

Ex. 7. Show that = [adf = 1 is simply isomorphic 

with the alternating group of degree 4. 



Ex. 8. If = [ahy = 1, (i) H = {a, ha^h^} is simply 

isomorphic wth the symmetric group of degree 3, 

(ii) {a, b} 

is simply isomorphic with the symmetric group of degree 4. 

Ex. 9. If a® = b^ = (ab)2 = 1, (i) {b, a^b^a} is simply 

isomorphic with the alternating group of degree 4, 

(ii) {a,h}=Mi-Ha+Ea^+Ha^-hE[a^ 
is simply isomorphic with the alternatmg group of degree 5. 
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Ex. 10. A group G of order 12 containing a normal subgroup 
H of order 4 is either Abelian or simply isomorphic with the 
alternating group of degree 4. 

Ex. 11. A group of order 24 (or 60) containing a conjugate set 
of 4 (5) subgroups of order 6 (12) and containing no normal 
subgroup of order 2 or 8 is simply isomorphic with the symmetric 
(alternating) group of degree 4 (5). 



The group = 6^ = = (ab)^ = 1, ac = ca, be == c&. a-- , c— . 

Fig. 7. 

§ 4. The simple isomorphism between any group G of 
order n and a regular permutation-group of degree and 
order n (§ 2) can be shown geometrically as follows. 

Eepresent each element of G by a point. Associate a colour 
wdth each element of G (excluding identity); for example. 


j ;i ; 
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suppose red associated with- the element gi- From each of 
tbrpoints g^, g^, .... gn draw to the points g^g^gi, -^-Mi 
respectively red lines with arrow-heads to show their 
direction ; and draw similar coloured lines for the other 
elements. We have then n points joined by n{n-l) hnes. 
One line of each of the to- 1 colours starts from each ot the 
TO points, and one hue of each colour ends at each point. 


1 


7/7/ 

// / i 

/ ' i ! 

/ r 

/ ^ I 


//J 


\\\ ^ 

\ \ \ 

\ \ V 


^ >v \ ^ 


w Jx /AV'-; > ' 


^ Vi- 1 

/ .''I >' i 

i / \''i -n 








/ 

% ^ ^ • 





a , 6—, c— , d , e-. 



A red line rims from a symbol to the symbol replacing 
it in the permutation (§ 2), and so for the other colours. 

The geometrical representations are usually called ‘ Cayley’s 
colour-groups’. They are somewhat complicated, but may 
conveniently be simplified by the omission of aU the coloured 
lines except those associated with a set of independent 
generators of G. 
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If gi is one of these generators, red lines mn from to g^g^ 
and from g^gf^ to g^. If gi is of order 2, g^gi and g^gf'^ 
coincide. In this case it is usual to draw only one of the two 
lines joining g^ and g^gi and to suppress the arrow-heads 
(see Figs. 7, 9, 10). 

The simplified diagram enables us to find very readily 
every relation satisfied by those generators whose colours are 
retained. For example, if in Fig. 6 we start from any point and 



aS = — (ac)2 = 1. 

Fig. 9. 

pass in the direction of the arrows along the lines in the order 

wm mm mm ^ mm mm mm ^ mmmmmm ^ mm mm mm ^ mm mm mm ^ 

we return to the original point. Hence we have obviously 
ha^b^a^b^ = 1 or (ba^b^)^ = 1. Similarly if in Fig. 7 we pass 
along the lines in the order - - - , — ^ 

« « , , - - - , — , , we return to the original 

point. Hence we have in this case (a6o)^ = 1. 
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The coloured diagi-am can sometimes be drawn witk advan- 
tage on a sphere or other closed surface instead of on a plane. 

Ex. 1. For example, Pig. 8 shows the complete colour-diagram 
for the group of Vli- If we simplify the diagram by retaining 
only the lines corresponding to the independent generators a and 
c we get Fig. 9. li we retain only the lines corresponding to 
c and d we get Fig. 10. 



Fig. 10. 

Ex. 2. The complete colour-diagram gives immediately the 
multiplication table .of the group. 

Ex. 8. In a diagram showing only the colours corresponding 
to a set of independent generators y^y 'of a group G 

the red lines corresponding to are erased. Prove that (i) the 
di^am breaks up into sets of points if, where 

<j ••• aiid jEr= { 72 , 73 , so that no two 

points in different sets are connected by a line ; (ii) if is 
normal in G, all red lines starting from a given set of points 
end in the same set. 

Ex. 4. In the group of Fig. 6prove alaH^ar=:la^l% ba%al^a = 1, 
a^lcdfial) = 1, and tnd the orders of a^b\ ah^aK 



COLOUK-GKOUPS 


89 


VI 4] 

Ex. 5. In the group of Pig. 7 find the order of hac, abca, 'bob. 

Ex. 6 . Draw colour-diagrams (simplified) for the groups 
(i) ; (ii) = 1 , ab = la; (hi) == ^ i . 

(iv) = {aiy = 1 . Show that (i) and (ii) are the same 

abstract group, and so are (ih) and (iv). 

Ex. 7. Draw a colour-diagram for the group 

= 2)2 ^ ^ (aZ ))2 =1, ac = ca, Ic = cl 

of V 4^4 Show that the group is the same as that of Fig. 7, 
and that it cannot be represented on a diagram with less than 
three colours. 

Ex. 8 . (i) Draw a colour-diagram for the group = 1, 2 )^ = 
al = la, (ii) Prove the results of V by means of a coloui’- 
diagram. 

Ex. 9. Draw colour-diagrams for the groups a^ = l^ = (a^b)^ = 1 , 
(al)^ = (la)^ and a® = 2 ?^ = 1 , a^l = la^, {alY = {lay. 

Ex. 10. Draw the complete colour-diagrams for the groups 
(i) a® = 1 , (ii) a 2 = 2)2 = 1 , al = 

Ex. 11 . ABG is an equilateral triangle and 0 is its centre ; 
BC = 5 in. Points and J. 3 , B^ and and C 2 are taken 

on the sides distant 1 in. from Ay By C. Points Dj and A^ are 
taken on OA distant respectively f in. and 1 -^ in. from 0 ; and 
points D 2 and ^25 and are taken similarly on OBy 00. 
The black-sided triangles G 1 C 2 C 3 , 

with clockwise arrows and red lines B-^Gi, Gq^Ac^, A^B^y A-^Diy 
B^B^y are drawn. What group does the diagram represent ? 

Ex. 12. Ay By 0, D are points of longitude 0 , 90°, 180°, 270° 
on the equator ; X, Yy Zy W ai’e points in latitude 45° of longitude 
45°, 135", 225°, 815°. Eed triangles XBYy ZBWy and black 
triangles YCZy WAX are drawn, and the figure is completed 
by reflexion in the plane of the equator with interchange of the 
two colours. If clockwise arrows are inserted round the triangles, 
what group does the diagram represent ? 

Ex. 13. Draw two parallel concentric regular m-sided red poly- 
gons. Denote the vertices by 1, 2 , ..., m and 1\ 2', ..., m'. 
Turn one polygon through a right angle. Put clockwise arrows 
round each polygon. Join by black lines the vertices (i) 1 and V, 
2 and 2', 3 and 3', ... ; (ii) 1 and 1', 3 and 8 ', 5 and 5', ... , 2' and 

^-f2, 4' and and ~-b 6 , .... A^at groups do the 

diagrams represent ? 

Ex. 14. Put clockwise arrows round one red polygon of Ex. 18 
and counterclockwise round the other. Black lines run (i) as 
in Ex. 13 (i) ; (ii) as in Ex. 13 (ii) ; (iii) with arrows joining 

1 and r, 2 and 2', 3 and 3', ... , 1' and | + 1, 2' and 2 + 

Wh 

and 2+^1 ••• • What groups do the diagrams represent? 
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Ex. 15. A simplified colour-diagram drawn on a sphere divides 
up the surface into polygons in such a way that no two of th.e 
coloured lines intersect (except at an extremity of both). Prove 
that (i) the two lines of the same colour meeting at any point 
are not separated by a line of another colour ; (ii) the polygons 
formed by lines of a given colour contain no vertex in their 
interior. 

Ex. 16. Show that diagrams representing the groups of Ex. 7, 
8, 9, 13, 14 can be drawn on an anchor-ring so that no two lines 
intersect 

§ 5. By definition, a Z;-ply transitive group on m symbols 
contains a permutation not displacing any k given symbols. 
If S and T are any two permutations which do not displace 
these k symbols, ST does not displace them. Hence : — 

Those permutations of a k-ply transitive group G which do 
not displace k given symbols form a subgroup 

Ex. 1. The permutations of G not displacing I of the k given 
symbols form a subgroup of G containing H. 

Ex. 2. If the permutations of JS do not displace Xi, 

while ^ is a permutation of G replacing these symbols by 
Xi', X 2 % ..., the elements of G not displacing a? 2 ', Xj^' 
form the subgroup 

Ex. 3. H contains no normal subgroup of G. 

Ex. 4. If G is Abelian, H = 1. 

Ex. 5. Any normal element c of G (i) displaces every symbol, 
(ii) is regular. 

Ex. 6. Every transitive Abelian group is regular. 

Ex. 7. Every element of prime degree p normal in a group is 
circular of order p. 

Ex. 8. A permutation 8 permutable with every element of 
a group G and acting on the same m symbols displaces all tke 
symbols and is regular. 

Ex. 9. The order p. of the central of a transitive group G of 
degree m is a factor of m. 

Ex. 10. (i) The permutations such as S of Ex. 8 form a group 
whose order is a factor of m. (ii) Find this group when G is tke 
permutation-group P of § 2. 

Ex. 11. Find the group H in the case of {P, P'} of § 2 ; and 
prove that H:= G/C where C is the central of 

§ 6 . The order of a k--ply transitive group G of degree m is 
ym (m— 1) (m-— 2) ...(m— yfc-f 1); where q is the order of the 
subgroup H whose dements do not displace k given symbols. 
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Let Qi, g 2 P ffQi ••• permutations^ of (? each of -which 
replaces the k given symbols by a distinct set of k symbols. 
The number of such permutations is ml (m — k ) ! ; for the 

number of arrangements of m symbols k B.i b, time is 
ml-T{m — k)\. Then + •••• For if 

are two elements of G replacing the k given symbols by the 
same k symbols, does not displace any one of the k given 
symbols, and is therefore contained in H. Hence G is of 
order qxm \ 

Ex. 1. The elements of G permuting among themselves the 
Iz symbols not displaced by the permutations of H form a sub- 
group of order q,kl containing H normally. ^ . 

Ex. 2. If ^ = 1, G contains permutations displacing only 
m-^h+X symbols but no permutation displacing less than 
m—k+l symbols. 

Ex. 3. If the degree and order of a transitive group are equal 
g = 1. Every group is simply isomorphic with a permutation- 
group of this type. 

Ex. 4. Prove the converse of § 3 ' If a group G is simply 
isomorphic with a simply transitive permutation-group of degree 
m, G contains a subgroup of index m containing no normal 
subgroup of G.’ 

Ex. 5. The degree of a simply transitive Abelian group = its 
order. 

Ex. 6. In a simply transitive group G of degree m the permuta- 
tions displacing every symbol (i) are at least m — 1 in number, 
(ii) generate a normal subgroup of G. 

Ex. 7. If the number of permutations not displacing r given 
synibols in a transitive group of order n and degree m is 

m m 

n = == 

0 ^ 0 ^ 

Ex. 8. Tbe elements of a ^-ply transitive group displacing 
every symbol cannot form a group with identity unless = 1 or 
it = 2 and ^ = 1. 

Ex. 9. Show that no doubly transitive group of degree 6 is of 
order less than 20 ,* and prove that a = (1234 5), b=(1248) 
generate a doubly transitive group of minimum order. 


§ 7. Let G be an intransitive group containing permutations 
which replace tbe symbol cc^ by iCg? •••> ^7 other 

symbol. Then any permutation g oi G replaces by one of 
the symbols Eor let h be an element of G 

replacing by and suppose hg replaces by ay. Then g 
replaces by Hence the permutations of Q permute 
the symbols of the transitive set x^. among them- 

selves. 
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Similarly if tie permutations of G replace the symbol by 
2/i , 2/2 , . . . , only, they permute tie symbols of tie ‘ transitive 
set ’ 5 2/2 5 • • * 5 Vs aoaong themselves ; and so on. 

Ex. 1. A cycle of any permutation of G only contains symbols 
from on© transitive set. 

Ex. 2. G is a subgroup of the direct product of the symmetric 
groups on the symbols [x^y a;^], [ 2 / 1 , ^ 2 ? — • 

Ex. 3. Tie order of G is a factor of r ! x 5 ! x ... . 

Ex. 4. Those permutations of G which do not displace the 
symbols of certain given transitive sets form a normal snhgroap 
of G. 

Ex. 5. Those permutations of G which do not displace form 
a subgroup of index r. 

Ex. 6. If those cycles of any generator of a permutation-group 
G which contain one of the symbols , Xy contain no 

symbol other than Xyy G is intransitive; and conversely. 

Ex. 7. If in § 2 j? is a subgroup of G = ... , 

the corresponding subgroup of P is intransitive, the transitive sets 
being the symbols •— 

Ex. 8. Pind the transitiye sets of 

{(1432)(5876) (9 10), (2 4) (5 8) (6 7)} and of {(1284), (2 4), (53)}. 


§ 8 . Let certain of the transitive sets of symbols aflfected 
by an intransitive group G be denoted colleetively by cr, and 
let the remaining sets be denoted collectively by r. If A, h' 
are two elements of G permuting only the symbols of cr 
(displacing no symbol of r), and if g is any element of G, then 
evidently kh' and g'~^kg do not displace any symbol of r. 
Hence those elements of G which perm^e only the symbols 
of cr form a normal subgroup K of G. Similarly the elements 
o^ G j^rmuting only the symbols of r form a normal subgroup 

If we leave out of consideration the effect of G on the 
symbols of r, G reduces to a group K on the symbols of cr 
alone. If g, g' are any two elements of G, while A, hi are 
elements of H permuting the symbols of cr in the same way 
9^9' I 99 ^ permute the symbols of cr in the 

same way. Hence O and S are isomorphic. To the identical 
element in H correspond the elements of Z' in G. Therefore 
JI=^ G/K\ It is evident that if contains Z' as a noimal 
subgroup. 

Now K and K’ have only identity in common, and every 
element of K is permntahle with each element of K\ Hence 
{JT, JT'} is the direct product of Z and Z'; and it is normal 
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in. 6r, since K and K' are normal in O, It follows that 
G / {K, K'} and H / K have the same order. 

Now when we neglect the effect of the elements of G on the 
symbols of r, each element of {K^ K'} reduces to an element 
of K, and each element of G to an element of H. If 
are elements of [K, K'] and elements of G which 

reduce respectively to V, and gr/, g^' when we 

neglect their effect on the symbols of r, and if k^ g ^ . 5 

we have evidently k{g(.klg(=ik.'g^. Hence G/{K, K' ) 
and H / K are isomorphic ; and the isomorphism is simple 
since these two groups have the same order (cf. V 18^). 

Ex, 1. If H' is the gi’oiip to which G reduces when we leave 
out of consideration the effect of its permutations on the symbols 
of <r, E/K^R'/K\ 

Ex. 2. The elements of G are found by multiplying each 
element of H by the corresponding elements of H\ 

Ex. 3. Find E, H', K, K' when (i) 6^ = {(1 2 3 4), (2 4), (5 6)}, 
cr = [1, 2, 3, 4] ; (ii) = {(1 4 3 2) (5 8 7 6) (9 10), (2 4) (5 8) (6 7), 
0 - = [9, 10] or [5, 6, 7, 8, 9, 10], 


§ 9 . Let 6^ be a simply transitive group on m symbols. 
Suppose that the m symbols may be divided into r sets 
0 -;^, 0 * 2 , ... , 0 -^ each containing a symbols (m = rs), so that every 
permutation of G either permutes the 8 symbols of any set (t^ 
among themselves or replaces them by the s symbols of 
another set cr^-. Then G is called an imprimitive group, and 
0 * 2 , cr^ are called imprimitive systems. If no such 
division of the m symbols into sets is possible, G is said to 
be primitive. V. 

Ex. 1. A fc-ply transitive group (7c > 1) is primitive. 

Ex. 2. A transitive group of prime degree is primitive. 

Ex. 3. If a transitive group G of degree m contains a permuta- 
tion whose order is prime and greater than the largest divisor of 
m, G is primitive. 

Ex. 4. Those permutations of an imprimitive group G which 
do not displace the imprimitive systems but only permute the 
symbols of each system form a normal subgroup of G. 

Ex. 5. The central of a primitive group = 1. 

Ex, 6, The central of a 7;-ply transitive group =1 if k > 1. 

Ex. 7. No Abelian group is Trply transitive. 

Ex. 8. If E is any subgroup of the group (? of § 2 and 
+ H^ 2 4- + ..., P is imprimitive in such a way that 
the symbols of Egi^ Eg 2 , Eg^, are imprimitive systems. 
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Ex. 9. {{xys){al)c\ {m){yc){sb)} is an imprimitive group of 
order 6 , the imprimitive systems being either \Xy y, z\ and 
[a, c] or [x, a], [y^ &], and [^, c]. 

Ex. 10. Find imprimitive systems in the groups (i) {(135) (246), 
(13)(24), (34)(56), (12)(B4)} and (ii) {(14)(26)(35), (123)(456), 
(12)(45)}. 

§ 10. If y, y are two elements of an imprimitive group Q 
which do not displace the imprimitive systems but only 
permute the symbols of each system, then yy has evidently 
the same property. Hence elements such as y, y form a sub- 
group r of li G = T + Tg^ + Fgrg + . . it is obvious that 
all elements in the partition Tg^ permute the imprimitive 
systems in the same way. 

The group T is normal in G. For let g be any element 
of G, and suppose that g replaces every symbol of any 
imprimitive system (t^ by a symbol of the system crj. Then 
since y permutes the symbols of among themselves, g^'^yg 
permutes the symbols of crj among themselves. The group 
G /r maybe considered as a permutation-group of degree r on 
the symbols o-j, <r^. 

Ex. 1. r is intransitive. 

Ex. 2. The index of T in is a divisor of r !• 

Ex. 3. Find P for the groups of VI 9g, 

§ 11 . The group P of § 10 is an intransitive normal subgroup 
of the transitive group G. We show in this section that every 
intransitive normal subgroup of is contained in a group 
such as r. 

Let jET be an intransitive normal subgroup of O, and let 
^25 Vii ^ 2 ? •••; •••be the symbols in the transitive sets 
of jff. Then if g is an element of G replacing ijc^ by 
replaces 3/1 by Hence since g'~^Hg = H, g replaces 
every * a; by a 3 / ; and since gJSg~^ = JT, gr replaces every y by 
an X (II 5). Therefore there are as many y's as x"a. Similarly 
we can show that each transitive set of M contains the same 
number of symbols. 

Now since every element of G transforms H into itself,; 
every such element permutes the transitive sets of J? among 
themselves. Therefore G is imprimitive and has- the transitive 
sets of jH as imprimitive systems; which proves the above 
statement. 

* For at least one permutation of JET cont^s a cycle of the form (sciacf 
whatever % may be. If sr transforms this cycle into changes 

aGfintoy^. 
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Ex. 1. Erery aormal subgroup of a primitive group is transitive. 

Ex. 2. The order of a normal subgroup jBT of a primitive group 
(j is a multiple of the degree of Cr. 

Ex. 3. Every primitive composite group is decomposable. 

Ex. 4. If the group P of § 2 is primitive, it is simple. 

§ 12. The sy^nmetrio group is the only primitive group 
coTitainiiig a transposition. 

Suppose (1 2) is a transposifciou contained in a transitive 
pexmutation-group G on the m symbols 1, 2, 3, . . ., m. Let (1 2), 
(IS), (1 e) be the only transpositions in G which affect the 

symbol 1. Then since (ij) = (1^) (Ij) (li), G contains {ij)i 
where i and j are any two of the set o* of symbols 1, 2, . , e. 
Hence, unless G is the symmetric group, the set o- does not 
include all the nn symbols permuted by G. 

let a be a permutation of G replacing 1 by a given, symbol/ 
not included in o- and replacing 2 by s (say). Then G contains 
a”’-(l a = (f s). Now s is not in cr; for otherwise G would 
contain (Is) (/ s) (1 s) = (1/)- Hence each, permutation of G 
permutes the symbols 1,2,...,^ among themselves or replaces 
them by a completely different set r. 

If (T and T do not include all the 'm symbols on which G acts, 
let & be a permutation of G replacing 1 by a symbol not in 
<r or T. Then as before h replaces each symbol of o- by a symbol 
of a set V having no symbol in common with cr. Now v has no 
symbol in common with r either. Por if c and h replace two 
symbols 1' and 2^ of cr by the same symbol, replaces 2' 
by 1'. Hence ba'‘'^ permutes the symbols of or among them- 
selves ; i. €. & = . a replaces cr by r, or r and v coincide. 

Continuing this reasoning we see that the m symbols fall 
into sets permuted imprimitively by the elements of 0 ; and 
hence G is imprimitive. 

Ex. 1. The symmetric group is the only ^-ply transitive group 
{Ic > 1) or simply transitive group of prime degree containing 
a transposition. 

Ex. 2. G contains as subgroups the symmetric groups on the 
symbols of cr, v, .... 

Ex.^ B. The symmetric group is the only group of degree m 
containing the transposition (12) and (i) the circular permutation 
(12 3 ... m)y (ii) a circular permutation & of degree m in which 
the symbols 2 are separated by i— 1 symbols, where i is prime 
to m. 

Ex. 4. The sjrmmetrie group of degree m is simply isomorphic 
with a group whose elements are birational substitutions of 
degree. 
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Ex. 5. The alternating and symmetric groups are the only 
primitive groups containing a circular permutation of order 3. 

Ex. 6. A transitive group 6r containing a circular permutation 
of order 3 contains the alternating groups on the symbols of each 
imprimitive system. 

§ 13. The gro'wp G generated hy every possible circular 
permutation of order r on the symbols 1,2^ ...,m is the 
alternating or symmetric group on these m symbols according 
asr is odd or even. 

First take r = 2. Since every permutation is the product 
of transpositions, G contains every possible permutation on 
the m symbols and is therefore the symmetric group. 

Next take r = 3 ; then G contains every possible product 
of two transpositions on the m symbols. For such a pro- 
duct is either of the form (12) (1 3) = (1 2 3) or of the form 
(1 2) (3 4) = (2 3 4) (12 3); and both these products are in (?. 
Hence G contains every even permutation on the m symbols, 
and is therefore the alternating group. 

Lastly, take r > 3 ; then G contains every circular permu- 
tation of order 3 such as (12 3). For 

(12 3)= (13 2 4. ..r) (lr...4 3 2) 
which is in (?. If r is even, G contains a circular permutation 
of even order ; i. e. G contains an odd permutation and is the 
symmetric group. If r is odd, G is the alternating group. 

Ex. 1. The group G generated by every permutation of the 
type (1 2) (3 4) on m symbols (m > 4) is the alternating group on 
the m symbols. 

Ex. 2. The theorem in Ex. 1 does not; hold m = L 

Ex. 3. If p is a prime < m, the symmetric group of degree m 
does not contain any subgroup of index <p except the alternating 
group. 

§ 14 . The cdternating group G of degree m is dmple, 
unless m = 4. 

This is evident when m = 2 or 3. When m = 4, G has 
evidently a normal subgroup of order 4 containing the four 
permutations 1 , (1 2) (3 4), (1 3) (2 4), (1 4) (2 3) ; where 1, 2, 3, 4 
are the four symbols on which G acts. 

Suppose that when m>4, G contains a normal subgroup H. 
Let g be that permutation of S which displaces the smallest 
number of symbols. Let g be decomposed into its cycles. 
None of these cycles can contain more than three symbols ; 
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for if g = (12 3...) S contains /= (13 2) gr(l 2 3) and 
also gf"'^ = (2) (3 1 ...) which displaces fewer symbols than g. 

Again, no cycle of g can contain three symbols unless it 
is the only cycle of g- For if = (4 1 2) (3...)..., gf ^ 
(2) (1 3 displaces fewer symbols than g and is in JS. 

Again, g cannot contain two cycles of two symbols each 
unless m = 4, For if = (1 2) (4 5) ... , gf^ (4) (5) (1 3 ...) ... 
displaces fewer symbols than g and is in H, 

We see then that g must be (if m > 4) a circular permu- 
tation of order 2 or 3. The former is impossible since g is odd. 
If ^ = (123), H contains every other circular permutation of 
order 3 such as (1' 2' 3'), and is therefore the alternating group 
(§ 13). For G contains one or other of the two permutations 
_/1 234...m\ 7_/1 234...m\ 

since ha~'^ = (1 2) is odd. Hence (1'2'3') = a'^'^ga = 
is in if, since H is normal in G. 

§ 15 . The symmetric group of degree m can contain no 
normal subgroup except the alternating group of degree m, 
unless m = 4. 

If m = 4, the subgroup of order 4 normal in the alternating 
group is also normal in the symmetric group. If m 9^ 4, the 
proof is exactly the same as that of § 14. We have only 
to prove in addition that g cannot be a transposition. If 
^ = (1 2), H contains every other transposition such as (1' 2') 
in the m symbols and is therefore the symmetric group ; for 
H contains a'~'^ga. 

Ex. 1. A function of m symbols (m > 4) is changed into 
fif f 2 f f 3 ) hy the elements of the symmetric group on the m 
symbols. If those permutations which do not alter fi do not 
alter yi, /s, they form the alternating or symmetric group. 

Ex. 2. The alternating and symmetric groups are the only 
groups of degree m and order > (m~~l) I (m 9^: 4). 

Ex. 3. (i) If 6r is the symmetric group of degree 4 and H is 
its normal subgroup of order 4, G/H is simply isomorphic with 
the group formed by the substitutions af = ai, (1 — (a;— l)-r-a:, 
a; -f- (a;— 1), 1— a?, (ii) What is the geometrical interpretation 
of this result? 
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CHAPTER VII 


SUBSTITUTION-GROUPS 

§ 1 . A GEOUP whose elements are substitutions on m given 
variables is called a s'uubstitviion-group G of degree m. If the 
substitutions are homogeneous and linear (III 4), G is called 
a homogeneous linear substitution-group. If the substitu- 
tions are fractional and linear (III 9), 0 is called a fractional 
linear suhstitutiomgroup. We shall suppose in §§ 1 to 8 
that all quantities considered (both coefficients and variables) 
are ordinary real or complex quantities unless the contrary 
is stated. 

Ex. 1. (i) A permutatiomgroup is a particular case of a homo- 
geneous linear substitution-group, (ii) Each of its substitutions 
is real and orthogonal. 

Ex. 2. The similarities of a homogeneous linear group form 
a normal Abelian subgroup. 

Ex., 3. The determinant of every substitution of a finite homo- 
geneous linear group is a root of unity. 

Ex. 4. Those substitutions of a homogeneous linear group 
whose determinant is a power of a form a normal subgroup. 

Ex. 5. (i) The ^ group of subtraction and division ’ generated by 
ixf ■=! d—x and of = is of finite order if is rational, 

where 2\/&cos<#) = d (ii) If b and d are rational, the group is 
of order 4, 6, 8, 12, or oo. 

§ 2. If every substitution of a substitution-group G on the 
m variables expressed in terms of new variables 

2^15 2/2.5 ••'.5 2/m (fnnctions of 0!^^ X 2 i we obtain a new 

substitution-group G^ on the m variables 2/15 2/25 5 3/m* R 

now we put x^ for (i = 1, 2, ..., m) in the substitutions 
of G\ every substitution of G' will be derived fi*om the 
corresponding substitution of G by transforming by 

2' = (2/1, s/2 , yj 
(HI 3). Hence G' becomes GT. 

Ex Find T~^GT when G is generated bv of = 
and = 1 •i-x, and T is of = a;— 1. 
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§ 3. Suppose that every element of a substitution-group 0- 
on the variables x-y^^x. 2 ^ when operating on any function 

f{Xi,X 2 , either (i) leaves it unaltered for all values 

of x^, X 2 , or (ii) merely multiplies it by a constant 

independent of Then / ••• » ^m) 

called (i) an absohUe invariant or (ii) a relative invariant 
of (?. By an invariant we shall mean an " absolute invariant ’ 
unless the contrary is stated. 

Every finite group G has invariants. For if the n sub- 
stitutions 5^15 5^25 ••• j i/w ^ change the function /j_ into 
/i>/ 2 . any symmetric function of /j./g, (e.g. 

their sum or product) is an invariant of Q. In fact changes 

into where so that each substitution of G 

permutes fxJz, -.-Jn- 

Ex. 1. For example; and are absolute invariants, 

xy and are relative invariants of the group whose elements 

are (a;, «/), {-y, x), {-x, -y), {y, -x), {x, -y), {y, x), {-x,y), 
{-y, -x). 

Ex. 2. If X 2 , ..., x^) is an invariant of G, /(^i, ^ 2 ? ••• ? ^m) 
is an invariant of T~‘^GT; where iv/ { 0 ^ 1 , x^) is the 

substitution T~^. 

Ex. 8. An expression is an invariant of G if it is not altered 
when we perform on it every one of a set of substitutions which 
generate G, 

Ex. 4. Those substitutions of a group which leave unaltered 
one or more given expressions form a subgroup. 

Ex. 5. (i) If a homogeneous linear group has a homogeneous 
algebraic invariant / of the second degree with non-zero deter- 
minant, it can be transformed into a group of orthogonal 
substitutions, (ii) Illustrate by taking 

3;8;2 4-2.2f^— 2^y. 

Ex. 6. Xi’\-X 2 +x^+ is a linear invariant of any permutation- 
group on the symbols Xi, X 2 , — 

Ex. 7. The sum of the symbols in any transitive set of an 
intransitive permutation-group G is an invariant of G. 

Ex. 8. If a homogeneous linear group G has as a 

relative invariant, every substitution of G is monomial. 

Ex. 9. x+y —0 is an invariant of the group generated by 
{y, -s, -x) and {x, -z, -y). 

Ex. 10- x--y + ^ is a relative invariant of the group generated 
By (8ir~8y-f-4.e, 2^—3y-{-4.sf, — y4--s^) and 

{—Sx-h4:y—4Zj —2xi'dy—4:0j -- 0 ). 

Ex. 11. xx+yy is an invariant of the group generated by 
(i) (sind 5 ?— cosd cosd ^r + sind y) and (y, x)j (ii) {iy,ix) and 
(iy, -ix)j (iii) {ix, —iy) and (y, x). 
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Ex. 12 . xy{x'>=-y^) and a;*+ 2 /^± 2 -/- 3 a:V are relative in- 
variants of the group generated by {ix, —iy) and 


'1— i . 1— i 


-i , 1 + ' 




§ 4 . If every substitution of a group G on the variables 

... changes 

into functions of 05152325 •••5 only, G is called reducible . 
A substitution-group wbich can be transformed (by a suitable 
change of Tariables) into a group such as G is also called 
reducible, A group which cannot be so transformed is called 
irreducible. 

Suppose that (i) every substitution of the group G changes 
£Ci, 2325 ...5 into functions of 2315 233, ---j?// 

into functions of 2/1, Vf only; z^, ...5 Zg into func- 

tions of 2?15 ^25 •••5 only; and so on: and (ii) that G is 
irreducible when considered as a group of degree e affecting 
a?!, 232, 23 g only, and as a group of degree / affecting 

2 /ij 2/2J •••3 2 // only, and as a group of degree g affecting 
01, ^2 3 • • • 3 only, (fee. Then Q is called ‘ completely reducible 

A substitution-group which can be transformed into a group 
such as G is also called completely reducible. 


Ex. 1 . If we transform by + z) the group G generated 
by ( 323 — 3 «/+ 40 , 225 — 3 ^-f- 40 , — y+0) and ( — 325 + 4 ^ — 40 , 
— 2 25 + ^2/ ”"^^3 "^0 got the group G' generated by (25, 

22;— y+ 20 , — and (—23, —0). Since every 

substitution of 6 ?' obviously changes 23 into a function of x, & 
and hence 6 r is reducible. If we transform G' by {25, — 23+^— 0, 
23 +0) we get the group generated by (25, 0, —3/) and ( — 23, 3/, —z). 
Since every substitution of G^ evidently changes x into a function 
of 23 and y^ z into functions of y, z while the group generated 
by {0, —y) and (y, —0) is irreducible (since these two substitutions 
have no pole in common), G^ is completely reducible. Hence & 
and G are completely reducible. 

Ex, 2 , A homogeneous linear group whose substitutions have a 
pole in common is reducible. 

Ex. 3 . Denoting ai 25 i+ 612^2+ ••• fi prove that (i) a 

homogeneous linear group G with fi as absolute or relative 
invariant is reducible ; (ii) if the substitutions of an irreducible 
homogeneous linear group H change into /i, 

.^+/ 2 + +^= 0 . 

Ex. 4 . A permutation-group of finite d^ree is reducible. 

Ex. 5 . The group generated by {z, x, y) and (— y, — 23 , —0) is 
reducible. 
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§ S. If A, J? are any two homogeaeous linear substitutions 
and a, fi are their determinants, we see at once by III 4 that 
/3"^, and /3“^a/3 = a are the determinants of AB, and 
B~'^AB respectively. Hence if Gr is any homogeneous linear 
substitution-group, those elements of G whose determinant 
= 1 form a normal subgroup F. If gr, k are tvro elements 
of G with the same determinant, g~^h is inF, since its deter- 
minant = 1. Hence if 9^25 S'ss ••• substitutions of 0 
such that no two have the same determinant, 

It is at once proved that the product of two similarities 
is a similarity, and that a similarity is permutable with any 
other substitution. Therefore the similarities of G form a 
subgroup M contained in the central of G. 

Let a, b he the fractional linear substitutions derived from 
any two substitutions A, B of O (III 9). Then it is at once 
proved that ab is the fractional substitution derived from A J?. 
Hence the fractional substitutions derived from each element 
of G form a group F isomorphic with The identical 
element of F may obviously he derived from any similarity 
of G but from no other element of (r. Therefore to 1, in F 
corresponds M in 0, so that F=: G/M^ 

Ex. 1. For example, in the group G of order 8 generated by 
( — y, x) and (x, — y) M contains (ic, — y), and G/M 

is the group generated by x' ^ — - 1 ~ rr and a?' = — ir. 

Ex. 2. If any homogeneous linear substitutions form a group, 
(i) the transposed substitutions, (ii) the conjugate substitutions, 
form simply isomorphic groups. 

Ex. S. The monomial substitutions of a group G form a sub- 
group JE[, the multiplications of G form a subgroup K of if, and 
the similarities of G form a subgroup of K. 

Ex. 4. (i) The real substitutions of a group G form a subgroup 
JI, the orthogonal substitutions of G form a subgroup JT, and the 
unitary substitutions of G form a subgroup JS. (ii) The O.C.S. of 
X and L = the G. 0. S. of Z and II = the G. €. S. of H and X 

Ex. 5. The substitutions of G given pole or poles form 

a subgroup. 

Ex. 6. A homogeneous linear group of degree m is simply 
isomorphic with a group of real substitutions of degree 2 m. 

_ 7. The to"Ulity of all substitutions of the type 

cx + ay), where m—cd= 1, form a group. 

^Ex 8. A set of substitutions of the type a;' = (ax-h 1) (c^-f d) 

with a pole in common form a finite group. Prove that (i) they 
have a second pole in common, (ii) the group is cyclic. 
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Ex. 9. Prove the following properties of the infinite ‘ modular ’ 

0/X " 4 ” & 

group G formed of all substitutions sucb as x' = — wLere a, 

C 'X ~r w 

?>. r, d are integers and ad—bc = 1. (i) No substitution of G is 

loxodromic ; (ii) every substitution of G is of order 1, 2, 3, or oo, 
(iii) the substitutions for which d = 1, & = c = 0 (mod 
form a normal subgroup. 


^ 6. Every finite ho-mogeneom linear group G has a positive 
Herniitian form as an invaHant 

Let fi be any positive Hermitian form 

(e. g. -h x^x^ + ...), 

and suppose that fi is changed into fn by the 

substitutions of G. By III 5 Hermitian 

forms, and since fi is always positive for all values of the 
variables (not all zero) so are /sj fn- Then 

/if'/2+ •••*+/» 

is evidently a positive Hermitian form and is an invariant of ff . 


Ex. 1. In the group (r = l + ^^^rhere 

a ={—x-b2y, —x+y), h = (x—2y, —y) take fiy =xx-hyy. Then 

/ 5=/7 =xx+5y^-2x^-2xy, = + 

so that = 12(a:a?-f-2yy— rcy-~%). 

Hence xx-\-2y^—xy—xy is a positive Herniitian invariant of G, 

Ex. 2. Find a positive Herniitian invariant of the groups of 
orders 4, 8, 12 generated respectively by (i) (—a;, —y') and 
(-2^— (ft>— 1)^, ( 0 ) 2 — 1 ) a; 4- 2y), where 0 )^= 1 ; (ii) («ic+(l — 
-iy) and {x, {l-^i)x^y) where 1^=1; (iii) (y^ x) and 
(r, -y, -4 

Ex. S. Every finite homogeneous group can he transformed 
into a group of unitary substitutions. 

Ex. 4. (i) A homogeneous group of degree m with the invariant 
%‘^i+^ 2 ^ 2 + ••• is reducible if s < m, (ii) A group with 

a b 3 ;pobermitian invariant is reducible. 

^ Ex. 5. If an irreducible group G has two positive Hermitian 
invariants / and/', their ratio is a constant. 


§7. Any finite Kcmogeneons linear substitiLtion-group G 
u either irrediuible or completdy reducible. 

If 0 is reducible, it may he transformed by a suitable 
variably p,, aj,, that any 
substitution g of is of the form 




VII 7] FINITE HOMOGENEOUS GKOUPS 103 

2// = + ■ • • + ^th^h + ^txVl + ■ • • + 

(a = 1, 2, ..., h-, t = 1,2, ..., 1). 

Let then 

JS =r ^ ]p^j x^^Xj + 2 2/c yj “h 2 

^*5 'It = 1 J , /c , 6, y, "y = Ij ^5 * , , 5 

be a positive Hermitian invariant of G. 

Now express 0 in terms of 

where 2/^ = + i'ai^i + ^a 2 ^ 2 + + ^.nd 

the Jd quantities v are chosen so that 

"b ^vi ^lu "h ^v2 ^2u + • • • + Q^]i V]cu ~ ® * 

This is always possible ; for by III 5 the determinant 


?u ■ 


gu • • 

• to 


since H is positive. 

Then H takes the form 

^Pij “b ^ ^ [(^ uv "b 9.iv^lu “!“••» + ^Jcv^ku) 

+ &vu+1vl^lu + ••• + <lvh‘’Jcu) + 2 ge/^e^f 

% SSI Jc ... ._ 

Now express in the canonical form 2 X^Xj (where 

i= 1 

X^, Xg, ..., are linear functions of and 

express in the canonical form 

Suppose that when g is expressed in terms of 
X^, Xj^, Xj, ..., Zi 

it takes the form 
X/= %iXj^ + . * . + <^87c^ hy 

Z^=: y^iXi+ 

Then if we perform this substitution on = 2 X^X^ + EZ^Z^, 
the coeflS-cient of X^X^ in R becomes 

yiu <^iv + y2u^2v '^•••'^yiu^iv 

This must vanish for y = 1, 2, ..., Z, since H is not altered 
by the substitution g. But the determinant 


Hi ' 

■ <^ii 

Hi * 

• <^ii 
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Hence 

■=y/» = 0- 


since the determinant of 0. 

yitt ~ “ “ 

This holds for each value of u, and therefore every sub- 
stitution of Q is of the type 

+ +C^lZl, 

If G is irreducible considered as a group affecting Xg, 
X;^ and as a group affecting Z^, Zi, the theorem 

is proved. If not, the process can be repeated until G is 
transformed into a completely reducible group. 

Ex. 1. Any ‘ Hermitian group ’ (i. e. a finite or infinite group 
with a positive Hermitian invariant) is irreducible or completely 
reducible. 

Ex. 2. A finite reducible group of degree 2 is Abelian. 

Ex. 3. A permutation-group is completely reducible. 

Ex. 4. A finite reducible group of degree 3 has a relative linear 
invariant. 

Ex. 5. The completely reducible ^oup of §4 can be transformed 
so that every positive Hermitian invariant is of the form 
a(;Ki%+ ... +a;j»e)+^(yiyi+ — +yfyf)+y{.^ih + 
where a, y, ... are real positive constants. 




VV § 8. A finite Ahdian homogeneous linear substitution- 
group G can he transformed into a group each of whose 
substitutions is a multiplication. 

If all the roots of the characteristic equation of an element 
A of G are equal, A is a similarity. For find a substitution T 
such that T~-'^AT = a multiplication M (1118). Now JT is 
a similarity, since the roots of its characteristic equation are 
all equal. Therefore A = TMT^'^ = M, Hence if each 
element of G is such that all the roots of its characteristic 
equation are equal, every element of is a similarity. 

Now suppose A is an element of G whose characteristic 
equation has not all its roots equal. Transform the group G 
(of degree m, say) into a group G' so that A becomes a multipli- 

Now 


cation •• 

but 0 )^+ 1 , 


"r+2> 


.. J* Supjmse 0 )^ = (*>2 
0 )^ (the reasoning is general), 


if M is permutable with 

"b ^w2^2 + • • • + 
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as is evident on comparing MB and BM. Hence 5 ,-; = 0 
if # co^. . ^ Therefore every element of & changes , . . . , V 

into functions of ajj, 0:25 ...5 only and changes Xj.+i, 

• ••5 iiito functions of ^r+25 •••5 only. 

Now if we consider the effect of the elements of G' on the 
vanables x^, x^, ... , only, (r' reduces to an Abelian group 
of degree r. Similarly if we consider the effect of the elements 
variables only, G' reduces to an 

Abelian group of degree m — r. Now assume the theorem 
true for^ every Abelian group of degree < m. Then by the 
assumption we can find linear functions yi, 2/‘>5 •••5 2 /r of 
iTi, X, and functions 2/r-H2> 2 /m of V+i. ^r+2: - . 

so.cn that whenH^ is expressed in terms of , j/*? 3 • • ' > 2/r overy 
element of jETj is a multiplication ; and similarly for Ho . 
Hence G' may be expressed in terms of y^, so that 

every element of (?'' is a multiplication. Then the theorem 
follows hy induction. 

Ex. 1 . A homogeneous irreducible Abelian group is of d^ree 1 . 

Ex. 2 . An Abelian group of degree m has m distinct positive 
Hermitian invariants ; and conversely. 

Ex. 3 . The central of a homogeneous irreducible group consists 
solely of its similarities. 

Ex. 4 . Transform the Abelian group of order 8 generated by 
( 19 ^?— 122 /— 24 ;Sf, lOic— 73/— 12;e?, lOrc— 63/— 13-2?), 

( 25 a;— 183/— 30-2?, 8a?— 53/— 10 -2?, lOo;— 123/— 19-^), 
and ( 5 a; — 63/— 6;2?, — 2 a; + 3/ + 2-2?, Go?— 63/— 7 ^?) 

into a group of multiplications. 


§ 9. We now consider the case of a group of homogeneous 
linear substitutions whose coefficients and variables ai‘e marks 
of a GF[ p^~\. The totahty of all possible homogeneous linear 
substitutions (of non-zero determinant) on m given variables 
in a GF\_p^'] evidently forms a group G. It 
is called the general homogeneous linear substitution-group 
in the Field and is of order 

For the substitutions of G leaving unchanged form 
a subgroup H of order x In fact 

X^ = a^jXj -h a^2^2 “f" (^ •— 1 > •••) 

is such a substitution when = 1 and 

(lj2 = Oj^ Oj^ = 0, 
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■while each of the coefficients c&gu •••> ^mi of 

the marks of the Field and (i = 2, 3, ..., m) 

are marks subject solely to the condition that their deter- 
minant 9^: 0. 

Now if h are two substitutions changing into the same 
linear function h^iX-^ + ^>12^2 + • • • + ^im^m » Hence 
G = where gfg, are substitu- 

tions each replacing x-^ by a different linear function. Now 
h =^'^^ — 1, for 613, 632, &im ^ay be chosen arbitrarily in 
the Field provided they are not all = 0. Therefore 

jr, = ^ _ 

and the required result follows at once by induction. 

Ex. 1. The general linear group may be considered as a 
permutation-group on symbols. 

Ex. 2. We denote by P, Q, R the groups formed respectively by 
all substitutions of the types x' ^ x+h, x' ax+b (a 0), 

0?'= ^ {ad —be # 0), where x, h, c, d are marks of a (?F[p^]. 

Prove that (i) P may be considered as a simply transitive 
permutation-group of degree and order (ii) Q may be 
considered as a doubly transitive group of degree and order 
1) ; (iii) R may be considered as a triply transitive group 
of degree 1 and order ; (iv) every substitution of 

R is equivalent to a substitution with determinant 1 or v, where 
V is any given not-square of the Field ; the substitutions with 
determinant 1 forming a normal subgroup of index ^[3— ( — 1)^] ; 
(v) Q is the normaliser of P in P ; (vi) Q/R is cyclic ; (vii) Q 
contains a cyclic subgroup of order p’"— 1 consisting of the 
substitutions of = ax-\’U{l—a) where is a given mark of the 
Field ; (viii) by varying u we get a set of conjugate subgroups 
of Q ; (ix) every element of Q is in P or in one of these conjugate 
subgroups. 

Ex. 3. The totality of all substitutions of the type 

x' = (aiT-f-b) -r(ba;-f a) where aa— bb= 1 
(III llio) form a group. 

ax 13 

Ex. 4. In the substitutions xf = — each coefficient is of 

yx-^o 

the form u+vS, whem u, v are marks of a GF[p\ and fif is a 
symbol not in the Field defined by = 1 and combining with 
the marks of the Field under the ordinary laws of addition, &c. 
Prove that the totality of substitutions for which a8— = 1 and 

(i) a = a, y? = 5, y = c, 6 = d (a, Z), c, d being marks of the Field), 

(ii) a = l + a(l + 6f), p = 6(1 + ^), y = c(l + )S), 6 = 1-f d(l + sl 

(iii) a=l + a(l-/S'), ^=^ 1 ){ 1 -S\y = c{l-S), 6=l + d(l-/S) 
form groups K, Hi, H^* Every substitution of Hi is permutable 
with every substitution of H^ and ^3 = Hg = K, 
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§ 10 . The remarks of § 5 evidently apply to homogeneous 
substitution-groups whose coefficients and variables are marks 
of a OF[f\ 

Let G be the general homogeneous linear group of degree m, 
and let be a primitive root of the Field. Then if g is 
{ux^, X 2 ,XQf Xy^), j • • • j is ^ substitution 

of G with determinant vf. But vf can be any non-zero mark 
of the Field; and hence Q = Tg-\-‘Tg^ + ,., + TgF-'^, There- 
fore G^/r is cyclic of order ^^—1. 

Again, if s = every similarity of G is 

of the type = {u^x-^^ u^x^j vfx^)- Therefore M is cyclic 
of order jp^ — 1. 

The greatest common subgroup D of F and M is of order d, 
where d is the H.C.F. of 1 and m. For is in F if and 
only if = 1, i.e. tm = 0 (mod 1) ; and the smallest 
value of t satisfying this congruence is {p^--l)^d. 

The fractional linear group A of degree m — 1 derived from 
F = F/D and is therefore of order ^ {p*'^l)d. It may 
be shown that A is simple unless m = 2 and p’’ = 2 or 3 
(i. e, p = 2 or d and r = 1). For the proof of this result, and 
for a discussion of other simple groups derived from subgroups 
of the general homogeneous linear group with given invariants, 
we must refer the reader to Dickson's Linear Groups (Teubner, 
1901). 

Ex. 1. Show that the centrals of G and F consist solely of their 
similarities. 

Ex. 2. Show that there are simple groups of orders 60, 168, 
504, 660, 1092, 2448, 3420, 4080, 5616. 

Ex. 3. A is of even order.* 

Ex. 4. Those substitutions of G^ F, A whose coefficients are 
integral marks form a subgroup. 

Ex. 5. When w = 2 and r = 1 every element of A is included 
once and only once among S^TSi^TS^ and TS^TS^TS'^ (A, r, 
T = 1, 2, ti,ar=l, 2, (p-l) ; po- = 1 (mod j>)) ; where 

>S is 0 )' = ir + 1 and T is a;' = — 1 -f- a?. 

Ex. 6. Show that A can be generated by three substitutions of 
order 2 when m = 2, r = 1, jp > 3. 

Ex. 7. If m = 2 and = 2, G contains a normal subgroup 
of order 3 generated by (^, x+y); and (? = F = A. 

Ex. 8. If w = 2 and p’" = 3, while A, B, (7, D, E denote 
respectively (2a7, x+y), {y, 2x+y\ (2y, x\ {x+y, 2^), (2a?, 2y), 

show that {E}, {B, E}, {C, D, E}, F = {E, 0, D, E}, G = {A, 
B, 0, B, E} are of orders 2, 4, 8, 24, 48 and that each is normal 
in its successor. 

’*‘1^0 simple non-cyclic group of odd order has yet been discovered. 
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GEOUPS OF MOVEMENTS 

§ 1 . We shall consider in this chapter groups whose elements 
are geometrical ‘ movements ’ of the kind discussed in Ch. IV. 
Such a group is called a gTO'wp of movements. If each move- 
ment of the group leaves a given point 0 unmoved the group 
is called a point-gronp. 

Ex. 1. A point-group can only contain rotations about lines 
through 0 and rotatory-inversions about 0 and lines through 0. 

Ex. 2. Every finite group of movements is a point-group. 

Ex. 3. If a group contains a rotation through 2 tt -r- (m integral) 
about a line I and a reflexion in a plane through Z, it contains 
reflexions in m planes through I, 

Ex. 4. If a point-group contains a rotation through 2TT-^m 
about Z and a rotation through it about a line perpendicular to Z, it 
contains rotations through tt about m lines perpendicular to Z. 

Ex. 5. If a point-group contains rotations through ^tt about two 
perpendicular lines, it contains a rotation through f tt about a line 
making an angle tan"“^>/2 with each. 

Ex. 6. If a point-group contains rotations through f tt about two 
lines inclined at an angle cos“^|, it contains a rotation through tt 
about a line making an angle tan"^A/2 with each. 

Ex. 7. If a point-group contains rotations through f tt about two 
lines inclined at an angle tan"^2, it contains a rotation through 
f TT about another line. 

§ 2. If G is any group of movements containing rotatory- 
inversions, the screws of G form a normal subgroup which is 
of index 2 when G is finite. 

We include rotations and translations as particular cases 
of ‘screws’, and reflexions, inversions, gliding-reflexions as 
particular cases of ‘rotatory-inversions’ unless the contrary 
is stated. 

By IV 6 the product of two screws is a screw. Hence the 
screws form a subgroup H, Also the transform of a screw 
is a screw (IV 9), so that H is normal in G* 
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Let JT be a given rotatoiy-inversion of G, and let I be any 
other rotatory-inversion of G, Then being a screw, is 

in J?; so that 1 is in EJ. Hence G = and H is of 

index 2 if is finite. 

§ 3. If any point, line, &c. P is brought to the positions 
P, Pi, Pg, ... by the movements of a group (?; P, Pj, P^, ... 
are said to form an equivalent system of points, lines" &e. 
under G, 

If G contains a screw S about a line Z, G contains a similar 
screw (one of equal angle and translation) about every line 
equivalent to Z ; since Q contains the transform of S by each 
movement of G (IV 9). These similar screws are the elements 
conjugate to S m G. A like result holds for the rotatory- 
inversions of G. 

Ex. 1. Points equivalent under a point-group lie on a sphere. 

Ex. 2. If G is of finite order the number of points, lines, &e. 
in an equivalent system is in general n. 

Ex. 8. (i) If G contains a rotation through 2'n^m about a 
line OP, but no rotatory-inversion, there are n^m points 
equivalent to P. (ii) If G contains a reflexion in a plane through 
OP there are 2m points equivalent to P. 

Ex. 4. Every movement of G permutes P, P^, P 2 , .... These 
permutations of P, Pj, P 2 , ... form a permutation-group isomorphic 
with G. 

Ex. 5. Use Ex. 4 to prove the result of VI 2 for a point-group. 

Ex. 6. A normal subgroup E of any group of movements G 
contains a screw about a line I, Show that E contains a similar 
screw about every line equivalent to I under G ; and that a like 
result holds for rotatory-inversions. 

Ex. 7. If a group contains a screw of angle about a line I 
and a reflexion in a plane through I, it contains reflexions in two 
other planes through L 

Ex. 8. If a group contains a screw of angle f about a Hne Z 
and a translation perpendicular to Z, it contains three independent 
translations. 

§ 4. The translations of any group G of geometrical move- 
ments form a normal subgroup JS, arid G/H is simply 
isomorphic with a paint-group. 

Since the product of any two translations is a translation, 
the translations of Q form a subgroup PT, and since the 
transform of a translation by any movement is a translation 
(IV 9), E is normal in G. 
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If ^1, Sg’*** screws of G, and Egj ••• 

rotations through equal angles about parallel lines through 
a fixed point 0, we can find translations ... such that 

= jR^Tp /Sg = -®2^2> •••• Moreover we can find a transla- 
tion T such that Sj = B^Rj . T (IV 9g , g, g). 

Similarly if ••• ^^7 rotatory-inversions of (?, 

and 7j, J2, ... are rotatory-inversions through equal angles 
about 0 and parallel lines through 0, we can find translations 
= *^2 = -^2^2J •••• Moreover we 

can find a translation t such that Ja = or such that 

S,Jj = R,Ij.t, or J,Sj^I,Rj.t 

Hence the, group G i^' multiply isomorphic with the point- 
group r consisting of the movements R^^ R^, I^, 

To identity in P corresponds every translation of Q, so that 
T=G/E. 

A group (such as H) each of whose elements is a translation 
is called a translation-gro'VLp, 

Ex. 1. H is infinite unless JV = 1. 

Ex. 2. The group generated by rotations through r about two 
perpendicular non-intersecting lines is isomorphic with the point- 
group of V 3ii(ii), the subgroup H being generated by a single 
translation. 


§ 5. We proceed now to find all possible types of finite 
point-group leaving a given point 0 unmoved. Every element 
of such a group ^ is a rotation about a line through 0 or 
a rotatory-inversion about 0 and a line through 0. Let R be 
any rotation about a line I through a positive angle a con- 
tained in the group, and suppose that the group contains 
no rotation about I through a positive angle < a. Then 

a = — where n is integral. For if (ti 1) a > 2 -zr > a, 

a rotation through %7T—n(x about Z is a movement of the 
group, so that 2 tt = na. Similarly if J is a rotatory-inver- 
sion through a about 0 and Z, and the group contains no 
rotatory-inversion about 0 and I through an angle < a, 

2 TT 

a = — 5 where n is integral We shall speak of R or I as 


an ‘ ^al ’ rotation or rotatory-inversion of (?. 


Ex. 1. A l-al rotatory-inversion is equivalent to inversion 
about 0. 
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Ex. 2. A 2-al rotatory-inYersion about I is equivalent to reflexion 
in a plane tbrougb 0 perpendicular to L 

Ex. 3. Find the orders of E and L 

Ex. 4. If a group G of order N contains an ^-al rotation or 
rotatory-inversion, JT -r ^ is integral. 

Ex. 5. If a group contains an ^-al rotatory-inversion, it contains 

an j {3“-(— l)^}-al rotation about the same line. 

§ e. We first consider a ‘holoaxial’ point-group G of 
order '3^ containing only rotations about lines through a 
point 0. 

If G contains 2-al rotations about different lines, 3-al 
rotations about different lines, . . . , 

n — \ = %-f 2U3-I-3U4 “h .... 

For any point P is brought to coincide with (m — 1) other 
equivalent points by successive rotations through 2 tt -f- m 
about any one of the lines round which an m-al rotation 
of G takes place. We thus get ^2 4-2%-}- 3^4-1- ... points 
equivalent to P. Also since G contains only rotations, all 
the points equivalent to P are thus obtained except P itself. 
But in general there are n points equivalent to and in- 
cluding P. 

Ex. If a group G of order n contains 2-al rotations about 
lines, 3-al rotations about % lines, ... and rotatory-inversions, 

— 1 = ^2 4" 2 -f- 3 -f- .... 

§ 7 . Let now O contain a-al, &-al, c-al, ... (a > & > c > ...) 
rotations about lines OA, OP, 0(7,... no two of which are 
equivalent under (?. We suppose these lines only drawn in 
one direction from 0. The prolongation OA' of 0 A is in- 
cluded among OP, 0(7, ... if and only if the two ends of the 
line A'OA are not equivalent, which is the case if G contains 
no rotation (through tt about a line perpendicular to OA) 
bringing OA to coincide with OA'. If t is any line through 0, 
there are in general n lines equivalent to t ; but if t coincides 
with OA, these lines coincide in sets of a. Hence there are 
n-i-a lines equivalent to (and including) OA; and G con- 
tains a-al rotations about each. A similar result holds for 
OP, OCy Therefore G contains a-al rotations about a 
equivalent lines, 6-al rotations about equivalent lines, 

and so on. These lines are the lines of § 6 

reckoned twice over. Thus, for instance, the line A'OA is 
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iccktJiM'ii f<nci‘ fis OA ami cjiici- as OA'. Ilenci; 
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Ex. 1. Find the groups formed by the rotations bringing to 
self- coincidence (i) a right regular hexagonal pyramid, (ii) a right 
regular hexagonal bipyramid, (iii) a rectangular parallelepipedon, 
(iv) an ellipsoid, (v) a cube, (vi) a regular tetrahedron, (vii) octa- 
hedron, (viii) dodecahedron, (ix) icosahedron. 

Ex. 2. and D are Abelian. 

Ex. B. (i) is a normal subgroup of D^, Da of D^ {a even), 

•2 

T of O, D of T and O. (ii) E is simple, (iii) 0/D = D3. 

Ex. 4. D^ contains 1 or 3 conjugate sets of elements of order 2 
as a is odd or even. 

Ex. 5. If ^ is a factor of a, D^ contains q subgroups Da, 

<1 

Ex. 6. Find the conjugate sets of elements in T. 

Ex. 7. O contains 4 subgroups D3 forming a conjugate set and 
8 subgroups D4 forming a conjugate set. 

Ex. 8. E contains 5 subgroups T forming a conjugate set, 
10 subgroups D3 forming a conjugate set, and 6 subgroups D5 
forming a conjugate set. 

§ 8 . We now consider a point-group G containing rotatory- 
inversions.* The rotations of Q form a normal subgroup if 
of index 2 (§ 2), and G is completely given when we know H 
and a single rotatory-inversion of (?. We find then all 
possible point-groups by taking any one of the groups jff of 
§ 7 and finding each m-al rotatory-inversion X about 0 and 
a line I which (1) brings to self-coincidence the system of 
lines about which the a-al, 6-al, ... rotations of H take place, 

and (2) is such that H contains a— {3 — (■— l)^}-al rotation 

about I (VIII 65). 

First we have cyclic groups (c^) generated by an m-al 
rotatory-inversion about 0 and a line Z: if is or as 
m is odd or even. 

The only other cases in which H is the group are those 
in which X is an inversion about 0, or a reflexion in a plane 
through the line 0 A of § 7. We thus get two types of group 
(r„ and 8„). 

Again, we may derive a type (d^) by combining the group 

with a rotation through ir about a line perpendicular to I : 
H is D^ or D^^ as m is odd or even. 

The only other case in which H is D^ is that of the 
type (A^) in which X is an inversion about 0. 

From T we derive two types (0 and 0) by taking X as 


♦ Such groups are sometimes called * extended ^ groups. 
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an inversion about 0 or a reflexion in the plane through two 
opposite edges of the cube of § 7, (iii). 

From each of O, E we derive a single typo (12, H) by 
taking X as an inversion about 0, 

Ex. 1. Show that dg is identical with 82? with (m odd). 

Ex. 2. By taking H as or and X as a reflexion in a 
plane perpendicular to OA, we get no group not already obtained. 

Ex. 3. By taking H as and X as a reflexion in a plane 
through OA (i) passing through one of the lines about which 
a 2 -al rotation takes place, (ii) bisecting the angle between two 
such lines, we get no new group. 

Ex. 4. Show that we have exhausted all distinct point-groups 
derivable from T, O, E. 

Ex. 5. 6^ contains reflexions in m planes through OA each 
of which makes angles tt -f- ^ with its neighbours. 

Ex. 6. What are the groups of symmetry-movements of an 
ellipsoid, a parallelepipedon, a rectangular parallelepipedon, a 
sphero-conic, an oblique circular cone, a right square prism, 
a cube, a regular tetrahedron, octahedron, dodecahedron, icosa- 
hedron, a tetrahedron with two pairs of opposite edges equal, 
a tetrahedron with each pair of opposite edges equal, a tetra- 
hedron with two pairs of opposite edges equal and the third pair 
perpendicular, a square open tank, a bound book, a paraboloid. 

Ex. 7. c„j, 82, A ( = A2), are Abelian. 

Ex. 8. 8« = D^, (m even), 0=0, Fa = D = 82- 

Ex. 9. 0/D = Dj, 0/D = Co, Q/T = D, 0/D = dj. 

Ex. 10. Which groups of § 8 are direct products? 

§ 9. We shall now consider briefly the properties of a 
translation-group JET containing no infinitesimal translation. 
Xet 0 be any point and let OAj represent (IV 8) a translation 
of jEf such that no other translation of H is represented by 
a line shorter than Let Oj5j represent another transla- 

tion of JjT, being chosen (out of OA^) so that the area of 
the parallelogram OA^DB^ is as small as possible. Take 
equidistant points A_^, 0, A^, A2 , ... along OA^, and 

through them draw lines parallel to 0-6^. Treat OB^ similarly. 
'The net of points so obtained (see Fig. 12) includes all the 
points in the plane AfiBj^ which are equivalent to 0 under H. 
JP'or if V were such a point situated in a parallelogram r, 
then evidently the parallelogram OA-^DB^^ (and in fact each 
parallelogram of Fig. 12) would contain a point F equivalent 
to V situated with respect to OA-^^DB-^ in the same way as V 
-with respect to r. This is inmossihle ; for the paralleloOTam 
whose adjacent sides are OF^ (/Aj is smaller than OA^DB^. 

1 2 
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Ex. 2. The straight line joining two points of a net (or lattice) 
passes through an infinite number of points of the net (or lattice). 

Ex. 3. The plane through three non-collinear points of a lattice 
contains a net of points in the lattice. i 

Ex. 4. If ^1, ^2) h translations represented by OJ-j, 

in § 9, (i) prove that and are independent 

if 01/02 ~ ^ ^ generate a subgroup of {^i, ^2} which 
only coincides with {t^ t^} if cxi/02~’C{2A = ±^5 (ii) 
condition that Ti Tq = ^ 

should be independent; (iii) show that K^{r-^, Tg, r^} is a 
subgroup of H and find the condition that JT = JST ; (iv) show 
that {^1, ^2> h) / ^3^} is Abelian group of order xy^ 

generated by three permutable elements of orders x, z. 

Ex. 5. Eind every group of movements such that JE is generated 
by a single translation. 

Ex. 6. No function of the complex quantity x+ —ly can 
have more than two independent periods. 

§ 10. Let H be the normal subgroup formed by the trans- 
lations of any group of movements G (§ 4). Let G contain 1 

a screw 8 through an angle 27t^^71 (but through no smaller j 

angle) round any line. Let R be the rotation through 27r-f 
about a parallel line I through 0. Now 8 transforms every 
translation of G into another translation of G, and hence 8 at 
most moves the lattice of § 9 parallel to itself. Hence R 
brings the lattice to self-coincidence. 

Let be a point of the lattice such that no point of the 
lattice is nearer I than (excluding points on 1), Let the 
rotations jR, R^, bring Ej^ to E^, ..., E^, Com- 
plete the parallelogram E^E^E^E, Then E^, E^, are 

points of the lattice, and therefore EJE^, -^2^3 represent 
translations of jH. Hence E^E represents a translation of R ; 
so that D is a point of the lattice. Therefore E lies on Z, 
or else is outside the polygon E^E^.,,E^. We see at once 
that this is only possible if % = 2^ 3, 4, or 6. 

A similar result holds for the rotatory-inversions of (?. 

Hence : — 

$ 

If the subgroup H formed by the translations of a group G 
contains no infinitesimal translation^ the point-group &imply 
isomorphic with G/H contains only 2-al, 3-aZ, 4-aZ, and 6-ai 
rotations and rotatorydnver^ons. 

G is not necessarily given when H and Q/E are given. 

If H is generated by three finite independent translations, 

G is one of 230 different types (of which 165 contain rotatory- 
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inversions}. For the discussion of these we must refer to 
Schoenflies’ KrystalUydeme 'iind Krystallstructur, or Hilton’s 
Mathematical Crydallography. 


Ex. 1 . G/II is one of 32 different types. 

Ex, 2. The movements bringing a net to self -coincidence and 
not displacing 0 form one of the groups T^, A, A^, Ag. 

Ex. 3. The movements bringing a lattice to self-coincidence 
and not displacing 0 form one of the groups c, r 2 , A, A^, A 4 , 
Aq, 12. 

Ex. 4. The only type of lattice brought to self-coincidence by 
Ag is that in which 

0^1 = OEi, A^OB^ = 120°, 010^1 = CjOEi = 90° 

(§ 9 ). 

Ex. 5. There are two types of lattice brought to self-coincidence 
by A 4 ; that in which 

(i) 0^1 = 0J5i, A-,0B^ == CjOAj == CiOBj = 90° ; 

(ii) OAi = OEi, A^OB^ = 90°, 

and the line joining Ci to the middle point of A^Bi is perpendicular 
to the plane OAiBi- 

Ex. 6 . If Cl 0^1 = C^OBy = 90° and C/JFI = Cg, G is one of 
two possible types. If G/B = C 2 , C is one of two types. 

Ex. 7, If ^lOEi = 120°, CyOAj = CiOEi = 90°, and C/JT== Cjj, 
G is one of three types. 

Ex. 8 . There is only one type of group for which G/H = Cg. 
Ex. 9. Find the groups in which H is generated by only two 
independent translations and G/H is C 2 , C 3 , C 4 , or C^. 


§ 11 . If a given movement brings any point P to the 
position P', P and P' have a one-to-one correspondence. 
Therefore a movement may be considered as a particular case 
of collineation. If (x\ y\ z') and {x, y, z) are the coordinates 
of P' and P referred to the same Cartesian axes of reference, 
we have evidently relations of the form 

0 '= + ^3 j/ -f c^z + cZ.j 

(for if P is at infinity so is P'). These relations may be 
considered as defining a substitution. Hence any group of 
movements G may be looked upon as a group of collineations, 
while the corresponding substitutions evidently form a sub- 
stitution-group of degree 3 simply isomorphic with Q, 

If C is a holoaxial point-group whose elements leave a 

f )oint 0 unmoved, 0 is simply isomorphic with a fractional 
inear substitution-group of degree 1 . 
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For let 2 be any sphere with centre 0 , and et a point P 
on 2 be brought to Q by a rotation of G equivalent to 
successive reflexions in two planes through 0 meeting 2 in 
the great circles j, Ic. Let Q\ k' be the stereographic 
projections of P, Q, y, k. Then P' is brought to Q' by 
successive inversions in the circles /, k' (IV 11). Let the 
coordinates of P', Q' referred to rectangular axes be (x, y\ 
[x\ 2/') ; and let 2: == x + iy^ ->riy' {i == '/ — !). Let /, h* 
be the circles 


2/2-f 2(/a? + 2 /2/-j-6 = 0, x- + 2gTX-¥2f{y-\-e^ = 0; 
and let (A, Y) be the inverse of [x, y) in / or of [x\ y') in ¥. 
We verity at once that 

r - + (f+ p-^){y+ f) _ f 

(x+gf + iy+ff {x + gY + iy+fy 

Hence 


X-iY . 


'{-g+{f)-<’' 

2^ + (.9+''/) 


= (similarly) - - 7 


2'(-<7i + ^/i)-ei 


+(.9i+'y‘i) 


•(i) 

az-^h 


Solving (i) we have a substitution S of the form z' = 

(where a, 6, c, d are complex quantities) which is not altered 
by multiplying a, Z>, c, cl by a common factor (not 0 or 00). 
It is usual to take ad — he = 1. The substitutions similar to 
form a substitution-group (?' simply isomorphic with G, 
If we change the vertex of stereographic projection or theaxCvS 
of reference, we obtain a transform of Gr' by some substitution. 


Ex. 1. A point-group is simply isomorphic with a group of 
homogeneous orthogonal substitutions. 

Ex. 2. (i) The substitutions of a homogeneous orthogonal group 
of degree 3 whose determinant is 1 form a normal subgroup 11 of 
index 1 or 2. (ii) If H is finite, it can be transformed into one 
of 5 given types of group. 

Ex. B. Find the simplest substitution-groups of degree B simply 
isomorphic with A, djj, B4, T, the group generated by an inversion 
and three independent translations, and the group generated by 
two screws through and of equal translations about two parallel 
lines. 

Ex. 4. Find the simplest substitution-groups of degree 2 simply 
isomorphic with 84, the group generated by two rotations through 
t: about parallel lines, and the group generated by a reflexion in 
a plane and a rotation through tt about a parallel line. 

Ex. 5. Find the simplest fractional substitution-groups of 
degree 1 simply isomorphic with C^, T. 

Ex, 6. Show that there are only 5 possible types of finite 
fractional linear substitution-groups of degree 1. 
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Ex. 7, By what substitution is the group of § 11 transformed 
if (i) the plane of stereographic projection is turned through an 
angle a about the axis of y, the origin being at 0 ; (ii) the axes of 
reference are turned through an angle y5 about the origin, the 
plane of projection remaining unaltered ? 

Ex. 8. Show that a point-group containing rotatory-inversions 
is simply isomorphic with a group composed of substitutions such 
as + 2)) -r {cx + d) and ^ pseudo-substitutions ’ such as 

x' = {ax +h) - 7 - {cx 4- d). 

§ 12 . We shall conclude this chapter by working out in \ ^ 
detail one example showing the connexion between certain ^ t 
groups of movements, collineations, permutations, and sub- 
stitutions. 

Consider the octahedral group O formed by the rotations 
bringing a cube to self-coincidence (§ 7 (iv)). Take as Cartesian 
reference-axes the lines through the centre 0 of the cube 
perpendicular to the faces. The group O may obviously be 
generated by a rotation a through i tt about a; = y = 0 and 
a rotation b through tt about y 0, x = z. 

Now let (x, y, z) be the coordinates of any point P. Then 
if the rotation a brings P to coincide with the point P^ and h 
brings P to coincide with Pg, the coordinates of P^ and Pg are 
{--y^x^z) and {z^ —y^x). Hence O is simply isomorphic 
with the homogeneous linear substitution-group of degree 3 
generated by — 2/, 2/'= zf z and x'^^z, y'=^ —y, 0 '== x. 

Take OP as unit of length and project points on the sphere 

+ + stereographically from the point (0, 0, — 1) 

on to the plane 2 ? = 0. Let (x, y), (x, , y^), (xg, yg) be the 
coordinates of the stereographic projections of P^Pi? Pg and 
let z = x+ V — ly, ai = x^+ V V — 1 yg. The 
rotation a is equivalent to successive reflexions in the planes 
7 / = 0, x = y and h is equivalent to successive reflexions in 
the planes 1 / = 0, x = z. These planes meet the sphere in 
great circles whose projections are y = 0, x=^y and y = 0, 

= Hence it follows by equations (i) of § 11 
that Zj = z, Zg = (1— z) (1 4-z). Hence O is simply 
isomorphic with the fractional substitution-group generated 

by cc'= — i X and a/ = ^ • 

1 + 0 ? 

Again, every rotation of O interchanges the four lines 

* The circle through (0, ^1) cutting sc * 0 at an angle of 
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(4; = + 7/ = ± 2; (the diagonals of the cube) while evidently 
no rotation of O except identity brings each such diagonal 
to self-coincidence. Hence O being of order 4 1 must be 
simply isomorphic with the symmetric group of degree 4. 

Again, suppose a rotation r of O l3rings any line I to 
coincide with V. Let Ij V meet a given plane in Q, Q' ; and 
let the lines ic = ±2/= meet the plane in the corners 
of a quadrangle A BCD, Then the rotation r establishes 
a collinear transformation of the plane ABCD such that 
corresponds to Q, This collineation interchanges the points 
A, B, Gj D and therefore transforms the quadrangle A BCD 


J 



into itself. Moreover since a coUineation of a plane is com- 
pletely determined when four pairs of corresponding points 
are given and A, B, C, D can be interchanged in 4 1 ways, 
O is simply isomorphic with the group formed by all those 
collineations of a plane which transfoxun a given quadrangle 
into itself. The collineations of order 2 in this OTOup are 
at once seen from Fig. 14 to be the perspective collineations 
whose fixed point and line are X and YZ, T and ZX^ Z and 
XT,E and CD, F and DA, 0 and AB, E and BO, I and BD, 
J and AG, These cori'espond to the rotations through tt 
contained in O as explained in IV 13. 

Ex. 1. Show that 0 is also simply isomorphic with the 
symmetric group of degree 4. 
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Ex. 2. Show that E is simply isomorphic with the alternating 
group of degree 5 and with the group generated by those collinea- 
tions of a plane of order 2 which transform into itself the ligure 
formed by a regular pentagon and the line at infinity. 

Ex. 3. Show that an Abelian group composed of collineations 
of order 2 transforming (i) a straight line, (ii) a plane into itself is 
of order < 4. 

Ex. 4. Show that an Abelian group generated by perspective 
collineations of order 2 is of order < 8. 

Ex. 5. Show that in an Abelian group of collineations of order 
2 the non-perspective collineations form with identity a normal 
subgroup of index 1 or 2. 

Ex. 6. Discuss the groups generated by (i) two perspective 
collineations with a common fixed point ; (ii) four persx)octivo 
collineations with a common fixed plane ; (iii) three non- 
perspective collineations of order 2 with one fixed lino in common 
and the other fixed lines concurrent. 


CHAPTER IX 


GENERATORS OF GROUPS 

§ 1 . We defined ‘an independent set of generators’ in V 3. 
A group may have several such sets, but the group is com- 
pletely determined when we know any one such set of 
generators and all independent relations between them. So 
far our knowledge of the properties of generators is confined' 
to isolated theorems (see the examples below) except in the 
case of Abelian groups which are discussed in §§ 3 to 6. We 
shall suppose the number of generators to be always finite; 
this is the ease for all finite groups. 


Ex. 1. The group == = 1 is infinite. 

Ex. 2. If a, denote (i) permutations on any finite number of 
symbols, (ii) linear substitutions in a a and b are 

connected by relations other than the e< 3 [uation 8 oF' 1 

giving their orders. 

Ex. 3. (i) The relations = 1, = a’*, db = * are incon- 
sistent unless W — l = 1) = 0 (mod A), (ii) If they are 

consistent, {a, h} is of order X/?. (iii) == = 1, ab = la^ 

are inconsistent unless 1. 

Ex. 4. If {a,l)} is finite and = {aVf, {a, b} is of the type 
= Z> or = 1, b^f^ = a\ aba = b. 

Ex. 6. The relations ab = ba^, ba = aF' define (if consistent) 
a finite group. 

Ex. 6. If a and b are of finite order and are both permutable 
with their commutator c, {a, b} is finite and each of its elements 
is of the form a^byc^. 

Ex. 7. If a^ -rzb^ 1, ab = 6a, ca=z be; {a, b, c} is of 

order 

Ex. 8. z=zb^ zzz (^aby = = 1, ac = ca, be = cb cannot be 

generated by < 3 generators. 

Ex. 9. Find in their simplest form the elements of 
(i) == 63 ^ 1, ba = aH‘^ ; (ii) = 6« = 1, ba = 

Ex. 10. (i) Prove that if = 6'^ = 1 and ba = a^b% ab = {baf 

* This implies that \ is the order of a, /9 the order of h relative to 
X >• jfe > 0, ^ J 
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and = 1. (ii) Deduce that = 1 , ha r=za^h^ is the 

same abstract group as = 1, Jig = gli^ and find its order. 

Ex. 11. ProTe that = 1)^=2 1, ha = is the same abstract 
group of order 55 as = 1, Jig = gJi^. 

Ex. 12. = 2,2 ^ ^ ^ (p(^y =:b^ = 1, 

= ha^, {ahy = are of order 4mr. 

Ex. IB. Find the orders of (i) = h^ 2 = [abY = a^b'^aW = 1, 

(ii) a^=:h^=:c^=^ {ahcf = (ac)' {c5)2 = (ao)3(c&)3 = 1. 

Ex. 14. Pind the orders of 

(i) a? =:W =2 {aiy = 1, (ii) # = h^ = {abf = 1, 

(iii) 2=2 W 2=2 laiy = 1, (iv) ct^ =2 :zz (ahf = = 1 . 


§ 2. Suppose we are giTen a finite or infinite group G 
generated by any given elements Qi, 32 ^ ••• connected by 

given DQutnally consistent relations = 1 , 9^9^ ••• = ^3 &c. 

Consider the group F generated by elements yi,y 2 5 '>' 3 J •" 
connected by the relations 7 ^/^...= !, = frc., and 

also by any number of further relations . . . = 1 , . . = 1 , 

&c., not in general all independent but consistent with, each 
other and "with y^yj^. - . = 1) y^y^ .. . = 1, &c. Now G and F are 
evidently isomorphic ; for to the product of any two generators 
Qi^gj of Q corresponds the product of y^, jj in T, and eonvorsoly. 
To each element of & corresponds only one element of F, 
while to identity in F corresponds every element of G con- 
tained in the normal subgroup S whose elements are 1, 
9 “ •••.&«• Heucer == 6t/H. 

Ex. 1 , (i) The addition of g^g^P ••• to the relations 
connecting the generators -• of any group G involves 

= 1 , where h is any element conjugate to -.-in G. (ii) If 

gPgp is normal in & and of order the addition of the 
relation gp^gp ... = 1 reduces the order of G to 1 -7- its original 
value. 

Ex. 2 . = 1, aAa= & is a subgroup of index 2 in 

1 , aU-l. 

Ex. 8 . Prove that in § 1, Ex 14 the group (i) is simply 
isomorphic with the alternating group of diegree 4, the group 
A(?n= 2) in the GF[S] (see VII 10), and the tetrahedral group 
T ; that (ii) is simply isomorphic with the symmetric group of 
degree 4 and the groups O, 9 ; that (iii) is simply isomorphic 
with the alternating group of degree 6 , the group A(w= 2) in 
the GJS'[p^ and the group A(m=2) in the and* the 

group E ; that (iv) is simply isomorphic with the group generated 
by (1 2 B 4 5 6 7) and (12)?47), the group A(m = 2) in the 6rJF[7] 
and the group A(m= 8 ) mthe (?F[2J. 
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Ex. 4. Prove that in § 1, Ex. 14 the group (i) is simply 

4 3x 

isomorphic with that generated by a;' = — — and a;' = — in 

Oj “1" -*• ^ “1" " 

the GF [5], and the group (iii) with that generated by co' = — 
and ir' = — ^ in the GFlll']. 

Ex. 5. Prove that the group = {oFf = 1 is simply 
isomorphic with the symmetric group of degree 3, the group 
A(m = 2) in the GF\2\ and the groups D3, 6.^. 

Ex. 6. Show that a® = = 1 is simply 

isomorphic with the permutation-group generated by 
a = (1 2 3 4 5 6) and lb = (3 6). 

Ex. 7. Show that = (a^&)2 = 1 is simply 

isomorphic with the general homogeneous linear group of degree 
2 in the GFm 

Ex. 8. Prove that a® = = 1 is simply 

isomorphic with the symmetric group of degree 5. 

Ex. 9. Find abstract groups generated by two elements simply 
isomorphic with 0, Q, H. 

§ 3. ^5 independent generating elements of an Ahelian 
group 0 of order n, we can always find elements g-i^ g%,gz^ ••• 
satisfying the following conditions: — gigj = gjgi for all 
values of i and j and g^i = 1, where (i) the order n^ of g^ is 
a factor of and is the order of g^ relative , 9^2 > • • • > } 5 

(ii) g\ is in {g^g^^ 9 being any element of (?; 

(iii) n = %^2%***‘ 

(1) If n^ is the L. C.M. of the orders of all the elements 

of (?, G contains an element whose order is n^. For let 
nn^ = where p^ q,r, ... are prime numbers. Then 

G contains an element g whose order is p^m (m integral) ; 
and therefore Q contains an element g'^ of order p^. Simi- 
larly G contains elements of orders q^.rr, ; and the product 

of these permutable elements of orders p”, ... is of 

order If g is any element of G, we have = 1. 

(2) Let the L. 0. M. of the orders of all the elements of 
Gi = G/ {g^^} he Any factor-group of an Abelian group 
is evidently Abelian ; in particular Gj^ is Abelian. Then 6r, 
contains an element A' of order n^- Let h be an element of G 
corresponding to h' in G^. Then n^^ is the order of h relative 
to {^1}. The order of any element of Q relative to {g-f^ is 
a factor of n^\ for it is equal to the order of the corre- 
sponding element of Qi* Hence g% is {grj, where g is any 
element of Q, 
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Let = Qj, Then t e, say) is integral. For 

= 1 by ( 1 ) ; whicli is only possible if e is integx'al. 
Put = hg{~^. Then g^'x = {kg^~^)\ = = h^g"* = 1 . 

Moreover is not in {g^} {s< and therefore 
= is not in {gr^} , if s is a positive integer < Hence 

Ug is the order of g^ and is its order relative to 

Since divides the order of h -which divides n^, divides 
ni (the case 'n^ = % is not excluded). It is evident that the 
order of [giy g 2} is and that each of its elements is of 

the form gi^ig^^2. 

( 3 ) Let the L. C. M, of the orders of all the elements of 

ffg = { 9 ^i> 9^2} %• Then (?2 contains an element of order 

Let ^ be a corresponding element of G. Then as in ( 2 ) 
is the order of h relative to {9^1, 9^2} » 9^^ is in {g^, g^], 

g being any element of G. 

Let IcS = Then v % and -r- % ( = (7 and r, say) 

are integral. For is in {g^] by ( 2 ) ; which is 

only possible if r is integral ; and = 1 by (1) ; 

which is only possible if q is integral. Put g^ = 

Then as in ( 2 ) = 1 , and g^^ = 

is not in {9^ g^} {s< %). Hence is the order of g^ and is 

its order relative to {gi^ g^}- 

Since /A is in {<7^, 92) order of h relative 

to {gi, g^}, ^3 divides 7h^ (V 1 ). 

( 4 ) We now apply to {gi, g^} the process applied in ( 3 ) 
to 92} so on. 

All the elements of G will then be included among the 
71 -^ 712 elements 

1 , 2 ,...,%^; i = l, 2 , 

These elements are all distinct. For if i/2^*-*.<75c”* 
= 9/1 92^2... 9/*, 9/x~/3x is in {9i, g^, l^once 

= and then similarly ^ d^c. Therefore 

71 = 


§ 4 . The elements 91,^25 9 ^ 3 j ®^td to form a base 

[ 9 i, 92 j 93, ...] of the Abelian group G. The base may be 
chosen in many different ways; but, however the base is 
chosen, the quantities are always the samo. 

For this reason -Ug, ... are called iTivariomta of Q, and 
G is said to be of the type (%,%, ')^3, ...).* Two Abelian 

* An Abelian group of the type (p^, p^, ...) ia said by some authors to 

be of the type (a, fij r, ...) ; see § 7. 
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groups of the same type are simply isomorphic and two simply 
isomorphic Abelian groups are of the same type ; so that an 
Abelian group is completely defined as an abstract group 
when its invariants are given. Abelian groups of every 
possible type exist. These statements we shall now prove 
(§§ 5 and 6). 


§ 5. The orders of the elements of two different bases of an 
Abelian growp 0 are respectively equal. 

If S'a. 9z^ •••] and [yi> ^ 2 . 7z, — ] are the bases. being 
of order % and of order we wish to prove 

'^i ~ ^ •••)" 

Now -rii = 1 /;^ by § 3 (1). If therefore we can prove n^ = 
when we assume %= 2 ^^, % = rg? •••> theorem 

can be proved by induction. 

Consider the elements obtained by raising every element 
of G to the %th power. They form a subgroup H of G, since 
= {gh)\ g and h being any elements of G. Every 
element of H is included in 


fir ... 

= 1 , 2 , n^^i ^ = 1 , 2 , 3 , .*.) ; 

i.e. in 

0, = 1, 2, ...,n,;t= 1, 2, ... , i-1), 

since gfi = gf^^ = gi = . . . = 1. 

Now Vi 0^ = 1, 2, ...5 %) takes n^ -f- n^ distinct values, 
and therefore H is of order • ... 

ni Ui n^ 

Again, the elements 

y,Viy/A-...y.0wx^i = 1, 2, i;,; ^ = 1, 2, ..., i^l) 


are all in H and are -A . ^ ^ ^ . VH - l . number on the 

% 'Thi 

assumption n-^=ivj^, 72,2 = 1 ^ 2 > •••? %-i = Hence every 

element of S is included among these elements and is there- 
fore in {yj, y 25 ...jyi«i}. But y/i is in H and is only in 
{yij y 2 ? --'syt-i} if divides n^. Hence divides n^, and 
similarly % divides Therefore n^ = and the proof by 
induction can be completed. 

It should be noted in particular that every base contains the 
same number of elements. 
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§ 6. Ahelian groups with the same invariants are 

simply isomorphic. 

Let •••] Le bases of the two Abelian 

groups. The are connected by precisely the same relations 
as the y s and therefore {g^, g^, g.^, ...} = {y^, y^, y^, ...}. 

Two simply isomorphic Ahelian groups G and F have the 
same invariants. 

Let [g^ij 5^2’ •••! Le a base of G and let in F correspond 

to Qi in &• Since the y’s are connected by the same relations 
as the g'Sy the ys satisfy the conditions of § 3 and therefore 
form a base of F precisely similar to g.^, ...]. 

An Ahelian group of any given type can always he found. 

Let the type be (%, n^y n^, ...)• Taking for the cyclical 
permutation (a^a^ . . . a^J, for g^ {hf )^ . . . for g^ (c^c^ . . . &c., 

the required group is the permutation-group {giy g^^g^y ...}. 

Ex. 1. An infinite Abelian group is not of necessity generated 
by a finite number of elements. 

Ex. 2. The group of § 4 is the direct product of 7/ = {Oiy g 2 , 
9v ^ 97 ^ 9^1 — } or of any two similar 

subgroups. 

Ex. S. Every Abelian group is the direct product of cyclic 
subgroups. 

Ex. 4. Two conformal Abelian groups are simply isomorphic. 

Ex. 5. The subgroup formed by those elements of G whose 
orders divide % is of the type %+iy •••? %)• 

Ex. 6. The subgroup formed iDy the %-th powers of the elements 

of G is of the type 

\% ni fii / 

Ex. 7. If % % =jP^4tn2, where 

.... are prime to p, [9i^h 91^1 •••> ^ ^ Lase of the 

subgroup of order in 

Ex. 8. Find a base and the invariants of (i) = 1 

ah = l)a; (ii) ==: 1, ah -ha; (hi) 

ah — ha; (iv) = 1, = a®®, ab = ba ; (v) = c® = 1, 

he = chy ca =^acy ah — ha; (vi) == 1, = a^% c^ = a® 6®, 

he — chr ca = oc, ab = ha. 

Ex. 9. Find the types of the Abelian groups C^, 82, A, 

HILTOH F. O. E 
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§ 7 , If [f/i, c) 2 , Oy] is a base of an Abelian group Q of 
order {p prime), the orders of {h, <J^, (lx are evidently 
all powers of p. If these orders are jA, p%, 

Cj, Og, Oj. are often called the invariant of 0 instead of 
2^'h,p"i, as in § 4; and G is said to be of the type 

(Oj, 02 , ... , 0 ^) instead of the type (f/'i ,p'h, .... p"x) as in § 4. 
No ambiguity will arise if we are careful to state in this case 
that the order of G is a power of y;. Thus 'an Abelian 
group of the typo (%, .... n^)’ has generators of orders 

%i, n^, while ‘ an Abelian group of order p" and of the 

typo (%, has generators of orders y^'h, p %, ..., p"x. 

Any element g of the group G of order p“ with base 
[l/i> •••’ !?*] invariants Oj, 02 , ..., is of the form 

gfujf,...g^0=^{^f, = 1, 2, ..., y/’/). Suppose S: X > a,.+j. 
Then gP^ = 1 if and only if fi-i is a multiple of of 

of Hence (} contains 

elements whose orders divide jA If a^* ^ X— 1 > (i >j)^ 
Q contains elements whoso orders divide 

and therefore 0 contains 

p^X+a.^.^+a.^,+...+a^_pi(A-l)+a^+i+a;+,^ 

(= L say) elements of order 

Ex. 1. G contains elements of order 

Ex. 2. If ^ X > X — 1 > G contains 

y(\-x)+a^4.i +0^4.2+ - 1) 

elements of order 

Ex. 3. G contains L — 1) cyclic suh^^roups of order 

Ex. 4. An Abelian group G contains L, M, N, ... elements and 
L', M'j N', ... subgroups of orders r^, ... respectively ; 

q^r, ... being distinct primes. How many elements, subgroups, 
and cyclic subgroups of order p^qt^r^ does G contain ? 

Ex. 5. (i) Every element of an Abelian group of order and 
type (1, 1, 1) is of order 1 or p ; (ii) conversely, if every 

element of an Abelian group G except identity has the same 
order, G is of this type; (iii) every subgroup and factor-group 
of G is of this type. 

Ex. 6. If every element of an Abelian group G is contained 
in one of a set of subgroups of G no two of which have an 
element in common, G is of the type (1, 1, 1). 

Ex. 7. If an element a of prime order q is permutable with an 
Abelian group G of order jp® but with no subgroup of G, qi& > o- 

Ex. 8. (i) A group G whose elements are all of order < 3 is 
Abelian of order 2^ and type (1, 1, ... , 1). (ii) If a is an element 
of order r permutable with {(r, a} is of order or 2^r. 
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Ex. 9. (i) In the group a'^ = 1, Hb^ = = a~^W) prove 

that = ^s+m hdQ== a~'^{hhih 2 ..-he-i)ci^^ (ii) Show 

that the group contains a normal Abelian subgroup of order 2^ 
and type (1, 1, , 1) where 7c < m. 

Ex. 10. If [ffi, ^21 dm] is a base of an Abelian group G, 
find the condition that 

h = S'i““5'2“j2 ••• h = ... ... , 

... g.^mm 

may (1) be independent, (2) form a base of G in the two cases 
where the invariants are (i) infinite, (ii) all =jp. 

Ex. 11. The marks of a GF[p'^] form an Abelian group of 
order and type (1, 1, 1) when combined by addition. 


§ 8 . Let G be an Abelian group of order and type 
(1, 1, ..., 1). Then evidently a base of G contains a generators, 
every element of G except identity is of order p, and every 
subgroup of G is of order ^9^ (r < a) and type (1, 1, ..., 1). 

A base [^j, Agj •••> K] some subgroup of order // in G 
may be chosen in 

X = (jp«— 1) xp(p^^'^’-l) xp^(p^^'"^—l) X ... — 1) 

ways. Eor may be any one of the p^—1 elements of order p 
in &; may be any one of the 1)— (p— l)=pCP^*‘"^ — 1) 

elements of G not contained in {\} i may be any one 
of the (^9®— 1) — (j9^~l) = 1) elements of G not con- 
tained in ; ^4 uiay be anyone of the — l)~(y;'^— 1) 

= ^^(29®'“®—!) elements of G not contained in {7^;^, 7^2* 5 

and so on. 

Putting a =r in X we see that, when a subgroup of order j/ 
is given, its base may be chosen in 

Y = — 1) — 1) X 1) X ... X//“‘^(jp — 1) 

ways. Hence the total number of subgroups of order 
p*' in G is 

X (i9«- 1) -- 1) . .. »- 1) 


Ex. 1. (JYy — (xN(x^f. 

Ex. 2. = the coefficient of of in 

(1 -^ px ) (1 ... (1 

Ex. 3. An Abelian group G of order jp® and type (ui , ... , a^.) 

contains 1) ... 

(p— 1) subgroups of order jp^ and type (1, 1, ... , 1). 

Ex. 4. The G. C. S. of all the subgroups of index jp in (§ 8)=1. 

K 2 
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Ex. 5. If an element a of prime order q is permiitable with an 
Abelian group G of order and type (1, 1, 1) but with no 

subgroup of 6r, alSF^ ~ 0 (mod q\ and q> a. 

Ex. 0. Find the number of subgroups of order in an Abelian 
group of order ^ 2 , 2, ..., 2, 1, 1, 1):— 2/2's 

and 1 's. 

Ex. 7. Find the number of subgroups of the type (2, 1) in an 
Abelian group of order and (2, 2, 1, 1). 

Ex. 8. Find the number of subgroups of the type (3, 3, 2) in 
an Abelian group of order and type (3, 3, 3, 2, 2, 1, 1). 

Ex. 9. Find the number of distinct bases of an Abelian group 
of order and type (w, m— 1, ... , 2, 1). 


CHAPTER X 


THE COMMUTANT AND GROUP OF 
AUTOMORPHISMS 

The Commxjtant 

§ 1 . The commutator of any two elements of a group G 
will be called for brevity a cornmnubtator of G, (See I 4 .) 

Let be these commutators; then the subgroup 

A = {hy k, h of 6^ is called the comonutant, commutator 
subgroup, or first derived group of (?. Though A contains 
every commutator of (?, it is not in general true that every 
element of A is a commutator of Q ; for the product of two 
commutators of 0 is not necessarily a commutator of (?. 

If A coincides with Q, 0 is called a perfect gi’oup. 

Ex. 1. A = 1, if and only if G is Abelian. 

Ex. 2. The commutant of a subgroup of is a subgroup of A. 

Ex. 3. The commutant of the direct product of any number of 
groups is the direct product of their commutant. 

Ex. 4. The direct product of perfect groups is perfect. 

Ex. 5. If A is of order 3, no conjugate set of G contains more 
than 8 elements. 

Ex. 6 . If A is a subgroup of the central of Gy any two elements 
conjugate in G are permutable. 

Ex, 7. If G contains a normal cyclic subgroup If, each element 
of A is permutable with each element of AT. 

Ex. 8 . If ba = ab^ and ad = ba% the commutant of {a, 6 } is 
cyclic. 

Ex. 9. Find the commutants of the groups of V 4^ and IX I 3 . 

§ 2. The commutant A of a group 0 is normal in G. 

Let a, b be two elements of Q; then is in A. 

Let g be any other element of O ; then 

g-\a-'^h-'^ah)g = (g-^ag}-^{g-^bg)-^(g-^ag) {g-^bg) 

is in Ay for it is the commutator of g^^ag and g'^’^hg which 
are elements of (?. Again, if hy kyl, ,,, are commutators of 0, 
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g'^'^hU g g^'^hg .g'^'^kg . g-'^lg — is the product of com- 
mutators of G, and is therefore in A. Hence the transform 
of any element of A by any element of 6^ is in A, i.e. A is 
normal in (?. 

Ex. 1. Every simple group is perfect. 

Ex. 2. The direct product of any number of simple groups is 
perfect. 

Ex. 3. The commutant of a~'^Ga is (X"^Aa. 

Ex. 4. The commutant of the symmetric group of degree m is 
the alternating group of degree m, and this alternating group is 
perfect unless m = 4. 

Ex. 5. In VII 10 r is the commutant of G except when m = 2, 

= 2 or 3. 

§ 3. If H is any normal subgroup of a group G and A is 
the commutant of G^ {H, A} /H is the commutant of G / H, 

Let A' be the commutant of T = G / H. Let a, b be any 
two elements of G, and a, j3 the corresponding elements of F, 
Then to the commutator of a and /3 correspond 

the elements of Ha^'^b'^'^ab, while to each commutator of G 
corresponds a commutator of F. It follows that to the pro- 
duct of any number of commutators of F correspond the 
products of elements of E and commutators of G, and con- 
versely. Hence the subgroup A' of F corresponds to the 
subgroup {jEf, A} of Gy and therefore A'= {if, A} /jff (V 18). 

CoBOLLABY 1. If any normal subgroup E of a group G 
coincides with or contains the commutant A of Gy T = G/H 
is Abelian, 

For in this case the commutant A'ofr={jEZ', A} / E = 1, 
and therefore F is evidently Abelian. 

CoEOLLABY 11. Conversely y if F is Abelian^ E coincides 
with or contains A. 

For if F is Abelian, A'= 1. 

Ex. 1. Every factor-group of a perfect group is perfect. 

Ex. 2. Every perfect group is isomorphic with a simple non- 
cyclic group. 

Ex. 3. We can always find a group G such that G/A is simply 
isomorphic with any given Abelian group K 

Ex. 4. The G-. C. S. of all normal subgroups of index jp in any 
group G contains A. 


METABELIAN GROUPS 


135 


X 5] 

Ex. 5. (i) A normal subgroup H containing the commutators 
of each pair of generators of €r contains A. (ii) If these com- 
mutators generate a subgroup K and K, Zo, ... are the 
conjugates of X in G, A = {K, Aj, Ag, ... }. 

Ex. 6. If the commutant of a group G is Abelian, the corn- 
mutant of any factor-group V is Abelian. 

Ex. 7. Find the commutants of the groups of V 14^0, and 

IX. lj^2* 

Ex. 8. Find the commutants of T, O, H. 

The Group of Inner Adt'omorphisms 

§ 4. If C is the central of a group G, A = G/0 is called 
the group of inner automorphisms, the group of cogredient 
isomorphisms, the first cogredient, or the first adjoined aroup 
of G, (SeeV7.) 

The group of inner automorphisms A of a group G is not 
cyclic, unless G is Abelian when A = 1. 

If A is generated by a single element a of order e, and g 
is an element in G corresponding to a in A; the elements 

+ + ... are all distinct and include every 

element of ff . Hence if A is cyclic, G is Abelian : for any two 
elements such as e^g^, c^gV are permutable {c^ and Cj being 
in G), since c^g^ . c^gv = c^Cj g^gV = CjC^ gVg^ = CjgV . c^g^. But 
if G is Abelian G = C, and hence A = 1. 

Ex. 1, Ao element of A is a power of each of the others. 

Ex. 2. h is an element of G corresponding to an element of 
order t normal in A, and g is any other element of Q. Prove that 
(i) h is permutable with every commutator of 6^ ; (ii) c= g~^li~^gJh 
is in (7 ; (iii) gh^ = c^h^g ; (iv) ghf = Ug ; (v) = 1 ; (vi) if C is of 

order it is possible to choose h so that c is of order t 

Ex. 3. The group of inner automorphisms of a direct product 
is the direct product of groups simply isomorphic with the groups 
of inner automorphisms of the component groups. 

Ex. 4. The orders of a group G, its commutant, and its central 
C are n, 6, y. If the group G/G contains an element a of order c, 
Gr contains a subgroup of index < b with a central of order > cy. 

Ex. 5. Find the groups of inner automorphisms of the groups 
of V33, V4 i, and V14 io. 

§ 5. If the group of inner automorphisms of a group G 
is Abelian, G is called Metahelian, It follows at once from 
§ 3 that the commutant of a metabelian group is contained 
in its central; and conversely, that if the commutant of 
a group is contained in its central, the group is metabelian. 
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Ex. 1. If the group of inner automorphisms A of a group G is 
metabelian, its commutant is Abelian. 

Ex. 2. If [a], {!)}, {c}, ... are normal in G = {a, h, c, G 
is metabelian. 

Ex. 3. a, 5 are two elements of a metaliclian group G and c is 
their commutator. Provo that the order of c is a factor of the 
order of ab and of the orders of a, b relative to {a}. 

Ex. 4. (i) Every metabelian group of odd order is conformal 
with an Abelian group, (ii) This is not true of every metabelian 
group of even order. 

Ex. 5. =1, a^-b ^ ba^, is metabelian. 

The Group op AufOMOpauiisMS 

§ 6. If the elements r/, , (/>,, ... of a group G are trans- 
formed by an element y permuta])lc with G into /y/, (J,/, ... ; 
then (jiijj is transformed into since 

y~^!iiy-7~^Ujy = y~^<li!ijy- 

The transfoimation by y exhiluts G as simply isomorphic 
with itself, <y/ corresponding to (j^ in the isomorphism. If y-^ 
transforms <// into yy/', yy^ evidently transforms into fy/'. 
Therefore to the isomorphisms of G with itself given by y and 
71 corresponds a definite isomorphism of G with itself given 
by yyj. A simple isomorphism of G with itself is often 
called an aviornorphism of G» It is defined as an mner or 
cogredient automorphism, if the isomorphism can bo obtained 
by transforming 0 by an element contained in 0 ; if not, as an 
outer or contragredient automorphism. 

If every possible outer automorphism of G is obtained by 
transforming by y, y^ , 72 , . . . , F = { f/, y , y^ , y^^ , . . . } is a group 
(not necessarily finite) containing G as a normal subgroup. 
Those elements of F which transform each element of G into 
itself evidently form a subgroup II of F. If h is permutable 
with each element of G and a is any element of F, a'^^ha is 
permutable with each element of G ; and therefore II is normal 
in F. The greatest common subgroup of G and II is obviously 
the central 0 of G^ 

If the same automorphism of G is exhibited on transforming 
by two elements a, b of F, transforms each element of Q 
into itself, and is therefore in iZ. Let 

F = + .... 

Then each element of Ila^ transforms the elements of G in 
the same way, while the elements of Jia,,*, Ha, transform the 
elements of 0 in different ways (i ^ j). Let be the element 
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of r/jff corresponding to the elements Ha^ of F. Then if the 
elements Ha ^ . Haj transform the elements of G in the same 
way as the elements Haj^, a^cxj = Hence F/JT is a per- 
fectly definite group such that to each element of T/H 
corresponds one and only one automorphism of G. It is 
called the group of automorphisms or group of isomorphisms 
of G. 

If any two elements gf, g' of G transform the elements of G 
in the same way, g'g^^ is in H and G, and is therefore in G, 
Hence (changing the notation) if 

F zz Hg-J^i- IIg2-^ ••• +JB[g^-i-Ily + IIyj^ + Hy2 + ... 
(where y, yi, y^, ... are not in G). Now 

E = Hg, + Eg2 + ..^+Eg, 

is a normal subgroup of F, for E = {E, G} and H, G are 
normal subgroups of F. The automorphism of G exhibited 
by transforming the elements of G by an element g of F is 
inner or outer according as E does or does not contain g. 
Therefore the group of automoi-phisms T/E contains a normal 
subgroup E / E G/C corresponding to the inner auto- 
morphisms of G. This is the reason why G/G is called the 
‘ group of inner automorphisms * of G, If 

F ^ "h Eh^ Hh Eh^ . . . , 

the T outer automorphisms exhibited by transforming the 
elements of G by each element of Ehi are said to form a class 
of outer automorphisms. 

If G admits of no outer automorphisms and the central 
C = 1 , G is called a complete group. 


Ex. 1. The identical element corresponds to itself in every 
automorphism of a group 6r. 

Ex. 2. Those elements of G which correspond to themselves in 
a given automorphism of G form a subgroup. 

Ex. 3. In any automorphism of G & conjugate set of elements 
corresponds to a conjugate set. 

Ex. 4. An Abelian group may be exhibited as automorphic by 
making each element correspond to its inverse. 

Ex, 5. A complete group is simply isomorphic with its group 
of automorphisms. 

Ex. 6. If L is the group of automorphisms of the direct product 
G of two complete groups A and JB, G=^L, unless A = B when 
G is normal and of index 2 in L, 

Ex. 7. If Zj, Xq, X 3, ... are the groups of automorphisms of 
groups Gi, G 2 , G^j ... such that the orders of any two are prime 
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to one another, while {Gi, •••} is their direct product; 

the group of automorphisms of 6^2? •••} i® direct 

product of groups simply isomorphic with X3, — 

Ex. 8. In § 6 those elements of V which are permutable with a 
given subgroup X of G form a subgroup H of E. Those elements 
of r which transform each partition of G with respect to X into 
itself form a normal subgroup of B. 

Ex. 9. If the complete group A" is a normal subgroup of a 
group Gy the elements of G not lying in K form (with 1) 
a subgroup M of G; and G is the direct product of K and M. 

Ex. 10. If a, l)y c, are generators of a group G satisfying 
certain relations, and a', h', ... are elements of G satisfying 

precisely similar relations but no relations independent of these, 
then an automorphism of G exists in which a' corresponds to a, 
V to Z), 0' to c, .... 

Ex. 11. The group of automorphisms of a cyclic group of order 
p® is a cyclic group of order — 1) excluding the case 

p = 2, a > 2. 

Ex. 12. The group of automorphisms of a cyclic group of order 
2®(a > 2) is Abelian of order 2‘^“^ and type (a— 2, 1). 

Ex. 13. Find the group of automorphisms of any cyclic group. 

Ex. 14. (i) If higi corresponds to in an automorphism of an 
Abelian group (? =^i-f^2+^3+ ••• in G)y g^ corresponds to 
in an isomorphism of G with a subgroup, (ii) Every Abelian 
group (of order > 4) is isomorphic with a subgroup in such a way 
that no element corresponds to its inverse. 

Ex. 15. G is an Abelian group with base \_gi, g 21 •••? 9x1* 
Prove that (i) if \ corresponds to gi(i =■ 1, 2, ic) in any 

automorphism of G, W, \y ..., is a base of G; (ii) if [/^i, 

7^2, ..., is a base of G, an automorphism of G exists such that 
\ corresponds to g ^^ ; (iii) the order of the group of automorphisms 
of an AbeHan group is equal to the number of distinct bases: 
apply this to the group of IX 8. 

Ex. 16. (i) If an Abelian group G of order and type (1, 1, 
..., 1) with base g^, ..., g^ admits of an automorphism in 

which gfirg^^ir g^^mr corresponds to g^y gi^^ 92 ^^' 

corresponds to g-^ig ^2 g^f^m in this automorphism; where 
+ (ii) The group of 

automorphisms of G is simply isomorphic with the general 
homogeneous linear group of degree m in the GF[jf\, 

E::^ 17. If an element of prime order g is permutable with an 
Abelian group G of order and type (1, 1, ..., 1), a is > 5, 
where s is the smallest integer such that p® = 1 (mod g). 

Ex. 18. If aP z=z 'bP := and the commutator c of a and 1) is 
permutable with a and b, every element of {a, 1} is of the form 
a^yy(^ and is of order ^(p > 2). Prove that can 

correspond to a and V = to & in some automorphism of 
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(a, h} if and only if xs—yr ^ 0 (mod jp). Find the order of the 
group and of its group of automorphisms. 

Ex. 19. Find the order of the group of automorphisms of 
(i) # = 62^ ^^5^3 ^ 2, (ii) = h^ = {obY = 1, 

(iii) = {alf = 1. 

§ 7. If the group J? of § 6 is itself simply isomorphic 
with (?, r is called the holomorph of 0, For the proof that 
this holomorph always exists we refer to § 8, where we shall 
show how to construct a permutation-group simply isomorphic 
with the holomorph of any given group. 

If every element permutable with 0 is permutahle with 
a subgroup K oi Gr^K is called a characteristic subgroup of Q. 
In every automorphism of G each element of K corresponds 
to itself* or some other element of K, A characteristic sub- 
group of Q is evidently a normal subgroup of the group F 
of § 6 ; and conversely, each normal subgroup of F contained 
in (? is a characteristic subgroup of G, 

Ex. 1. Every characteristic subgroup of a group G is normal in 

but not every normal subgroup is necessarily characteristic. 

Ex. 2. A simple group has no characteristic subgroup. 

Ex. 3. The central and commutant of any group are characteristic. 

Ex. 4. If B is the only subgroup in (r of a given order, B is 
characteristic. 

Ex. 5. Every subgroup of a cyclic group is characteristic. 

Ex. 6. The subgroup generated by those elements of a group 
whose orders divide a given number is characteristic. 

Ex. 7. An Abelian group of order ... {p, q, r, ... being 

distinct primes) has characteristic subgroups of order jp®, .... 

Ex. 8. The subgroup formed by the Zc-th powers of the elements 
of an Abelian group is characteristic. 

Ex. 9. A characteristic subgroup K of an Abelian group G 
cannot contain an element g of maximum order in G. 

Ex. 10. (i) Every characteristic subgi-oup of an Abelian group 
is contained in the subgroup formed by all the elements not of 
maximum order, (ii) What is the condition that an Abelian 
group of order may contain a characteristic subgroup of index ^ ? 

Ex. 11. If a group is the direct product of characteristic 
subgroups, its group of automorphisms is the direct product of 
groups simply isomorphic with the groups of automorphisms 
of these subgroups. 

Ex. 12. The order of the holomorph of a group G is the 
product of the order of G and the order of the group of auto- 
morphisms of G. 

Ex. 13. The holomorph of a complete group of order n is of 
order 
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Ex. 14. The holomorph of the direct product of two simply 
isomorphic complete groups of order n is of order 2%^, 

Ex. 15. The holomorph of the holomorph of a complete group 
of order n is of order 

Ex. 1(). Eind the order of the holomorph of a cyclic group. 

Ex. 17. The general linear group T of degree m in the GF[p\ 
formed by substitutions of the type 

••• + 

is simply isomorphic with the holomorph of an Abelian group of 
order and type ( 1 , 1 , 1 ). 


§ 8. If Uiy 02 ^ Un elements of a group G of 

order n, wo can readily construct permutation-groups on the 
symbols s™ply isomorphic with the group of 

automorphisms and the holomorph of (5. 

If a, h are elements of F (§ 6 ) such that 

a"’ {/i a = [/(, !>“’ </i Tj = (k " ; (ab)-i (ab) = (//. 

Again, if o-, r denote the permutations 


( 


(h 





U-> 

u<r 


Un 


y 


(TT replaces fh by fj{\ Hence the permutations <r, r, ... corre- 
sp ending to each distinct transformation of G by an element 
of r form a group L such that Y is multiply isomorphic with A, 
while to each element of L corresponds one autoruorphism 
of G, and conversely. Therefore Ij'=^T / R and is simply 
isomorphic with the group of automorphisms of <?- 

Consider now the group P (VI 2 ) simply isomorphic 


with G formed by the permutations St^( 9‘i ••• Sn \ 

Let T = ( J 2 Jn j (where <?i, elements 

of (?) be a permutation on the symbols (J^> 

ixiutable with every element of F. Then replaces by 

replaces ty e^g^(jt if g^gi = g^. Xow 
because T^i = =e^- Bub since may be any element 

whatever of ff , may also be any element of <?. Therefore 

{u= I, 2, ..., 7h)\ and T is pexmutable with every 
element of P if and only if Cj = 63 = ... = Hence the 
only permutations on pexmutahle with every 

element of P are the n permutations of the type 


8i'=( ), 

which are readily shown (as in VI 2) to form a group P' 
simply isomorphic with G or P. 
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The permutation V/ = f ■” 

9i92ai~^ -giSngi 
id V{Si = Si- Therefore the group K = {Z, F} contains F 
a subgroup. Novr F and F' are normal subgroups of K, 


92 

gig2gf^ 


is in L, 


since 

and 


9i 

9x9i 


S{(T = cr X ^ 

S/cr=<rxQ 


92 

929i 


9i 9i 9i 92 • 


9n \ 
9n9i' 

9i9J 


as is easily verified. Again, L and P have only identity 
in common; for no permutation of L displaces that one of 
the symbols gn which represents the identical 

element of (?, while each permutation of P (except identity) 
displaces every symbol. Similarly L and P' have only 
identity in common. Hence if o-g, 0 - 3 , ... are the permu- 
tations of X, if = {X, P'} = {X, P} = PVj + PVg + PVg-l- ... 
and Jl/P'=X. But the elements of K permutable with 
every element of P are the elements of P\ and P'= P. 
Hence K is the holomorph of P, and is therefore simply 
isomorphic with the holomorph of O. 


Ex. 1. JL is intransitive, K transitive. 

Ex. 2. (i) K is not contained in any permutation-group on the 
symbols g^i which contains P normally, (ii) Every 

permutation on these symbols permutable with P is in K. 

Ex. 3. The group of automorphisms and the holomorph of 
a non-cyclic Abelian group of order 4 are simply isomorphic with 
the symmetric group of degree 3 and the symmetric group of 
degree 4. 

Ex. 4. (i) The group of automorphisms of {ahy = 1 

is = Ij cd = dc^ ; To being prime to m and such that 

(mod m), t < <p(m). (ii) When w = 3, 4, or 6 the group 
and its group of automorphisms are simply isomorphic. 
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PRIME-POWER GROUPS 

§ 1 . We shall devote this chapter to the properties of 
a group whose order is the power of a prime. Such a group 
will be called a jp'^ime-power group. 

Everij 'prime-poioer group comta/ins normal elements other 
than ^identity- 

Lot be a group of order p being prime. Then the 
order of every element and subgroup of is a power of p. 
Let 0 of order v he the central of O, Let the conjugate sets 
of elements in G (other than the v sets containing only one 
clement apiece) contain respectively € 3 , ... elements. 

Then + •••• Now by V 8 G contains a 

subgroup of order -f- and therefore each € is a power 
of p. Hence r is a power of p and is 9 ^: 1 ; which proves the 
theorem. 

CoKOLLABY. Every group of order p"^ is Abelian, 

A gi’oup 0 of order p"^ can only contain elements of orders 
1 , p, pK If 0 contains an element of order p\ Q is cyclic 
and is therefore Abelian. If G contains no element of order 
let g be an element of order p normal in G, Let h be another 
clement of G of order j?, not contained in {< 7 }. Then the 
p^ elements g^'hy (x, 2 / = 1 > 2 , j?) are all in are all 

permutable, and are all distinct. 

For g'^h ^ . g^'h^ = g^h ^ . g’^h^ since gh = hg ; and g'^U = g^h^ 
only when when a; = r and y = a (mod p)- 

Hence all the elements of Q are included among the p^ permu- 
table elements and therefore O is Abelian. 

Ex. 1. The direct product of prime-power groups has a 
central ^ 1 . 

Ex. 2. No prime-power group is simple unless its order is prime. 

Ex. B. No prime-power group is complete. 

Ex. 4. In § 1 the order of the commutant of (? is S: the 
greatest of the quantities cg, ...• 
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Ex. 5. If a group G of order contains more than one normal 
subgroup of order p, G is Abelian and non-cyclic. 

Ex. 6. If a group G has a commutant of index it contains 
no other normal subgroup of this index. 

Ex. 7. The Gr. C. S. of all normal subgroups of index ji; or in 
any group G contains the commutant of G. 

Ex. 8. A normal subgroup of a prime-power group G has 
elements in common with the central C of G, 

Ex. 9. The commutant of the group of inner automorphisms of 
a prime-power group G is of lower order than the commutant of G. 

Ex. 10. The central C of a group G of order contains at least 
p commutators of 6r. 

Ex. 11. If the commutant of a prime-power group G is of prime 
order, each commutator of G is normal in G, 

Ex. 12. Every group G of order p^ contains (i) a normal 
subgroup of index (ii) subgroups of orders p, p% ... , p^^^* 

Ex. iL Xo prime-power group is perfect. 

Ex. 14. An element of order jp in a group G of order p^ is 
conjugate to none of its powers except the first. 

Ex. 15. If a, I are two elements of a group G of order p^ 
having each p conjugates in (x, their commutator c is of order p 
and is permutable with a and K 

Ex. 16. The elements of those conjugate sets of a group G 
of order p^ {p > 2) which contain 1 ox p elements of order < p^ 
form with identity a characteristic subgroup of G, 

Ex. 17. If the central (7 of a group G of order is of order 
and g corresponds in G to an element of order p in G/Of {(7, g} 
is Abelian of order and is the central of a subgroup of index 
< p^ in G, 

Ex. 18. A group of order p^ whose central is of order p^ 
contains a subgroup of index whose central is of order 

> if a > ^ (2a; + yd) (^ + 1). 

Ex. 19. A group G of order p^ whose central is of order p^ 
contains an Abelian subgroup of order if a > ^€{2x + €—l). 

Ex. 20. A group of order p'^^ whose central is of order p^ 
contains an Abelian subgroup of order j?®, and a group of order 
whose central is of order p^ contains an Abelian subgroup of 
order 

§ 2. J-Ti any group G of order we can always find 
a series of subgroups of orders p^p^>p^^ ... euch that each 
is normal in G arid in all the subgroups of the series which 
follow it. 

Let c be any element of order p^ normal in (?; then 
is an element of order p normal in G, and {g-{\ is 
a normal subgroup of G of order jp. Now G / {gi) is of order 
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and similarly contains a normal element of order y;. 
Let in G correspond to 72 in G f [g^]. Then is in {r/J ; 
and, if g is any element of G and y the corresponding element 
of G/ y""Vu"’Vy 2 = ^ therefor© g’^^gf^gg^, is in {g^]. 
It follows at once that ^ normal" subgroup of G. 

It is of order containing the ‘p^ elements 

iftij /d 2 = I 3 2 , . . . , p) 

which may be shown to be distinct as in the Corollary of § 1. 

Let y.{ be an element of order p normal m G/ {//j, g,^], and 
let </3 be a corresponding element of Q. Then as before 
and are in g^}, while {r/^, g.^} is a normal 

subgroup of G containing the 2>^ elements 

(/^n ^ 2 > P)- 

These elements are all distinct, since gi 'g^S^gz^^^g^ g 2 gl would 
involve g./^^ lying in { . 

Wc now take an element y^ of order p normal in 
O / < 72 , g^} and proceed as before. Finally we show that 

every element of 0 is included once and only once among the 
elements = 1, 2 , ; i = 1 , 2 , a), 

whore for all values of i g^^V and g'^^gf^ggi (i*©* the com- 
mutator of g and g^, g being any element whatever of G) are 
contained in {gi.g^, Any one of the subgroups 

{9i> {9v 9z}y of orders p,p\2P, ... is normal 

in all the subgroups succeeding it. 

Ex. 1. If (r is the direct product of prime-power groups and m 
is any factor of the order of (?, G contains a normal subgroup 
whose order is m. 

Ex. 2. Any normal subgroup T of order in a group G of 
order is contained in normal subgroups of orders p^f 

Ex. 3. A group G of order n contains a normal subgroup E of 
index p^. Prove that (i) G contains a normal subgroup of index 
y < IB; (ii) any normal subgroup K of index contains 
a normal subgroup of index p^. 

§ 3. Every mhgrcmp H of order p^ in a group G of 
order p^ is corvtained normally in a subgroup of order 

p^^\ 

Using the notation of § 2 , if JET does not contain 
{H, is evidently the sub- 

OTOup of order required. If E contains {9v929^*-i9i} 
but not sr<+„ {E, g^+j} = + ... + J?st+i “ 


m 
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the subgroup required. For is in H; and so is 
{k being any element of H), since 'br'^gUif^gui ^ 

{Qi^ 929 •••’ 9i}* 

CoEOLLAEY. Every subgroup of index p in a group of 
order p^ is a normal subgroup. 

Ex. 1. Every subgroup of order in G is contained in some 
subgroup of given order where a > yd > s. 

Ex. 2. If A' 2 , Xg, ... are conjugate subgroups of (r, {Zj, 

Zg, Zg, ,,,} ^ G, 

Ex, 3. If every subgroup of order jp’' in is Abelian, every 
subgroup of lower order is Abelian. 

Ex. 4, If two subgroups Z, Z of index in (r are Abelian and 
G is non- Abelian, (i) the G*. C. S. of H and Z is the central G of G, 
(ii) the commutant and group of inner automorphisms of G are 
Abelian of the type (1, 1, 1). 

Ex. 5. Any group containing two Abelian subgroups of index j> 
is Abelian or metabelian. 

Ex. 6. If the commutant of G (§ 3) is of order jp, the G.C. S. Z 
of all subgroups of index p is in the central of G. ^ 

Ex. 7. If G contains only one subgroup T of index p, G is 
cyclic. 

Ex. 8. If G contains only one subgroup Z of order jp®, Z is 
cyclic. 


§ 4. If p^ is the order of the greatest common subgroup D 
of the subgroups of index p in a group G of order p^^ G 
contains -r (^“-1) such subgroups of index p. 


Let Hi, Zg, Zg, ... be the subgroups of index p. Since 
they are all normal in G (§ 3), B is normal in G (V 11). Now 
G/H^, GJE^, G/H^, ... are of order p and are therefore 
Abelian. Hence Z^, Zg, Zg, ... all contain the commutant 
A of (? (X 3). Therefore B contains A, and G / B is Abelian. 

Let g be any element whatever of G, the corresponding 
element of G/H^, and y the corresponding element of G/B, 
Since y/ = 1, g^ is in Z^. Similarly is in Z^, Zg, 
so that gP is in B, Therefore yP = 1. Hence every element 
of G/B is of order 1 or p^ and G/ B is of the type 
( 1 , 1 , ..., 1 ). 

It follows from IX 8 that G/ B contains -r- (i>— 1) 

subgroups of index p, each corresponding to _ one of the 
subgroups Hi, H^, Zg, ... in (?. Hence G contains 

subgroups of index p, 

hiltok r. G. ^ 
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Ex. 1. The number of subgroups of index jp in a prime-power 
group = 1 (mod p). 

Ex. 2. If A is the commutant of a non-cyclic group G of order 

G/iS. is non-cyclic. 

Ex. 3. G {§ 4) contains no element of order 

Ex. 4. If ^ is a normal subgroup of G such that G/E is Abelian 
of type (1, 1, ..., 1), E contains D. 

Ex. 5. If JP is the normal subgroup generated by the jp-th 
powers of the elements of G, prove that (i) G/ {A, E} is Abelian 
of type (1, 1, 1), (ii) {A, P} SD. 

Ex. 6. G contains 0, 1, or p-fl Abelian subgroups of index p, 
unless G is Abelian. 

Ex. 7. It is possible to choose the elements Qi, 02 , •••? 

§ 2 so that Oa may be any given element in G but not in JD. 

Ex. 8. Ano group G contains (i) 1) -f- (jp— 1) normal 

subgroups of index jp, (ii) (p^-* 1) (p^'^—l) -f- (p^ — 1) (p— 1) 
normal subgroups K^, of index p^ such that G/Ki, 

G/K^, G/K^, ... are non-cyclic, (iii) pt non-normal subgroups of 
index p or p^ ; t being zero or a positive integer. 

§ 5. The number of subgroups of order in a group G 
of order p^ = 1 {mod p). 

The number of subgroups conjugate to any subgroup H not 
normal in G (including H) =0 (mod p) ; for the index of the 
normaliser of if in is a multiple of p. Hence the number 
of subgroups of order p^ not normal in 6^ = 0 (mod p), and 
we must prove that the number of those normal in = 1 
(mod p). 

By § 2 Q contains at least one normal subgroup of order 
Suppose that the normal subgroups of order are 
jBi, jBg, -5^; and that the subgroups of order p®“^ are 

Aj, A^, ..., A^, By § 4 r = 1 (mod p), and we wish to prove 
s = 1 (mod p). 

Let be the number of subgroups £ contained in and 
let bj be the number of subgroups A which contain Bj. Then 

&! + ^2 + « • • + &a= <3^1 + ctg + . • . + ; for each side of this equation 

represents the number of subgi’oups A when each is counted 
once for every subgroup B which it contains. 

Now bj = 1 (mod p). For the groups A containing Bj are 
the subgroups of Q corresponding to the subgroups of index p 
in G/Bj. Hence + = s (mod p). 

We know that the number of normal subgroups of order p^ 
in a group of order p^^^ = 1 (mod p). We shall assume the 
same true for groups of orders p^+3, , pQ-i, and then 
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by induction prove it true for the group G of order p^. By 
the assumption the number of normal subgroups of order 
contained in = 1 (mod p). These subgroups include a- 
of the groups B together with other subgroups (7j, G^, 
not normal in G. Since is normal in G, contains every 
subgroup conjugate to (7^, 0^, ... in (?. Hence ^ = 0 (mod p) 
as before ; and therefore (mod p). It follows that 

8 = a^ + a 2 + ...+a^ = r (mod p). But r = 1 (mod p), and 
hence s = 1 (mod p). Therefore the proof by induction 
holds good. 

Ex. 1. The total number of subgroups of G (including 1 and G) 
= 1 4- a (mod j9). 

Ex. 2. A subgroup II of order p/3+i normal in G contains 
a subgroup of order normal in G. 

Ex. 3. The number of Abelian subgroups of order in G 
which contain a given Abelian subgroup K of order is zero or 
= 1 (mod jp). 

Ex. 4. The number of subgroups of index in any group 
G = 1 or =0 (mod p) according as G does or does not contain 
a normal subgroup of this index. 

^ 6, If a group G of order p^ contains only one subgroup H 
of order p^, G is cyclic unless p = 2, s=l, a>2. 

(1) First suppose a = a — 1. If gr is any element of G not 
in if, g is of order p^. For othei*wise {g} being contained 
in some subgroup of order p^~^ would be contained in if. 
Hence if s = a — 1 , G = {g} and is cyclic. 

(2) If all the subgroups A, B,G, of index pin s, group L 
of order p^ are cyclic, L contains a single subgroup of index p^. 

For let X be the greatest common subgroup of A, C, ... , 
and let a be an element of order p^~'^ in L, Then is in X 
(§ 4), and hence X = {a'P] is a cyclic subgroup of index p^ 
in L, If F is any subgroup of index p‘^, Y is contained in 
one of the subgroups A, B^ (§3) and therefore coincides 
with X ; since a cyclic group of order contains only one 
subgroup of order (see also XI SJ. 

(3) Suppose that G contains a single subgroup of order p^ 
but more than one subgroup of order 

G contains a non-cyclic subgroup K of order by (2). 
Let a be any element of K not in JT. Then as in (1) a must 
be of order for otherwise {a} would be in IL Moreover, 
the group [al] = if since it is of order Similarly, if h is 
any element of K not in {a}, b is of order p^"^^ and {bP} =H, 
Suppose al = where u is prime to p, since a and b are of 


148 


CYCLIC SUBGROUPS 


[XI 6 

the same order. Now c = a''^h''^ab is in {a} and {&} by § 4 
and is therefore in H. Hence c is permutable with a and h. 
Therefore by 14 ^ a~^h~'^a^h =: 1 (since and 

If c = 1 (iT is Abelian), or if c 1 but p is odd, (6““a)^^ = l. 
Now h~'^a is not in H, since a is not in {6}. Hence K con- 
tains a subgroup {h~'^a} of order p not contained in H. This 
is impossible, since every subgroup of order < p^ is con- 
tained in H, 

Similarly if c 1, = 2, = 1. Hence 

K contains a subgroup of order 4 not contained in 5, which is 
impossible if s > 1. 

§ 7. There is one and only one abstract non- Abelian group 
of order p^ containing an element of order if p > 2 
and a > 2. 

Let a be an element of order in a group G of order p^. 
Now by § 6 contains an element g of order p not contained 
in {a}. Since {a} is normal in the non-Abelian group 
G^{a,g} by § 3, g~''^ag = a^^, where k is an integer such 
that >1; and then g~PagP=a^^ (1 3). But g-VagP^a, 

and hence kP (mod 

Now from kP = 1 (mod p) and kP = k (mod p) [Fermat's 
theorem] we deduce & = 1 (mod p). Let k = 1 where 
t is an integer such that a — 1 > t >0 and t; is a positive 
integer prime to p. Then 
kP—l = 1 \y-\-p^.\v^{p—l) 

+ a multiple of ^] = 0 (mod 

This is only possible if ^ = a - 2; since — 1) is integral. 

Now g-'^ag^ = a^"" ; and k^ =z (I + = 1 + vxp^-~^ + a 

multiple of p^^\ since a > 2. Hence, choosing x so that 
vx = l (mod p\ we have g~^ag^ = a^'^P^~^. Putting g^ z=zb 
we obtain the unique group G = {a, 6), where 

Since b~'^aPb = aP'^P^''^ =z aP, h is permutable with aP. 
Therefore a and b are permutable with c — a’^^b^'^ab = aP^^^ 
and cP = a~Pb~^ciPb = 1. Hence by I4 (byaf = = ofy 

if ^ is a multiple of Therefore 62/fl^is of order Hence 

(? contains p cyclic subgroups {by a} (y = 0, 1, 2, ..., 
and one Abehan non-cyclic subgroup {aP, b} of index p. 
Since the gi'catest common subgroup of the subgroups of 
index ^inffis {o^}by§6 (2), G contains no subgroup of 
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index jP otter ^tlian tliese (§4). Xo\r evetv of 

of order jg contained in some sn’oirroiip ./■> • 

while every snhgroop of a^Va'. is eomained aii-l 

therefore in {aP, b). Bat {aP.6;r is of onkr eikI con- 
tains an elenieiit order p"”""* Honcc (t cr-'nta'^ cvoic* 
subgroups and one iion-cyclie ^oup 

{dP'^.b} of index jr. Repetition of this piLC^^sg shears at 
once that G contains exactly p cyclic sol •gr:>ii!>s ' 

and one Abelian subgroup {€iP^, 1} (noii-cTciic if a ^ 1 1 of 

index p\ 


Ex. 1. The central of G is {aP}. and the commutant is 
Ex. 2. Find the conjugate sets of elements in G, 

Ex. 3. Every subgroup of G is Abelian. 

Ex. 4. G is metabelian and conformal with an Abelian group 
of order and type (a — 1, 1). 

Ex. 5. Every non-cyclic subgroup of G is eharaeteristic. 

Ex. 6. G contains only p non-normal subgroups. 

Ex- 7. Every factor-group of G is Abelian. 

Ex. 8. Any hro subgroups of G are permutable. 

Ex. 9. Find the order of the group of automorpiiisiiis of G. 

Ex. 10. Every non-cyclic group of order contains at least 
one normal non-cyclic subgroup of order (^' > 1 1 . 

Ex. 11. Find every t^^pe of group of order p^{p> 2 1 


§ 8. Theire uTe fotiT (iUil Oiil]] fouT €ihj<G\iet itun.-Ale-. ic' 
groups of order 2“ containuig an eleraeui tf omhr 2^*"“^ 
f/ a > 3. 

(1) Let d be an element of order 2^^ in a non-Al^elian 
group G of order 2®. First suppose that ff eoiitaiiis an 
element b of order 2 not contained in {«}. 

Since {a^} is normal in G, h^^ah > k > 1); and 

then h~^ah^ = so that k- = 1 (mod 2®“^). Now k is odd; 
suppose k — l-Pv^^, where t is an integer such that o — 1 >t >0 
and V is an odd positive integer. Then 

F-1 = + = 0 (mod 

This is only possible if 

(i) t ~ a— 2, (ii) ^ = 1 and v (1 4- r) = 9 (mod 
In case (i) we have &= 1 -f t; 2®'“^ ; hence t;=l and k=z 1 + 
since 2““^ > A. In case (ii) we may put v = — and 

get 7c =z — Since 2°”^ >fe, we have l=l or 2 
and 1 dr 2^’^ — 1. “We obtain thus three types 

of non-Abelian group : — 
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(I) = ^^ = 1, bah = ai+2«-2. 

(II) = 62 = 1 , a2“-" = {ahf ; 

( ni ) a 2“-^=62 = ( a 6)2 = 1 . 

Type (III) is a ‘ dihedral ’ group. 

(2) Now suppose O does not contain an element of order 2 
not contained in {a}. Let h be any other element of (?; 
so that G = {a} + {a}h and = a)\ 6^ = a^. Then 

r ^ 0 (mod 2^“^), since ^ 1 : we may suppose 2^“"^ > r > 0. 
Since = h'^'^b^h = == r (/c — l)=0 (mod 2““’^). 

Now as in (1) there are three cases to consider, since 

a = h^'^ab- = 

(i) 7c = 1 + 2^"^. Then r = 0 (mod 2) ; let r = 2h. Choose 
X so that A + cc (1 + 2“''^) = 0 (mod 2““2). Then 

{ha^f = b^. b’-^oF'b . = 1 ; 

which is impossible since ba^ is not in {a}. 

(ii) /c= — 1 + 2®~2^ Then r = 0 (mod therefore 

T = 2^“^ since 2^”^ > r. Hence {ba)^ = = 1 ; which is 

impossible. 

(iii) k= + Then as in (ii) r = 2«-^. We have 
then the type — 

(IV) = 1, = (aby = bK 

Ex. If a = 3, there are only two distinct non- Abelian groups of 
order 2« i. e. a^ = b^ = {aVf = 1 and = 1, = {abf = b^. 


§ 9. A group Q of order 2^ containing only one subgroup 
of order 2 is cyclic or dicyclic. 

A dicyclie group is defined by the relations = 1, 
= {ohf — 6^. Every element of this group not in {a} 
is evidently of the form 6a^, while {a} is a normal subgroup. 
Since (ba^f = 6^ . b~''^a^h . = 6^, is the square of every 

element not in {a}. 

(1) The theorem is obvious if a = 2 ; suppose a == 3. If 

is non-cyclic^ G contains two elements a and b of order 4 
such that {a^} = {h^} and therefore Since {a} is 

normal in G, b~^ab = a or o?. Now h~^ah '=f=‘ a, i. e. G is not 
Abelian and non-cyclic ; for then would be an element 
of order 2 not contained in {a}. Hence (abY = and G 
is dicycHc. ^ ^ 

(2) .Now assume in the general case that every group 
of order 2^ (/3 < a) containing only one subgroup of order 2 is 
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py die or dicyclic. We shall show that on this assumption G 
^ cyclic or dicyclic. By § 8 (2) it is sufficient to prove that 
^ contains an element of order 2®“^. Then induction may be 
applied to prove the theorem true universally. 

X ow if Q is non-cyclic, some subgroup of order 2^ in G is 
i^on-cyclic (/3 > 2), for otherwise by § 6 (2) G would contain only 
one subgroup of order 2^“^. Hence G contains a dicyclic 
sulogx-oup of order 2^ and is non- Abelian. 

(i) First take a = 4. The subgroups of order 4 in are all 
oy die ; for otherwise Q would contain more than one sub- 
group of order 2. Let a be an element generating a normal 
^nbgroup {a} of order 4, and let h be any element of order 4 

but not in {a}. Then H = {a, 6} is the dicyclic group 
c//^ = 1, = {obY = of index 2 in (?. 

(ii) Now take a > 4. Let a subgroup H of index 2 in be 

^licyclic, so that {a, &} where 1, = {ahY = 6^. 

Since {a} is the only cyclic subgroup of order 2“”^ in H and 
J£ is normal in G, {a} is normal in G. 

In cases (i) and (ii) let g be an element of G not in H, 
HO tbat G ^H+Hg and g^ is in H. Let g'~'^ag = Now 
f/^ is not of the form ba^. For otherwise 

ah^ == g-^ag"^ = a'^^b~'^aha^ = 

and therefore P + 1 =0 (mod2®‘2). But this is impossible 
■wlaen a > 3 ; for as in § 8 (1) P~1 =0 (mod 2^“^). Hence g^ 
is in {a}, and as in § 8 (2) Ic= ±l or +1 + 2^"''^ (mod 2®"^). 

I f 7c = +1 + 2^”^ we show as in § 8 (2) that gr} contains 
element of order 2 not in {a}, which is impossible. 
Similarly if 

/c = —1 +2“-3 (bg)-^a(bg) = g-^a-^g = . 

^nd {a, Ig} contains an element of order 2 not in {a}. 

If ^ = 1, {a, g} is of order 2®'“^ and is Abelian. This is 
impossible unless {a, g} is cyclic, when G contains an element 
of order 2^”k 

If 7c = ~1, (bgy^a^bg) = a; and therefore {a, hg] is cyclic 
of order 2^-^. 


CHAPTER XII 

SYLOW’S THEOREM 


§ 1. Sylow’s theorem is of fundamental importance in the 
theory of finite groups. It may be enunciated as follows : — 

If is the highest power of a prime p which divides the 
order % of a group 0, G contains kp + 1 subgroups of order p^ 
{k being integral), and these form a conjugate set of subgroups. 
If p^m is the order of the normaliser in G of any one of the 
subgroups of order p^^ n = p^m {kp + 1 ), 

( 1 ) G contains at least one subgroup of order p^. 

When 2 , 3, 4, ... it may be easily verified that a group 
of order n^ contains a subgroup of order p^' if this is the 
highest power of p which divides n\ We assume the state- 
ment true for all values of nf <n, and use induction to prove 
it true for the group G. 

Let V be the order of the central C of (?, and let the elements 
of G not contained in G be divided up into conjugate sets 
containing respectively Cg, eg, ... elements. 

(1) Suppose one of the quantities e^, Cg, ... (e^ say) not 

divisible by p. By Y S 0 contains a subgroup T of order 
n -r e^. Now n -f- is < n, and is divisible by p^ but not 
by Hence by our assumption T contains a subgroup of 

order p^, and therefore so does G, 

(ii) Suppose each of the quantities e^, € 3 , € 3 , ... is divisible 
by^; then v is divisible by p since ^ = z^-f-e^ + eg + eg + .... 
Hence G contains an element c of orders (V 19), and G/ {c} 
being of order n-^p contains by our assumption a subgroup 
of order Corresponding to this subgroup of G / {c} we 

have a subgroup of order in G. 

(2) The subgroups of order p^ are {hp + 1) in number, and 
are all conjugate. 

This is obvious if G contains a single subgroup H of order 
p^i, then A = 0 , and H is a normal subgroup of (?. Now 
suppose that G contains at least two subgroups E, of order 
p^. Let D of order p^ be the greatest common subgroup of H 
and JTi, and let + ... (Ai = 1). Form the 
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groups = = 

^^jugate to Then: — 

E^, ... are all distinct. 

't. Tj he the normaliser of E^ in G, The order of 
Power of p, since E is of order If were 

^"Utahle with E^, it would be contained in Fj, and the 
-JSponding element of F^/ E^ would be a power of p. 

is impossible; for the order of F^^/jETj is not divisible 
• Hence khf^E^ ^ HAhf\ i.e. hf^E.hi ^ hf^E^hj 

^ ^ Ej, 

) Every element of the partition Dh^ transforms into E^. 
>3? if d is any element of D, 

{dk,y^E,{dhi) = {d-^E,d) h, = = E,. 

^nce on transforming E^ by all the elements of E we get 
and only p^'’^ distinct subgroups conjugate to Ej^ 
'U.ding ifi). 

-ti be a subgroup of G conjugate to E^ not included 
cig these p^’’^ subgroups (if such exists) ; and let E, the 
test common subgroup of S and be of order p'^. Then 
iplitting E up into the partitions E\‘\‘Ek^ + E\’\‘ 
proceeding as before we get p^'^y more subgroups of G 
agate to Ej. These are distinct from jET,, JYgj -Hs? ••• 5 
d^ce K,^(hikfY^E,{h,Jcf^), hf^K^h^ hf^E^h,, 
nris process may be continued till all the subgroups con- 
"fce to Ej^ are exhausted. 

"e have shown that E^ is not normal in G. If we had 
XI H as one of the subgroups conjugate to E^, we should 
2 s deduced the fact that G contains + ... sub- 

tps conjugate to including jET^ but not E; i.e. that the 
L number of subgroups conjugate to J?i and including 
xid jffj is l+p^~^+p^'~'^+ If, however, it had been 
ible to take jff as a subgroup of order p^ not conjugate 
we should have deduced that the total number of 
^xoups conjugate to and including E^ is .... 

two statements are inconsistent, and we conclude that 
xxinot be a subgroup not conjugate to Ej^, Hence all the 
proups of order p^ are conjugate, and they are 

ULznber. 

y m = p^m{kp + l). 

or the index of F^ in = the number of subgroups con- 
,±e> to El = kp + 1. 

h.e kp^l subgroups of order p^ are known as Sylow 
f'TOUOpS of G. 
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Corollary I. If is a power of a prim.e p which dwides 
the order of a growp (?, Q contains a subgroup of order 

Por each Sjlo'w subgroup of order ia 0 contains a sub- 
group of order p^. 

Corollary II. Every subgroup of order in 0 is ecu- 
tained in a subgroup of order 

Take subgroups of orders p**, respectively; and 

as in the proof of § 1 obtain all subgroups conjugate to iT^, 
pT-s ^p^~y Jr in number. Since the number of subgroups 
conjugate to iT^ is /cjp+l, one of the quantities >6, y, ... 
Hence the greatest common subgroup of H and some subgroup 
of order _p“ is of order p^; i. e. E is contained in some 
subgroup of order p“. 

Corollary HI. A group Cf contdining %) 4- 1 Sylow sub- 
groups of order p^ is isomorphic uith a irdnsUire permu- 
tation-group of degree kpJrl* 

This is a particular case of the corollary of VI 3, since the 
Sylow subgroups form a conjugate set. 

Corollary IY. If every Sylow subgroup of a group G- is 
normal in , (? is the direct product of these Sylow subgroups^ 

let Gz 9 ... be the Sylow subgroups of orders 

••• respectively. Let gi^ gj be elements of 
Qi, 6j. Then c^gf^gf^g^gj is ia siace gf^ gigj is 
in (r^-, and is in Gy since gi'^gj'^^gi is in Gj. Hence the order 
of c divides the orders of and Gj , and therefore c = L ; 
i- e- SiStj = 3fj 9i* Moreover, G^ and Gj have only identity in 
common since their orders are relatively prime. Hence 
{G^ is the direct product of G^ and Gj and is of order 

Similarly we show that every element of ( G^, Gy } 
is permutable with every element of G^, and that and 
{ G^, Gy} have only idlentity in common. Hence {G^-, Gy, Gj^ } 
is the direct product of and {G^, Gy} and is of order 
Continuing this process we show that G is the 
direct product of and {G^, Gg, ...} fox all 

values of a:;, and hence Q is the direct product of G^, Gg, Gg , ... . 

In particular we notice that every Abelian group is the 
direct product of its Sylow subgroups. 

lx. 1. Two Sylow subgroups are conjugate in any subgroup E 
of G containing both. 
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Ex. 2. A normal subgroup of order in ff is contained in 
every Sylow subgroup of order 

Ex. 3. The subgroup of Gr generated by the elements of the 
Sylow subgroups of order is characteristic. 

Ex. 4. (i) The normalisers r^, r 2 , Tg, ... of Hi, H^, H^, ... in 
§ 1 are all distinct ; (ii) they form a conjugate set ; (iii) each is 
its own normaliser in G ; (iv) every subgroup of whose order 
is a power of p is in H^. 

Ex. 5. Each subgroup of order in G is contained in lp+1 
Sylow subgroups of order 

Ex. 6. If is the number of subgroups conjugate to H 

and having with if a Gr. C. S. of order the total number of 
subgroups of orders® is 7ciP^~^ + lc 2 P^~^‘^ ... +1. 

Ex. 7. If a group is the direct product of its Sylow subgroups, 
so is every subgroup. 

Ex. 8. The number of subgroups of order p^gyr^ ... (p, q, r, ... 
being distinct primes) in a group which is the direct product of 
its Sylow subgroups = the product of the number of subgroups of 
orders p^, ••• • 

Ex. 9. Find the number of subgroups (i) of order 84 in an 
Abelian group of the type (42, 6, 2), (ii) of order p^qr in an 
Abelian group of the type p^qr, p^q, pq, p, p). 

Ex. 10. If the commutator of any two elements of a group G is 
I)ermutable with both elements, G is the direct product of its 
Sylow subgroups. 

Ex. 11. G issi group of order ••• Gi, G^^ G^, ... 

are Sylow subgroups of orders Pi^, p^^, p{^, ... respectively. If 
the commutant A of (r is of order p^, show that (i) G^, G^, ••• 
are Abelian ; (ii) {A, GA is the direct product of A and G^ 
provided i > 1 and Pi^ ^ 1 (mod p^), € < X. 

Ex. 12. (i) If a group G contains cyclic Sylow subgroups of 
even order, G contains a normal subgroup of index 2. (ii) If the 
order of a group is divisible by 2 but not by 4, the elements of 
odd order form a subgroup of index 2. 

Ex. 13. A group of order (p and q prime) is decomposable. 

Ex. 14. Use the method of § 1 to prove that every subgroup 

of index p in a group G of order p^ is normal. 

Ex. 15. (i) If pj^s is the degree of a transitive permutation- 

group G of order p^st {s and t being prime to p), a Sylow 

subgroup H of order p“ has 5 transitive sets each containing p^^ 
symbols, (ii) If s = 1, 6r is decomposable and 11 transitive. 

Ex. 16. Those elements of a group G of order n whose orders 
divide a factor e of n generate a group L whose order X is a 
multiple of e. 

Ex. 17. If two conjugate subgroups H and F oi G are both 
normal in a Sylow subgroup H, they are conjugate in the 
normaliser V of H, 
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Ex. 18. If is the order of a group G, where e ^ 0 and ^ 1 
(mod jp), G contains a normal subgroup of order 

Ex. 19. Show that the only possible types of abstract group of 
order p and q being primes such that p> q, are (1) a cyclic 
group ; (2) the group =M =z 1, ab = ha '^ ; where /c is a positive 
integer < p such that =1 (modp), but k® ^ 1 (modp) if 

Ex. 20. Find all possible groups of orders 2p, 85, 39, 55, 57, 
133, 185, 889. 

Ex. 21. Show that a group of order 825 contains normal 
subgroups of orders 25 and 11, but not necessarily one of order 8. 

Ex. 22. Show that there is no simple group of order 200, 204, 
260, 380, 864, 2228, 2540, 3042, 9075. 

Ex. 23. Show that a group of order 1001, 3825, 6125 is the 
direct product of its Sylow subgroups ; and find every group of 
this order. 

Ex. 24. Show that there is no simple group of order 520, 80, 
380, 495, 546. 

Ex. 25. Show that there is no simple group of order 616, 
56, 351. 

Ex. 26. There is no simple group of order 450, 12, 80, 150, 
300, 12875. 

Ex. 27. There is no simple group of order 90 or 806. 

Ex. 28. Find every abstract group of order < 16. 

Ex. 29. Find the Sylow subgroups of (i) = [obY = 1, 

(ii) ^ c? 1, ab = b#, be = cb^, ac = ca. 

Ex. 80. Find the Sylow subgroups of the alternating group of 
degree 4. 

Ex. 81. There is a homogeneous linear group of order 
and degree m with coefficients in the GF[p'^], Xo one of its 
substitutions except identity can be transformed into a multi- 
plication. 

Ex. 32. The normaliser of a Sylow subgroup of order 3 in the 
point-group (1 is d 3 . 


§ 2. If the order n of a group G is divisible by G con-- 
tains lp + 1 subgroups of order {L integral). 

Let p^ be the highest power of p which divides n ; then G 
contains a subgroup H of order p^ by § 1. The theorem is 
true if r = a, suppose then r < a. Now H contains xp’\-l 
subgroups of order p^, x being integral (XI 5) ; it is then only 

* K is called a ^primitive root of the congraence £c® = 1 (mod jp) ’. It is 
readily shown that such a root exists only if g' is a factor of p — 1, and that 
the roots of the congruence are k, If we replace k by another 

primitive root in the relations *= 69 = 1, a6 = 6a'', we only obtain 
group (2) in another form; for since a6^ — 6^a’'* the new relations are 
obtained from the old by writing 6 for U. 
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^^oessaiy to prove that G contains yp subgroups of order 
these. 

be a subgroup of order p'^ not contained in H (if 
exists). If a, b are two elements of H permutable with 
> cih is also permutable with Hence those elements 

which are permutable with E-^ form a subgroup F of H. 

I-iet p^ be the order of F, and let p^^ be the order of the 
?resLtest common subgroup of -F and Hi. Since every element 
>f is permutable with Hp F and are evidently per- 
uix-fcaible groups. Hence {H, H^} is of order (V 13). 

{F,H,} is a subgroup of and therefore r + /3 — k < a. 
Sirrce /c < r, /3 < a. 

l^^'ow let H = + + -“j 

rtieiaL just as in § 1 we see that on transforming by the 

dements of H we get p^'~^ and only p^'~^ distinct subgi-oups 
■>f oarder p^ not contained in H. Taking now any other sub- 
?roijip of order p^ not contained in H, we derive (y < a) 

Eiioxe subgroups of order p^ not contained in H. Eepeating 
tho process we obtain ... =^yp subgroups of G 

tioti contained in H. 

Eac. The subgroups of order do not necessarily form a 
x>riL3\igate set. 
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SERIES OF GROUPS 

§ 1 . We shall discuss in this chapter the properties of 
various series of groups which may he derived from a given 
group (?; namely, the composition-series, chief-series, series 
of derived groups, and series of adjoined groups. 

The Composition-Series 

§ 2. If is a normal subgroup of G not contained in any 
other normal subgroup (other than Q itself), 0^ is called 
a 'inaxi^m'wm normal subgroup of 0, This does not imply 
that there is no subgroup normal in G of greater order than 

; only that if such a subgroup exists, it does not contain 
Let G^ be a maximum normal subgroup of (ji, G^ of (jg, 
G^ of (? 3 , &c. Then the series (?, (?2, (? 3 , ... is called 

a composition-series of G. It should be noticed (i) that Q 
may have more than one distinct composition-series, (ii) that 
every composition-series terminates with the identical group, 
(iii) that though normal in is not necessarily normal 
in Gi_^, 

It will be proved in § 3 that, whatever composition-series 
of G is taken, the groups G / G^^ G^^/ G^^ Gg/ ... are always 
the same (considered as abstract groups) except as regards 
the sequence in which they occur. They are known as 
composition-factor -gronpa of G, and their orders are called 
composition-factors of G. These groups are all simple; for 
to a normal subgroup of G^/ G^^^ would con-espond a normal 
subgroup of Qi containing and this does not exist. 

Conversely, if G^ is a normal subgroup of G, G 2 of G^, G3 of 
Gg, and G/G^, G^/Gg, G2/G3, ... are all simple; 
G, Gj, Gg, Gg, ... is a composition-series of G. 

Ex. 1. For example, G, 0, LT, {J}, 1 is a composition-series for 
the group G of V4i. 0 is normal in G, jET in 0 (but not in G), 
{&} in H, The groups G/0, OJBj B/{l}y {J} are simple, being 
^ of order 2. 

Ex. 2. G^*, G4+1 , Gj*+ 2, ... is a composition-series of G^. 
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§ 3. The compositioTi-fadoT-groups of any two composition- 
series of a group 0 are identical eaxept as regards the sequence 
in which they occur. 


Fiffs, all the element^ of 


Since is normal in 
. Fi+i) are in- 
i.e. among Fi^T^Dg^ 


(1) Let G, Gi, Gi, Gi+1, ... and G, Gj^, ..., ••• 

be two composition-series of G. Let D be the greatest common 
subgroup of G{+i and then D and ai-e 

normal in G^ (V 11). Since { (r^+i, is normal in 6i and 
contains G^ = { G^^^, 

Let Gi+i = Fg^+ Dg^ + Fg^+. 

F. ‘ 

eluded among the elements 

+ -^i+i + i^i+i Ds-a + — . i- e. among -i- g^ + Fi+x g% 

+ .... Moreover, and ^i+l 9 8 have no element in 

common (t ^ s ) ; for otherwise gf'^ would be contained in 
both and and therefore in D. Hence = ^i+iQi 
+ ^*+iS' 2 +-^i+iS '3 + --- (see V 13). 

It follows at once that Similarly 

^i/ ^i+i = 

(2) jD is a maximum normal subgroup of and 

For since is a maximum normal subgroup of 

Oi/F^^i is simple. Hence is simple; and therefore 

jD is a maximum normal subgroup of Oi^n and similarly 
of 

(3) By (1) and (2) the two composition-series G,0^, 0.^ 


^r+lJ ^r+2J 


and &, 0^, K+i^K+ 2 > 


have the same 


composition-factor-groups if and have only identity 
in common so that = F ^+2 = 1* We shall show that 
they have the same factor-groups when r = on the assump- 
tion that they have the same factor-groups when r < i. 
Then the required theorem follows at once by induction. 

Let two composition- series of G be 




%+z> 


Gd.y F^^2t F 


Aj, . 

and (ii) G, Gj, x'^+ 2 > -*-'i+ 3 J 

Let D be the greatest common subgroup of G^+j and F ^^^ ; 
then 


(iii) G, Gi, Gi, G^+i, F, Dg, 
and (iv) G, Gj, , G^, F, Fj , Dg, . .. 

are also composition-series of G by (2), if D, D^, Dg, ... is part 
of a composition-series of G. 

Now by our assumption the two composition-series (i) and 
(iii) have the same factor-groups, and the two series (ii) and (iv) 
have the same factor-groups. But since G^/F^j^i = G^+-^/ F 
and Gi/ G^-+i = D the two series (iii) and (iv) have the 
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same factor-groups (two factor-groups being interchanged). 
Hence the two series (i) and (ii) have the same factor-groups ; 
and the proof by induction can be completed. 

C0EOLLA.RY I. The composition-factors of any two composi- 
tion-series arc identical except as regards their sequence. 

CoEOLLART II. The order of a growp is equal to the product 
of its composition-factors. 

Ex. 1. A composition series of G- can always be found containing 
a given subgroup H, if H is normal ; but not in general if H is 
not normal. 

Ex. 2. (i) A prime-power cyclic group has only one distinct 
composition-series, (ii) Conversely a prime-power group G with 
only one distinct composition-series is cyclic. 

Ex. 3. The only composition-series of a simple group G is G, 1. 

Ex. 4. A non-cycHc group G of order pq (where p, q are primes 
such that p > q) has only one composition-series. 

Ex. 5. The symmetric group has only one composition-series 
unless it is of degree four. 

Ex. 6. Use § 3 to prove that the symmetric group G of degree 
m{m^ 4) contains only one normal subgroup, assuming that the 
alternating group H of degree m is simple. 

Ex. 7. Every composition-factor of an Abelian group G is 
prime, and a composition-series of G can always he formed in 
which the composition-factors occur in any given sequence. 

Ex. 8. A cyclic group has only one composition-series in which 
the composition-factors occur in an assigned sequence. 

Ex. 9. (i) A cyclic group G of order p^q^r’^ (p, q, r, ... being 

distinct primes) has e = (a-f ...)! - 7 -a!x)S!xyIx ... 

distinct composition-series, (ii) An Abelian group K of order 
p<^q0ry ... with only e distinct composition-series is necessarily 
cyclic. 

Ex. 10. Show that a non-cyclic group G of order p^{p > 2) 
containing an element of order has (a— l)p-fl distinct 
composition-series. 

Ex. 11. Show that an Abelian group G of order p® and type 
(1,1,...,!) has (p«-l)(p«-^-l)(p«-2-l)...(p~l)^(jp-l)« 
composition-series. 

Ex. 12. Any group in a composition-series of a group G whose 
order is prime to its index in (r is normal in 6r. 

Ex. 13. If a group G has a composition-series in which each of 
the last a composition-factors is p, while every other composition- 
factor is prime top, (x contains a normal subgroup of order p«. 

Ex. 14. (i) If every subgroup of G is contained in some 
compcMsition-series of 6f is the direct product of prime-power 
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groups, (ii) Conversely, if 6 r is the direct product of its Sylow 
subgroups, every subgroup of ^ is contained in some composition- 
series of G* 

Ex. 15. Find the number of composition-series of each group of 
order 8. 

Ex. 16. Find all composition-series of the groups dg, G, H. 

§ 4. Given any normal s'libgrowp H of a group G, a com- 
position-series of G ^vkich includes H can always he found. 
The eompodtion-factor-groups of G are the composition-factor- 
groups of G/ JS together with those of H. 

Let G/ E = r, and let F, Fg, ... be a composition- 

series of F. Let 6 ^ 2 , G^^ ... be the subgroups of G corre- 
sponding to the subgroups Fj, Fg, Fg, ... of F. Then 

G/G^ = r/F„ GJG^ = F./r^, GJ G, = F^/Fg, ...(V 18). 
But F/F;^, r^i^/Fg, r^/Fg, ... are simple, and hence G / G^, 
Gj^/G^, G 2 /G 3 , are simple. Therefore G, G^, G^, ffg, ... 
is a composition-series of G including LT, and its composition- 
factor-groups are those of F together with those of E, 

Ex. 1. If G, E, Ky L, ... is a series of groups each normal in 
its predecessor, a composition-series of G can be found containing 
Ey Ky Ly .... Tho composition-factor-groups of G are those of 
G/H, HiKy K/Ly 

Ex. 2 . Gy Giy G^y G^y - • . is a composition-series of G, and H is 
a subgroup contained in G^^i but not in If is the G. C. S. 
of Gr and JT, prove that {Gr, Ej/Gr = E/H^. 

Ex. 3. If E is any subgroup of a group Gy every composition- 
factor-group of E is simply isomorphic with a subgroup of some 
composition-factor-group of G. 

Ex. 4. Find the composition-factor-groups of the group G 
ofYIIlO. 

§ 5 * A group all of whose composition-factors are primes is 
called a soluble group. Evidently all its composition-factor- 
groups are cyclic. Since every group of order p^ contains 
a normal subgroup of index y?, every prime-power group is 
soluble. Every Abelian group is also soluble ; for if p is any 
prime dividing the order of an Abelian group G, O contains 
a normal subgroup of index p (V 20). 

Ex. 1. Xo soluble non-cyclic group is simple. 

Ex. 2. N'o perfect group is soluble. 
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Ex. S. Eveiy subgroup of a soluble gronp is soluble. 

Ex. 4. Every group of order pq is soluble {p and g[ being priine). 
Ex. 5. The "direct product of soluble groups is soluble. 

Ex. 6. The direct product of any number of groups, one of 
which is insoluble, is insoluble. 

Ex. 7. No perfect group is the direct product of groups one 
of which is soluble. 

Ex. S. Every factor-group of a soluble group is soluble. 

Ex. 9. The ^oup = 1, ab = is soluble. 

Ex. 10. The groups of Y 14^0, ^ are soluble. 

Ex. 11. Every finite point-group except E and H is soluble. 


§ 6 . If G is a minimum normal subgroup of a group F, 
the compositim-^factor-groiips of Gr are all simply isomorphic. 

By a ‘ minimuin ’ normal subgroup of F we mean one con- 
taining no normal subgroup of T except itself and identity. 

Let be a maximum normal subgroup of (?; and let 
Hq, jffj, ... be the subgroups conjugate to in F. If y 
is any element of F, evidently is normal in y~^Gy=(j ; 

while G / = y^^Gyf = G f and is simple. 

Hence , iL,, H 3 , . are aU maximum normal subgroups of G, 
and G/lf,=lG/JEr^=^G/E^ = 

Denote by the greatest common subgroup of 

Hg, jfff , .... Then as in § 5 we have iTi/jET^g = G/H^, 
and therefore = G /Mi* Similarly HiJ 

Now the greatest common subgroup of jET^, JR^, ... = 1, 
for it is normal in G (Y 11). Hence cannot contain all of 
iT^g, Hi 5 , ... unless = 1 . Suppose does not 
contain Then as in § 3 G, R^^i ••• 

G, Hj, Ri 2 rj ••• composition-series of G, and 

As before contain all of Ri^z^ 

unless = 1 . If contain Rj 2 si 

repeat the above reasomng and prove that G, if, Hjg, Hj^ri 
..is a composition-series of G MidthB;tEj^^/R,^ 2 rs^^/’^r 
By repetition of this process we may estabbsh the theorem. 

Each group of the composition-series is normal in G, for it 
is the greatest common subgroup of normal subgroups. 

CoBOLLiET I. G is the direct product of groups simply 
isomarphic with its compomtiork-fa^tcyr^gTOups, 

Let J? = G| be the group of a compositioa-series 
of G prec^dmg 1 . Then B is simple, is normal in G, and 
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is simply isomoiphie -witli a,ny one of tlie composition-factor- 
groups of {?. Let ... Le conjugate groups in F, 

Tien. {B, ...} being a group normal in F and con- 

tained in G must coincide witi G» 

Since JB and Bj are normal in G, tkeir greatest common 
subgroup is normal in (? and therefore in B. But £ is simple, 
and hen ce B and Bj^ have only identity in common . Moreover, 
every element of B is perrrintahle with every element of £^, 
For let b he any element of E, and \ any element of £j. 
Then is in £ since is in B, and is in B-^ since 

in B^. Hence 1. Therefore {P, ^3,} 

is the direct product of B and B-j^. 

Now let jBgbe one of the groups conjugate to £ which is 
not contained in {5, B^}. Then just as before, since B^ and 
{£,£j} are both normal in G, we may show that B^ and 
{£, Bj} have only identity in common and that every element 
of B^ is permu table with every element of {B, B-^}. Similarly 
B and jBg} have only identity in common, and every 
element of B is permutahle with every element of {Bj^, B^}; 
and so for and {B, B^}. Hence {B, B^^B^] is the direct 
product of j5, Ej, and Now let be a group conjugate to 
B not contained in B ^ } . Then as before {B,B^,B^, B .^ } 

is the direct product of the simply isomorphic groups B, B^, 
B^, B^; and, proceeding in this way, we show that G is the 
direct product of ^ 4* 1 simply isomorphic groups 

Bi J?i 5 B25 ...j 

CoROXiiARY II. Let Gr, H be 'normal subgroups of a group F, 
stick that G contains jff, but contains no 'normal subgroiop 
of r containing H. The'n the compodtionf actor-groups of 
G/H are all si'mply iso'mjorpkic, and G J R is the direct 
prod'wct of groups simply isomorphic with these composition'- 
factor-groups. 

For G / H is evidently a minimnm normal subgroup of 

r/E. 


Ex. L If G (§6) is a prime-power group, it is Abelian. 

Ex. 2. If G is of order pr {p prime to r), G is simple. 

Ex. 8. Assuming that the symmetric group of degree m {m ^ 4) 
contains no normal subgroup except the alternating group of 
degree m, deduce from § 6 that this alternating group is simple. 

Ex. 4. If P is a primitive permutation-group of degree pJc and 
order pr {p prinae to r), the group H generated by the elements 
of order p in JP is a minimum normal subgroup of £ and is simple. 

M 2 
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The Chief-Sekies 

§ 7. Let if, he a maximum normal siilgroup of a group (r, 
and let JTp JE/o, Hg, ... be a series of normal subgroups of G 
such that iTj. contains but contains no normal subgroup 
of G containing Then ... is called a 

chiej^series ov chief -t^ornposition-series of G- The group (? may 
have several distinct chief-series ; each such series ends with 
the identical group. 

As in § 4 we may prove that a chief-series of G can always 
be found containing any given normal subgroup of G. 

The groups G/JEj, ... are called chief- 

factor-groups of (?. The first is simple, each of the 

others is simple or is the direct product of simply isomorphic 
simple groups. This follows at once from § 6, Corollary II. 
If the subgroups of corresponding 

to the members of a composition-series of ; ff, jETj, . .. , 

Ij, Jo, Lj ... is a composition-series of ff. 
The chief- factor-group is the direct product of ^ + 1 

groups simply isomorphic with any one of the eomposition- 
factor-groups E^/T^, -4/ • •• » W ^i+v 

The orders of the ehief-factor-groups are called chief-fcxctors 
of G. 

Ex. 1 . For example ; Gy Ny K, 1 and 6^, 0 , Ly {c}, 1 are 
chief-series of the group G of Y 4 ^, each group of either series 
being normal in G, 

Ex. 2 . E^, Hj*42j is not necessarily a chief-series of E^, 


§ 8 . The chief-f(MtoT-fTcmp8 of any two chief-series of a 
group G are ideifUical except as regards the sequence in zvhich 
they occur. 

(1) Let G, ... and E4, ... 

be two ebief-series of 0 . Let D be the gi-eatest common 
subgroup of E^ 4^ and thenD and { , ^^4-1 } are normal 

in G (V 11). Since {^^41, is a normal subgroup of 

G containing ^^4^, Then as in § 3 (1) 

we prove == Ei^j^/D and H^/ D. 

(2) contains no normal subgroup of G containing D. 

For if J were such a subgroup, {J, ^^*41} would be a 
normal subgroup of G contained in and not identical with 
{ = if,.. Similarly ^,.4^ contains no normal sub- 
group of 0 contaiiiing D. 
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xm 9] 

(^) riie pmi>f of t.lte theorem in now e-xmUv ^ 

m § 3 (Aj, '■ . ■ - . 

Xx. 1, j\ ei ti*«>ii“Senes can always ^Mind tmUMnim 
tlie terms of anv 

Xx. 2 . Jt i?«.s I'i'.-'t i'll ays +•' ^ a '■ !y 

suppressiiis^ terms of given ce>ii{|HsMnrii'-.s*‘n^-s. 

Ex. S- ^\.iiy cIt'iiieMt |:*eTmutabIe %\ith a *rT».4ip trtr;*f-:rTa^ 
every chief -series iot^.> ^ ckief-heries ami evtry ni^T>^ 

into a com{>03«i!ii>ii«seri'€‘S. 

Ex. 4. Every eoni position-series of an is ^ «* 

chief-series. 

Ex. 5- Ijf a group Ras only one compo$itit.m*seTies it h;i.s -•d, v 
one chief-series. 

Ex. 9. Every' of n priiuep3wer group is a 

S€rie% but not corivexsely. The samic! holds fur the 4irfN:t prsiur: 

of prirae»pc>wer groof>&» 

Ex. 7. Every eliief -series of a group «'f o^nier ends witli 
the groups kS h wiiere K is seme subgroup of onier p in th^> 

central of 

Ex. 8, If Jf is a OLOimial subgroup of ^r, the ehief-ficter-groops 
of Gr are the ckk^f^ facto r*grou{„i« cd G H together with direct 
products oF groups s£iiii-ply isoniorphie with tii© chieFfM.tor'^royf'S 

of if. 

Ex. 9. (£) If every* chief-f actor-group of a group G h fyclle. the 
same is true of G JL Jfl being any i^iormal suhgnnip of G. ui ’ .E very 
element oF the gromp preceding 1 in any chief-series of G 
permu-table with' eacrb commutator of fd 

Ex. 10. A, iion-At»eiiaii group of order >2, a > coru 
taining an element oF order has (a— ehief-st^ries. 

Ex. 11. Eind tli^e nuinher of chiefseries of each group in 

XIIISi 5 ,i®. 

The C.hahactf.eistic-Serie 3 

§ 9, Eet Cr be any group, and let A, Jo, ... 
characteristic subgroops of ff, such that contains but 
contains no chameteristic subgroup of G contaming 
riien tr, eTj, ... is ealled a €hamfierii^k--mrm of Cr. 

Let F he the holo morph of G or any finite group conto^inimg 
G of the typt^ «lescribed in X6. Then {?, J*, ... b 

part of a chief-series of F, so that propertle! of a nhMrmUrmtie- 
series can he deduced from those of a chief-roritt. 

Ex. 1. A ^onp with no characteristic subgroup is the direct 
product of aim ply isoimorpliic simple gro«|». 

Ex. 2, Show tha-fc m the direct product o-f simply 

Lsomorphie simpl© groups. 
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Ex. S. A characteristic-series can. ahvays be formed containing 
anv ^iyen characteristic subgroup. 

Ex 4. A chiief-series can always be formed containing every 
member of a given characteristic-series. 

Ex 5. Every characteristic'series of a complete group is also 
% chief-series. 

Ex. 6. Every composition-series of a cycEc group is also a chief- 
series and a characteristic-series. 

Ex. 7. If a group has only one chief-series, it is also a character- 
istic series. 


The Seeies of Deeivep Groups 

§ 10. If is the first derived group (commutant) of any 
gi'oup ff , An the first derived gi'oup of , Ag the first derived 
group of A^, Ac., A^, Ag, ... are called respectively the ‘second, 
third, ... derived groups’ of Q. 

All the derived groups are character istic subgroups of G, 

The proof of X 2 shows at once that hr^ A^h is the coin- 
mutant of Jr^Gk, whatever element h maj be. Hence any 
element permntable with G is permiitable with A^. Similarly 
any element permutable with A^ is permutable with and 
so on. Hence any element permutable with G is permutable 
with Aj, A2, A3, ... ; Le. A^, Ag, A^, ... are characteristic sub- 
group of S. 

§ 11. Each of the groups (?, A^, A^, A^, ... is contained in 
the one preceding it. Hence there are two possibilities only ; 
(i) for some value of i A^ is perfect, and (ii) for some value 
of I A^- = 1. We shall prove that in case (ii) 0 is soluble. 

If tfw series of derived groups of a group Q ends with the 
identieai group, G is soluUe- 

For since all the derived groups are normal in (?, a com- 
position-series of G may be formed containing all the groups 
Aj, A^, A3, ... ; while the composition-factors of 0 are the 
coinp<Bitioii-faetoi*s of G/A^, A^/A^, A^/Ag, ... (an obvious 
extension of § 4 ). But these latter groups are Abelian (IX 3) , 
and are therefore soluble (§ 5 ). Hence G is soluble. 

Ex. 1. If a group G is soluble, its series of derived groups ends 

with identity. 

lx 2. Every soluble group contains a cdiaracteristic Abelian 

^ S. If A| k perfect, G/A^ is soluble. 
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The Sekies of Adjoikeb Geoups 

§ 12. If is the first adjoined group (group of inner 
autoHiorphisms) of a group Cr, A., the hi*st' adjoineil group 
of Aji the first adjoined group of &c. ; 
called respectiToIy fche "second, third, ..T adjoined groups’ (or 
*“ oogredienfcs ’) of G. If any one of these is Abelian (of 
order > 1), = I and G is said to be of eli(i<s or i<peelalitjj i. 

In tbis case none of the groups ff, Aj, Ao, , A^-.a 
Abelian. 

Since is the first adjoined group of the non-Abeiian 
group non-cyclic (X4) ; hence : — 

No adjoined group of a non-Abelimi group is eyclie. 

If the centrals of G, Aj. , Ao, . , A^_j are of the types 
{^■9/^5 r, .•.]j 2.^25 ••“)> (*^25^2’ •)5 . ^ •••}» 

G is said to be of the type 

C^jM) r, 3(^25 g-ii ^2 , .. .) ^21 •••) -• • (^i^i3p-i-i » ^t-i> •»•)- 

There are in general several distinct groups of a given type. 

Let Gj be the central of G; and let be the normal 
subgroup of G corresponding to tbe central^ of Aj, so that 
jB=Cja^, Then 9/a, = G/CjfC./Cj=A^fB:=:zA,(VlS}. 
Let G 3 be the normal subgroup of ff corresponding to the 
central of Ag. Then as before G/C^ = A^. Let be the 
normal subgroup of G corresponding to the central of A 3 , 
then &/ and so on. The central Gj is sometimes 
called the ‘ first central ’ of G, while Go, G 3 , ... are called the 
‘second, third, ... centrals’ of G. 

Ex. 1. The direct product of prime-power groups is of finite 
class. 

Ex. 2. A metabelian group is of class 2, and conversely. 

Ex. 3. The commutant of a group of class 2 or 3 is Abelian. 

Ex. 4. Every non-Abelian group of order is of the type 

Ex. 5. If G is of class i, (i) 0 unless i = 1, (ii) Ci = G, 

(iii) the class of A^ is i — 

Ex. S. If G is of class i, (i) Ci .1 contains Aj, (ii) -3 contains A^. 

Ex. 7. If G is of order and Aj of order jp®, the class of 
G <^+1 

Ex. 8 . Every element of G^ is of tbe form CiC ^ ... where is 
in 0^ hut not in Tbe commutator of and any element of 

G is in G^_i. 
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§ 13. if the first adjoined group A of a group 6f is the 
direct 2 ^roduct of its Sylow subgroups, Q is also the direct 
product of its Sylow subgroups. 

Let G be of order p^q^r^,,,; p^q^r, being distinct 
primes. Let P, Q, R, be Sylow subgroups of orders 
r'y, .... 

The order of A is a factor of the order of G, Let A be 

of order q^i r'^i Then A must be the direct product 

of prime-power groups P^,Q^,Rjy ... of orders r'^i, .... 

Let a, b be elements of P and Q respectively ; and let a ^ , 
in A correspond to a, b in G. Then the order of is a power 
of p and the order of is a power of q. But A is the direct 
product of Pj, Qj, Pj, , and therefore bp~'^afi)^ = aj. From 
this we deduce b~'^ab== ca, where c is some element in the 
central of G, Hence if m is the order of a, 

1 = 6-^ = (ca)'^ = = c'^ (since ca = ac). 

It follows that the order of o is a factor of m and is therefore 
a power of p. Similarly from we see that the 

order of c is a power of q ; and hence c = 1, 

Therefore every element of P is permutable with every 
element of Q, and similarly with every element of P, &c. 
Hence every element of P is permutable with every element 
of {Q, P, ...}, and these two groups have only identity in 
common. The same is true of Q and {P, P, ...}, &c. Hence 
G is the direct product of P, Q, P, .... 

CoROLLAKY. If One of the adjoined groups of a group Q is 
identity, G is the direct product of its Sylow subgroups. 

If A^ = 1, Ai_-^ is Abelian, and is therefore the direct 
product of its Sylow subgroups (XII 1, Corollary IV). Now 
is the first adjoined group of A^_^, and therefore A^_^ is 
also the direct product of its Sylow subgroups. The same 
reasoning maybe extended to show that A^^^, ... , Aj, 6^ 
are all direct products of their Sylow subgroups. 

Ex. 1. A group of finite class is soluble. 

Ex. 2. If each chief-factor-group of a group G is cyclic, the 
commutant A of is the direct product of its Sylow subgroups. 



CHAPTEE XrV 

SOME WELL-KNOWN GEOLPS 

§. 1 , Suppose fcliat {a} is a normal cyclic subgroup of tbe 
group G— {a, b} generated by the elements a and 1. Let 
A, fx be the orders of a, i ; and let a, ^ be their orders relative 
to {h}, {a} respectively. Suppose 

= i®, 6^ = a!', b~^ab = a^. 

It follotvs at once from the relation h~'^ah— that every 
element of is included once sind only once among 

lVa=^(x= 1,2, ...,A; y r= 1, 2, 

and hence that (? is of order A^. 

Since o’" is in {b},r-i-a and similarly s-J-^are integral 
(V 1 ). Hence = 1, and therefore A a is a 

multiple of /X -r- >J- Similarly ft -r is a multiple of A -J- a, 
so that A-^a=/t-f-/3. 

Now the order of6^=ft-r3=X.-T-o. the order of -e 
is evidently A - 7 - (the H.C.F. of A and r). Hence a is the 
H. C. I. of A and r, and similarly fS is the H. C. F. of ft and 
Since a~^ 6 ~^a 6 =a^■■^ we have h j I 4 
1 = a.-°h-ia“6 = 

Hence o (fc— 1) =0 (mod A) or r(i--l) = 0 (mod A), since a is 
the E. C. F. of A and r. 

Since b-^ah = b-Vaby^a^” (13); hence bs is permu- 
table with a if and only if = 1 (m<^ A). If is the low^t 
power of b pemiutahle with a, e is the smallest positive 
integer snch that A® = 1 (mod A), i- e. * is a ‘primidye rwt of 
the congruence iC*=l (mod A) Since b^ is permutable with u, 
it follows as in W 1 that e is a factor of ^ and 1 :^ = 1 (mod X). 

We shflH show in § 5 that every group whwe Sylow sub- 
groups axe cyclic is of the same type as (?: the converse is 
not t^e. 

Ex. 1. Every element of G is included among = 1. 

..., A; y = 1, 2, fi), 01 among a®J>^(a: = 1, 2, a ; y = 1, 

..., ft). 
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Y:\. i. If f tlip IL C. F. of \ and A-— 1. (i) the central of <? is 
. ii t th> roHinjutaat of G is {of*} ; (iii) G- is metabelian if 

^ - A r d\ 

} K liiid a group of the type of § 1 with non-cyclic Sylow 

iw, I. ■#:' aiiil {i, . are normal subgroups of G; {a\ h] is 

!. ''nly it" it toiilains the commiitant of 6r* 

Ia r?, lAvry .*^ul group of G is of tlie type {aK where y 

a of d, I is a factor of A and r 4>r{/i‘^“-l) 1), 

: > . > n. Xt'i two such subgroups are identical. 

I.A. ’a. Every subgroup and factor-group of G is of the same 
typu 

F't. 7, li'j G is soluble, (ii) The chief-factors of G are prime. 
Ex.. If every Sylow subgroup of G is cyclic, Jc is a primitive 
a ), provided a and b are chosen so that G is 
Id 4 by tivo elements a, b where {a,} is normal in G 

..'irul i't '.rder m^ater than A. 

^ 2. Tlie following four important groups are included 

Eia^rig tile groups of § 1 


ll * =■ z=z 1, h(h = « 

fill = 1, a2^ = (a5)2; 

flin 

(IV) r= 1, = (ab'f = 


tiroup III is the dihedral group of order 2 m, and group 
ii the dufdk group of order 4 m. The ease in which m 
H m power of 2 hm been discussed in XI 8, 


Ei,» L Find the centrals snd commutants of the four types. 

I.A.. 2. ii) Every element of may one of the four groups is of the 
a* or (ii) Find the oi^er of each element, (iii) Find 
conjugate mU of elements. 

h% u) ^ IS a normal sul^roup of eacli type, (ii) Every 
ni,ri-cvdir ^ul»gr€>up is of the form ba^}. 

Ex,, i, Lvaf}' of group I is Abelian or of the type I 

II the subgroups {a^, ba^} are of the type II, 
II ^ aueordiiig m i is odd, I and x even, I ewen and x odd. 

Ex. 111 grcHif* III and IV the mihgroupg ba^} are respec- 
tifrly and dieyelic, and they form one or two conjugate 

for a given value of I ml m m odd or event factor of «§. 

El. find the orders of the grwap® of mtomorphisms of the 
ttm.r tj-pm. 


Ei. a (i) If 


a*5*7^ 


the num-Wr of wmposition- 


III m 2’^Ujil -r-S! 1 1 f where my is the coefficient 

of l = a+€+C4-. 


I 
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ill) Tlie number of rliiu-f seri»»?? is 

b!4->! c! f! 

|iiil Find similar t..|5f‘« f?>r ^"ronp IV. 

Ex. tl u\ Tl'if^ diluHlral and dieyclie ;jTe^ups are the only groups 
« 9 piierated by a and b a'’ = r= A group of 

«»nltT with cvelic SvLav >ah‘4ro::p8 is either ereiie or dihe^lml 

3. Another itiiportaiu. -pe^cial ease of the .group in § 1 is the 
ladaejivlle group (.1 = , ??, h where aP = = L ao = Fa'* ; 

k tei.iig a primitive n>ot of the coiigruence = 1 ^‘mod /j). 
Aa in <§ 1 G is of cmieT p io 

Every auto morph is in of 0,/; is cfiinpletely given when we 
know the power of a corresjKmding to a in the aiitomorpliLsm. 
.Xow i, P, *..,1*^'“^ leave ditierent remainders when tiivided 
Iw p; for K = iv flood p'l ip>e>/> 0 ) would involve 
!•'■■'”/= 1 (mod /..»), eontrarv to the hyp3tLesis that k is a pririii- 
tive root of = I juio«l p), Henee these remainders are 
the numbers 1, 2, 1 in some order or other. But 

/>-2/«iyr=a^^ (IS), so that every automorphism of {a} is 
estaldished by transfomiing . a '■ by a power of &, and no two 
powers of F establish the same automorphism. Hence {ix- 
= the group of aotoniorphiMiis of ia'. Also since the only 
edemeots of G pcnim table with a are the elements of E 
G is the holoiiiorph of a ' . 

Ex. 1 . The commutant of G is 'a} and the central is 1. 

Ex. 2. There is only one abstract metaevelie group of order 

Ex. 3 , The order of is (p — 1 ) -7- (the H.C.F. of y and p — 1 ) , 

unless ^ = 0 (mod pj. 

Ex. 4 , The subgroups of G are cyclic subgroups {h^a^} not 
normal in tr, a ntirmal cyclic subgroup {a)j and normal subgroups 
• a, where is any factor of p—l and x = 1, 2, orjp. 

Ex. 5 . A metacyclic group contains a dihedral subgroup. 

Ex. 6. Every Sylow subgroup of a metacyclic group is cyclic. 

Ex. 7 . Every comp)sition"Series of 6r is a chief-seriea 

Ex. 8. If jj-1 = 2T'3'5‘7^‘ ..., Ct has 

(y 4-^ + €+...)! -f* y ! c! 

composition-serlea 

Ex, 9 , Every metacyclic group is complete. 

Ex. 10 . G is simply isomorphic with the group of auto- 
morphisms of a dihedral group of order 2p. 

Ex. 11. G is simply isomorphic with the doublj-transifcive 
pemiotafeion-group of degree p generated by S=(12 ...p\ and 
T= (^1 where h, is that one of the symbols 1, % 

p— -1 which satMes = h® (mod p). 
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Ex. 12. is simply isomorphic -with the substitution-group in 
the irF generated by r' = r-h 1, ar' = hr ; i. e. with the group 
in the GF [p composed of every substitution of the form 
x' = az-pb. 

^ 4. [f the Sylow mi,lgroups of a grmp & are cyclic groups 

or /ere pfi^, .... (ih < p, < ... <p„), Or contains 
a norrrutl subgroup of order Pf ”• 

taming every element of G whose order divides 

P/ Pr^i^ ■ •• ^ “/)• 

(1) Let p be the order of G. The number 

of elements in G whose orders divide '% is -n, and by the 
ec)Tt>llary of V 21 the number of elements in G whose orders 
divide a is AB-f-iOj (A integral). Let g of order be 
one of the (i^i— A) elements of G whose 

orders divide n but not n pj. Such au element exists ; 
for G contains by hypothesis an element of order ^Then 

the order of (f {p^ik >e>0) divides % but not if BXid 

only if e is one of the (Pi— 1) fc integers less than 
and prime to Pj. 

Let h of order be one of the (i?i— A) Pa®* 
tlementfi of G whose orders divide n but not ti -f-Pi which 
is not a power of g (if such an element exists). Then as 
before of powers of k divide n but not 

l^ow take one of the (Pi --A) Pa^a 

elemente whc^ orders divide n hut not u -r Pi which is not 
a power of gr or A and reason as before. Continuing the 
|rcH»ss till all the CPi“"A) ... p«« elements are 

exhausted, we that (Pi—A) ... is a multiple 

of 1) and is not zero. Since is prime to 

p/s mmi have X = 1. 

(2) By (1) and the Corollajy of V 21 the number of 
elements in G whose orders divide n -T~Pi but not ti Px is 
(Pi— [p. integral). Then exactly as in 
|I) ire may show that \px—p) ... ^ multiple 

of pj®!*”® (Pi — l) and is not zeroj from whidx it follows idiat 

|A= 1. 

|S) This reasoning may he repei^^ to show that 6 con- 
ixa^j p/ p^p elements who^ orders divide 

p/ p^i fin&ffy tiat G ooaMns exac^y p^"* 
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elements whose orders diTide Hence G contains only 

one Sjlow subgroup of order ; for if G contained 
two, G would contain more than elements whose orders 
are powers of Since JP^ is the only subgronp of order 

in G, is normal in G. 

(4) Iff is any factor-group of G, the Sylow subgroups off 
are cyclic. For that Sylow subgroup of F whose order is 
a power of is generated by an element of F corresponding 
to an. element of order in G. 

Hence G/ contains a normal subgroup of order 
The corresponding subgronp of G is of order 
andis normal in G. Again, G contains a normal subgroup 
of order 2 corresponding to the normal sub- 
group of order G Continuing this process 

we see that (? contains a normal subgroup Py+i of order 

^/-^r+i contains a normal 
cyclic subgroup of order and hence G / -Pr4l contains 

a normal cyclic subgroup of order p/. The corresponding 
subgroup P of G is of order p/ consists 

of those elements of G whose orders divide 

Ex. 1. If Gr is A-belian, it is cyclic. 

Ex. 2. The subgroup P is characteristic. 

Ex. 3. If P’ 15 . ^ 2 ? -'-j 9m elements of orders p^ij 

P^r ^G, jp~ {s'/, ffr+iT u = p^r-s. 

Ex. 4. Any subgroup H of G has all its Sylow subgroups cyclic. 

Ex. 5. The result of § 4 holds good even if the Sylow subgroup 
of order is non-cyclicy provided m. 

Ex. 6. Prove that G is soluble. This is true even if the Sylow 
subgroup of order is non-cyelic. 

Ex. 7. The ciiief-factors of G are prime. 

Ex. 8. Assuming only that G contains a normal subgroup 
of order deduce from Y 14 that G contains exactly 

nPr elements whose orders divide pJ^rp ®f+i 

Ex. 9. If a, group G (with non-cyclic Sylow subgroups) 
contains exactly ... p®** elements whose orders divide 

G contains exactly elements whose 

orders divide PST > ^ order 

of G and s < 
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§ 5. J. growp G with cyclic Sylow subgroups is generated 
by two elements a, b such that {a} is normal in 0 and 
contains every normal cyclic subgroup of (r, while the lowest 
poicer of b permutable with a is in {a}. 

(1) We assume that the result is true for auy group whose 
order is the product of powers of m — 1 distinct primes. We 
shall then prove that the result is true for a group G whose 
order is the product of powers of m distinct primes. Then 
the theorem can be proved by induction ; for it is evidently 
ti'ue when m = 1 (6 being identity). Let G be the group 
of § 4. It contains a subgroup S of index with cyclic 
Sylow subgroups formed of those elements of G whose orders 
divide n -r pf^i. Since JT is the only subgroup of its kind 
in G, every element permutable with G is evidently permu- 
table with jff; i.e. IT is a characteristic subgroup of G. By 
our assumption H = {a, 6}, where a^ = 1, 6^ = a^, ab = bah ; 
while {a} is normal in B. and contains every normal cyclic 
subgroup of and W is the lowest power of b permutable 
with a. Since every element permutable with {a} is per- 
mutable with each subgroup of {a}, {a} contains no cyclic 
subgroup not normal in B ; and since {a} is the only subgroup 
of its kind in JET, every element permutable with B is permu- 
table with {a] ; i. e. {a} is a characteristic subgroup of B. 

(2) Let a cyclic Sylow subgroup of order pf^i in G be 

generated by an element g; and let be the lowest power 
of g such that {g^}is normal in G. As in V 1 p is a factor 
of pf^i. Since B and {gP} are normal in G, g~'Pb^'^gPb is 
both in jEfand in {g^}. Hence ; for E and {g^} 

have only identity in common, since their orders are prime 
to one another. Therefore is permutable with 5, and 
similarly with a. 

Since the orders of a and g^ are prime to one another, the 
order of ag^ = the order of the Abelian group {a, g^} ; and 
hence {a, g^} = {a^g^} is cyclic. 

(3) Since {a} and {gP} are normal in G, {agf*} and every 

subgroup of {ag^} is normal in Conversely, every normal 
cyclic subgroup of G is contained in For suppose h 

generates such a subgroup of order where m is prime 

to Pi- Then {h'P\} ; being a normal cyclic subgroup of 
order m, is in {a} ; while being a normal cyclic sub- 

group of order is in {g^}. Hence {A} = { W, h^] is 
in {a/}. 
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(4) Now gp is th© lowest power of g permutable "witli a. 

For if is permatable with a^b~‘^g^b is permutaHe witli 
6“^a6 = and therefore with Hence b~^g^h is permn-* 
table with a; for we caa choose e such that ke = 1 (mod A I, 
since k is prime to k. Now since ff is permntable with if, 
every element of {g^, H} is of the form which is not 

permatable with a unless g = 0. Hence b^^g^h is of the 
form But since the order of is prime to the order 

of oi, we must have cc = 0, so that h is permatable with ( ; 
and {£f^} is normal in G. 

(5) A^gain, g is pennntable with {a} ; suppose g'^ag = 
Then since is the lowest power of g permutahle with a^l is 
a primitive root of = 1 (mod A). Now 

{hgy^aihg) = g-^a.’‘g = ; 

hence by 1 3 

(b^)~*ct(bgY = 

If {hgY is permutahle with a, kfl^ = 1 (mod A) ; and then 
1 = {kV)f' -^kfP and 1 = =?^/3 (mod \). Since jB and p 

are prime to one another, we deduce that if is a multiple both 
of ^ and p if (bgY is permatable with a. Hence the lowest 
power of hg permatable with ag^ is a multiple of ; for b 
and g are permutahle with g^. 

(6) Write now a for h for bg. Then {a} is normal in 
{a, T)}, and the order of {a, h} = {a} -{“{alh-h {a}l5-4-... is 
> n. For the order of a is n ^ while the order of h 
relative to {a} is > pfi, since the lowest power of b permu- 
table with a is a multiple of pjS. But (a, h} is a subgroup 
of G. Hence is in {a}, and G = {a, b} where {a} is 
normal in G and contains every normal cyclic subgroup of 6?, 
while the lowest power of b permatable with a is in (a). 

Ex L A. group T whose order contains no square factor is of 
the type = 1, a5 = ba^y where & is a primitive root of 

= 1 (mod A) and A is prime to fu 

Ex 2. (i) Find the conditions that should correspond to 
a, by (h^ to h in an automorphism of H, (ii) Find the order of the 
group of automorphisms of T in Er. 1. 

HA.MiLromA.N’ Geoups 

^ 6. A non- Abelian group all of whose subgroups are 
normal is called a SamiltcniaTi, grou'p. The simplest type 
of Hamdltonian gxoup is the gwdemicm growjp = 1, 
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[XIV 6 

^2 _ _ J 2 ^hich is identical with the dicyclic group 

of order 8. It contains one subgroup {a^} of order 2, and 
three subgroups {a}, {b}, {ab} of order 4. 

Ex. 1. Verify directly that every subgroup of the quaternion 
group is permutable with a and h. 

Ex. 2. Every subgroup of a Hamiltonian group is Hamiltonian 
or Abelian. 

Ex. 3. Every element of order 2 in a Hamiltonian group is 
normal. 

Ex. 4. A Hamiltonian group is the direct product of its Sylow 
subgroups. 

Ex. 5. Every factor-group of a Hamiltonian group is Hamiltonian 
or Abelian. 

Ex. 6. If = {abf = b% {a, b} is Abelian of order 4 ox- 
quaternion. 

Ex. 7. If lab = a and db = bd^j {a, 1} is Abelian of order 4 
or quaternion. 

Ex. 8. The quaternion group is the holomorph of a cyclic group 
of order 4. 

Ex. 9. (i) The group of inner automorphisms of a quaternion 
group is non-cyclic of order 4. (ii) The group of automorphisms 
is simply isomorphic with the symmetric group of degree 4. 

Ex. 10. The quaternion group is not the group of inner auto- 
morphisms of any other group. 


§ 7 . The direct prod/vbct G of an Abelian group A of odd, 
order an Abelian group B of order 2^ and type (1, 1, , 1), 
and the quaternion group C is Hamiltonian, 

Let H he any subgroup of (?, let h = ahc be any element 
of H, and let g = a^y he any element of G ; where a and a 
are in A, b and /B in JB, and c and y in C, Then 

g’''^hg = y“^/3“^a~^a6ca/3y = y-^ahcy = y'^'^cyah. 

Now since = 1 and {c} is normal in (7, y“"^oy = c or 
Hence g'^'^hg = h or c^h. But H contains 

h^^ = (abcf^ = a^b^^c^ = (since = 1 and x is odd). 

Hence H contains g^'^hg and is normal in G, 

The converse of this theorem is proved in § 9, 

Ex. 1. Every element of {J?, C} is of order 1, 2, or 4. 

, Ex. 2. The central of is the direct product of A and if, 
where H = {B, e} is Abelian of order 2^^"^ and type (1, 1, , 1), 

e being the element of order 2 in C. 
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XIV 8] 

§ 8. There is no Hamiltonian group of order if p > 2. 
If p 2y there is one and only one abstract Hamiltonian 
group of order p^ (a > 2) ; it is the direct product of the 
quaternion group and an Abelian group of the type 
( 1 . 1 , !)• 

(1) Let ff be a Hamiltonian group of order p^. Let g of 
order p^ be an element of G which, is not normal in Q but 
is such that every element of lower order in G is normal. 
Let h of order pt^ (fj. > A) be any element of G not permutable 
with g. 

Let c^g‘~^h^‘^gh. Since G is Hamiltonian h^^gh is in {g}, 
and therefore o is a power of g. Similarly, c is a power of A. 
Hence c lies in the greatest common subgroup D of {gf} and 

{A}. Since c^^l, D contains the subgroups and 

{JiP^~^} of order j 9 in {g} and {A}. Therefore 
where u is prime to p. Since A is not permutable with gr, 
jD ^{gr} and hence A > 1. 

Now by 14 gf~i^A“^gr^A = But g^ is normal in G by 
hypothesis, and hence c^ = 1. Again, {hygf = 

Putting i = we have (A2'gf)^ = 

Hence if ^ is odd, or if 2 ? = 2 and y is even or A > 2, (A^'gr)’^ = 1. 
Now since h^g is not permutable with A, we cannot have 
(hygy=: 1; otherwise hyg would be of lower order than g 
contrary to hypothesis. Hence p = 2,y is odd and therefore 
A = jut, and A = 2. Therefore A = /x = 2 and gr^ = A^ = 1, gf^ = A^. 
The group (gf, A} is evidently a quaternion group. 

(2) We have shown that any two non-permutable elements 

of a Hamiltonian group G of order 2^ generate a quaternion 
subgroup. Now every element of order 2 in G is normal; 
for if g is such an element, {g} is normal. These elements 
of order 2 form an Abelian subgroup H of the type (1, 1, , 1). 
Let = 1, = {ab)^ = 6^ be any quaternion subgroup G. 

If d is any element not permutable with a, {a, d} is a 
quaternion group and d^ = a^. 

Let y be any element of G permutable with a and 6, Then 
y6 is not permutable with a, and hence 
Therefore y^ = 1 and y is in H 

If y is an element of G not permutable with a and b, three 
cases can arise since y is permutable with {a} and {6}, 
namely (i) y“^ay = a, y“"^&y = (ii) y~^ay = y"^6y = 6, 

(iii) y^^ay = u®, y~^6y = It is at once proved that a and h 
are both permutable with (i) ay, (ii) hy, (iii) a6y. Hence as 
before H contains (i) ay, (ii) by, (iii) a6y. In each case y is in 

KILTOH F. a. H 
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CH. Hence 6^ ~ {(7, AT}, and H is the central of (?. The 
greatest common subgroup of G and H is {a?}- Let B be 
a subgroup of index 2 in H not containing Then 

G = {By G} and is the direct product of B and (7, i.e. of an 
Abelian group of order 2^“^ and type (1, 1, 1) and the 

quaternion group. 

Ex. 1. The commutant of G is {a^}. 

Ex. 2. G contains — 1 subgroups of order 2, of 

order 4, — 1 of index 2, -|( 2 <^“^— l)( 2 «"" 2 _x^ of index 4, and 

2 ^ 0-6 quaternion subgroups. 

Ex. 3. If every subgroup of order >p in a non- Abelian and 
non-Hamiltonian groups of order is normal (p > 2), AT contains 
only one normal subgroup of order p. 

§ 9, Every Eomiiltonian group is the direct product of an 
Abelian group of odd order ^ an Abelian group of order 2^ and 
type (1, 1, 1), and the quaternion group. 

By Corollary IV of XII 1 a Hamiltonian group Q is the 
direct product of its Sylow subgroups. Now each of these 
subgroups is evidently Hamiltonian or Abelian. Hence by 
§ 8 the Sylow subgroups of odd order are Abelian, and there- 
fore their direct product is an Abelian group A of odd order. 
Again by § 8 the Sylow subgroup of even order is the direct 
product of an Abelian group B of order 2^ and type (1,1,.,.,!) 
and the quaternion group 0. Hence G is the direct product 
of Ay By and G \ which proves the theorem. 

Ex. 1. The commutant of G is of order 2, 

Ex. 2. The central of G is of index 4. 

Ex, 3. G is metabelian. 


CHAPTER XT 


CEARACrERISTICS 

§ 1 . If a group G- is siinpl 7 or multiply isomorphic with 
reducible homogeaeous linear substitution-groups S, 8\ 

. (TII4), then ... are caEed 'representatioris of G. 

iLet g be any element of and let s, / be the coiresponding 
ibstitutions of /S' respectively. Then if a fixed substitution 
cam be found suoh that t^^st = s' whatever element of G 
may be, S' and S' are called equivalent representations of G; 
XLotj /? and 5' are called distinct representations. 

Every substitution conjugate to s in S has the same 
.aracteristie equation (III 6). Eence the substitutions of 8 
rresponding to each element conjugate to y in G have the 
me characteristic equation ; for to an element of G conjugate 
g evidently corresponds an element of S' conjugate to s. 
xe sum of the roots of the characteristic equation of s is 
lied the characteristic in the representation S of the set 
elements conjugate to g. 

Suppose 8 is of degree m. Let s he transformed into tho 
□Lltiplicatiom then 6“^ is 

insformed into •••» ^ is of 

der q; are g^-th roots of unity and are the 

ots of the eliaracteristic equation of s. Hence the character- 
>ics coj "f” ^2 — ^ and ^ “t ^ ”b • “t* of the sets 

elements conjugate to g and g~'^ are conjugate imaginaries ; 
r is conjugate to If the conjugate set containing g 

self-inverses (Y 6), its characteristic is real. 

If g = 1, 8 is (xj, £I? 2 , Hence the characteristic of 1 

the degree 'm of 8. 

If -we rej)lace each coefficient of every substitution of 8 
the conjugate imaginary, the substitutions so obtained 
viously form a group 8 simply isomorphic with 8 which 
also a representation of ff: 8 and 8 are called inverse 
>resentation8. If 8 and S are equivalent representations, 
Is called a sdJ-iTiverse representation. 

IT 2 
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EEPRESENTATIONS OF A GROUP [XV 1 


Ex. 1. The following table shows the S distinct representations 
and the corresponding characteristics for the group 
= 2)2 ^ 


Elements 

Substitutions of the representation j 

Characteristic in 

of group 


S' 

8" 

s 

S' 

S" 

1 

X 

X 

{p,y) 

1 

1 

2 

a 

X 

X 

/I Vb Vz 1 \ 

(-2^- -2-3^, 

1 

1 

-1 

a? 

X 

X 

/I -v/3 Vz In 




h 

X 

— X 

-y) 




la 

X 

— X 

/I Vb Vs 1 \ 

1 

-1 

0 

la^ 

X 

—a; 

/I Vs Vb 1 \ 





Ex, 2. One and the same group of linear substitutions may 
give, rise to two or more representations of 6r. 

Ex. 8. The characteristie of a set of elements of order 2 is 
integral. 

Ex. 4. Every representation of Gr is simply isomorphic with 
a factor-group of G* 

Ex. 6. Every representation of a factor-group of is a repre- 
sentation of (t. 

Ex. 6. The substitution-group of degree and order 1 is a 
representation of every group. 

Ex. 7. Every representation of an Abelian group is of degree 1. 

Ex. 8. A group is not necessarily simply isomorphic with any 
one of its representationa 

§ 2. Suppose (? is a group whose elements form r conjugate 
i sets of wrhich the first is the set containing only identity. 

I Denote the elements of the X;-th conjugate set by (<7^ = 1), 

3 
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XV 3] - - - 

.Let Sjj Kp he the dintiiiet rtf // ; wh«’r»'^ 

aS\ in the homoj^^enc^ous linnir i^n^up uf drirrvn fuel order 1. 
which is evidently a reprieeniatitiit fVrrv K^***^*P* 

We denote hy x;/ tho charart<*ri.MHc of \ii the reprr'.Heii- 
tation The.n x/ thf* »jf S-, arel x/J L 

We denote, hy x/d t lui charaen'ri.stin in <»! tie* hof inver-e^ 
to 0;.. Then x;.:h X/.* conjni^at*- iiuautinarier^, luid are real 
and eqnal if 1 7 . is a self-iii verse set. 

We denote hy x/d the idiaract^Tinf ic <<f f ^ in Uo' repii** 


Bontation mverne to 'TlH^n xr-* \h* reoiju|.tiit*^ 

imaginaricH, and are iml and i‘<|ual if »<■ in a iieihin verse 
reprcjeentetion. 

The r chanictermticH Xi*» X-/» '**»Xf* calle*! fite h*i e/‘ 
vhunuiendkH of f/ in the represetniation *S*|. 


Ex. 1. x/ = Xa^' Xa^*' " Xa’- 

Ex. 2, Trail nuKhilnn of x// Xi*- 

Ex. 3. If xj* x^i* X.?d nimply mmorphie with 
am whores // = 4* t; 4 ... . 

Ex. 4, L<4 xi* Xy^ X.'i’ •■* of ehar«rf 4 »ri«tie.ii f^r the 

conjugate Bois .h\, /d|» ... c.»f a farlor*greaj|> T of // ; mol l**i 

(//, f 4 V *** ^dio rf>n jugate mjta of eiimwipoioling th«‘» 
ehanentB of V. Tloei there i.H a set r^f rhiiraeteriaiicn of tp in 
which Xk die clmraetoriHtic of each of 

. h-.H. ...I 

Ex. 5. Every chara^'t^^rmtie of a Hytum*4ric group in re*fd. 


§ 3 . SuppOHff. (t in mt Ahrlkn grotip of r^rd.er n, Th*m 
'f = tr, and eiuth conjugate .«^et contains on*' i-leiio'iit onlv. 
Any raprcBijntation ot (J (kdng irrodnniljiri m of degrc‘e’''l 
by VII H; hence Xi* - F 

Let *••»///) a hnae of t;, ami let h«. the order 

X zT. ii^^x he the Huh-^titutirin of c#irf*’aj»#inti$iig 
tof/^; SO' that uy =rj 1 and is the rhariwterislic of #7^ in ilie 
nipresentatitui Then the Huhstitniion of ci'irro»i|rf.iii«lii4g 

-- ... e, ain! ... «i/i lit 

the elmraoicmtic of in the frpmmmimihrn 

Now limy Ir#* any one of Ihif n^^iti nsita of iiniiv . 
hence th<?rii ant c-q iq - n distinri re|irrfii’rit4ti«fi.» tif 
If is any prlndtive u^-th r^mi of iiniiy (ao iliat 1, 

# 1 if y < tlin ctmraoterkiii^ of ilie 

% repriMientatiofii an? 

s I, 2* ; #7 1* 2, . , l|. 

The raprastii-lalioiii of i; way \m mmtfhmni m ideineiiiA if 
W0 define the pr^ucl m hmnrn. iM tJic cimrmUmrnm 
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[SV3 

of lepresentations Sj “be respeetWely 

... OiHi ... B^h; tken the product S^/S^ is defined 

as the Tepresentation in -v^hieh the characteristic of 
is ... B^h'^h^ It is at once seen that the represen- 

tations considered as elements form a gmup 2 simplj iso- 
morphic -witli ff, the element ghg^i in corresponding 
to the element 8^ in 2. 

Ex. 1. H every characteristic of an element g in an Ahelian 
group is real, = 1. ^ 

Ex. 2. The number of representations of any group G- of the 
first degree = the index of its commutant A. 

Ex, 8. The siihstitutioii-group a/ = ic, stands for 2°^— 1 
distinct representations of an Abelian group of order 2^^ and type 
( 1 , 1 , 1 ). 

Ex. 4. The multiplication table of an Abelian group of order 
n considered as a determinant of elements ia the product of 
n linear factors. 

Ex. 5. (i) The multiplication table of any group considered as 
a determinant has q linear factors, where q is the index of the 
commutant. (ii) Pind these linear factors in T li. 

Ex. 6. The sum of the characteristics in any given representation 
of all the elements of an Ahelian group is 0, unless each character- 
istic is 1. 

Ex 7. The sum of the characteristics of a given element of 
an Abelian group in every representation is 0, unless the element 
is identity. 

{ 4. Let jff he any subgroup of the Abelian group 
<? = ffyi + JETyg-}-... -f 5*7^, 

and let 8 be ope of the u distinct representations of G fH, 
Since G is multiply isomorphic with ff/ATand G/E withS, 
/S is a representation of (?. The characteristic of every 
element of H in the representation S of (? is 1. Conversely, 
if the characteristic of every element of H in the represen- 
tation iS of is 1, is a representation of ff/fi For 
evidently in this case the characteristic of every . element 
in Ey^.Eyj is the same. 

IJow let B ^^ ... he the characteristic of .. . g^. in 
the representation 8. Then the le. elements of the type 
gi^g 2 ^ form a subgroup K simply isomorphic with 

(?/ E, Tor they evidently form a subgroup simply isomorphic 
with the group L whose elements are the r^resentations 
of G/E, corresponding to 8: and L= 0-/HQ S). 
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XV 5] 

The subgroup H bears tbe same relation to K that K does to 
H. For g-}ig^ 2 . . . g^k is in if if and only if ... 6 fhh = 1 

for each of the u sets of values of h, Again, 

6 ^h 0 ^ 2 ... 9fh is the characteristic of in a represen- 
tation of G/K if and only if B^kh = 1 for each of 

the 'll sets of values of k^j kc>^ v'Hch is the same con- 

dition as before. For this reason H and K are called re- 
ciprocal subgroups of G, 


Ex. 1. The subgroup of G reciprocal to if depends on the base 
^ 2 ? ••• ) gt\ ^nd on the quantities 6 ^, do, ..., d.. 

Ex. 2. A is a subgroup of the group reciprocal to any subgroup 
of if. 

Ex. 8. An Abelian group contains as many subgroups of index 
q as it does subgroups of order q. 

Ex. 4. An Abelian group contains as many subgroups with 
given invariants as it has factor-groups with those invariants. 

Ex. 5. An Abelian group of order with t invariants has 


factor-groups of the type (1, 1, 1, ... to q terms). 

Ex. 6. An Abelian group of order p® of tbe type (2, 2, 2, .. 
1, 1, 1, ...) — y 2 ’s and s 1 ’s — contains 


subgroups of index 

Ex. 7. (i) Any group contains 

(jp2-i)(p-i) 




p-i 


-f 


py—1 

p-i 




normal subgroups of index p^ where y and s are zero or positive 
integers, (ii) Find y and z in the group of XI 7. 


§ 5. The discussion of the properties of characteristics of 
non-Abelian groups is too difficult to be included in an 
elementary treatise. We shall confine ourselves to a statement 
of the fundamental relations between the characteristics and 
to one application. 

Using the notation of § 2 it may be proved that there are 
T distinct representations of (?.* Let be the number of 
elements (7^ ; so that -ri = -f Ag + - . + Now if any 
element g is contained among the h^Jii elements we 

prove immediately that badoidos every element 

For a proof of these important theorems see two papers by Prof. W. 
Burnside ; Acta Mathematicay xxviii (1004), p. 309 and Froc, London Math, Soc., 
2 i (1903), p. 117. 
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conjugate to g. Suppose tliat the hj^Jii elemeats include 
the elements G-y c^iy times, the elemeats Cj times, the 
elements G^ c*.;,. times; i.e. CT,Gi = c^iyO^ + c^i^C^-\..., + 0 ^,. d,., 
where Cjj 2 > ••• s positive integers. Then 

= Xi*(<3hAXi* + CH2^2X2*+ •‘• + CjclrKXr^} 0)* 

^XixJ +-hzX2%-^ + ^-+Kx/xJ = 9, 

as ^ / 

or (ii)* 

In (ii) ieep i fixed and let j take the r values 1, S, ...jr. 
Solving the r equations so obtained ive get ~ ; 

where is the eo-factor of in 


x = 

Xx^ 

X2^ • • 

• Xr^ 


Xx^ 

X2^ • • 

• x/ 


Xx" 

\i ^ • 

• x/ 


Now 


xi 

(>/ 




according as T i or Jc^ i. e. as J = F or J A'. Hence 

Xh\l^ + Xh’^Xi‘+ •^■-^Xh’'Xl crlz^Jt' (iii) 

In (i) keep fc fixed and let I take the r values 1, 2 , r. 
Eliminating ^ 2 X 2 ^* •••> ^rXr^ between the r equations 

so obtained we get 


C7clt-'« 

^fel2 

• - • ^hlT 

^*21 


• • • 

^Jcrl 

^hr2 

* • * ^Tcrr' 


where k = (iv) 

Xi^ ^ 


Ex. 1. The alternating group on the symbols 1, 2, 8 ^ 4 contains 
4 conjugate sets 

= 1, <^2 = (1 2)(a 4)4(1 a)(2 4)4(1 4)(2 3), 

C 3 = (1 2 3) 4 (1 4 2) 4 (1 S 4 ) 4 (2 4 8 ), 

= (1 3 2)4 (1 2 4)4(1 4 3)4(2 3 4). 

* See footnote on p. 183. 



XX oj PROPERTIES OF CHARACTERISTir\< 1S.5 

Tiie table gives the value of Putting k = :> m iv ' we 

K* = 64 k. Hence k = 4, 4tj, 4iu', «.'r kK wIrtc f j. = ~ 1 
Putting these values of k in the 3 equations A^mhe-re i =r I I 
I = 2, 4 ^Ye get for tlie ratios : h.^\e : ii..\ 1 .r 

values 1 : S : 4 : 4, 1:3: 4^«j : 4*^'. 1 : S : i a.-: 4 ari4 I ■: 1 .j ' ^ ^ 

Substituting in the result of Ex. 4 (noting that C\ aad r.b ar. ^ 


Vblues 

Value ore. 





ofk,L 

/ 

2 

3 






/,/. 

f 

0 

0 

0 






0 

/ 

D 

0 


Value 

Value ofk 


0 

0 

J 

0 


ofi 

/ 

2 

'S ! 


0 

0 

0 

/ 


/ 

/ 

/ 



/ I 

Z, 2 . 

3 

2 

0 

0 


2 

/ 

/ 

CO 1 

^.3. 

0 

0 

3 

0 



/ 

D 


2 .^. 

0 

0 

a 

3 


El 

D 

-/ 

0 

3,3. 

0 

0 

0 


Value of X^. 

3.-^. 



0 

0 






0 

0 


0 






Vizlue of Cj^i^ ~ Cif^Q 


inverse^ while C3 is inverse to €4) obtain the 1,^ h «> 

for Xi* respectively. Hence we get the above table for Xi^» ^ 

The corresponding ropresentations are these ^ntrate^ by 
;:r' =a)x, r'=: (3?, x) and [x, ~f, ~4 , ^ th^m Sj and 

are seE-inverse representationSy while » inv€i«« to 
There are B representations of degree 1, sine© the e^^mmitant 
Cx 4“ C2 is of index 3 (cf, XT 
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[XV 5 

Ex. 2. (i) (ii). 

(ii^) Ckie = Ci^e ; (i^) == y W =1 or 0, as 6 = ? or 

e ? ; (vi) C;^ 2 i = \ or 0, as Z = A;' or 1:^1' • (vii) c^k^e = 0 if 
(I is not in the commutant ; (viii) Cr.7,7z. = 

^Ex. 8. Proye JhXi^ ^ ... +&/ = 0 (i !)• 

Ex. 4. Prove ZiiXi'x/ + ^ 2 X 2 "X 2 '"+ ••. +KXrXr'" = ^- 

Ex. 5. Verify (i) when the elements Gk aiid are in the 
normal subgroup of G corresponding to identity in S^. 

Ex. 6. Verify (i) and (ii) for an Abelian group. 

Ex. 7. Find the characteristics and corresponding representations 
for the group (i) = (^^^2 ^ i ^4 ^2 ^ = 1 ; 

(iii) a® = Z>^ = {aiy = 1. 

Ex. 8. Find the characteristics for the groups 
(i) a® = 1, = {obY = ; (ii) =1? ^ 

Ex. 9. Find the characteristics for the group = Z>^ = 1, 
ah = haK 

Ex. 10. Find the characteristics for the symmetric group of 
degree 4. 

Ex. 11. Find the characteristics for (i) the alternating group, 
(ii) the symmetric group of degree 5. 

§ 6. iVo dmple gro'tip contains a conjugate set of 
elements. 

Suppose that in the group (? of § 5 the conjugate set Ck, 
contains p^ elements, i. e. hk = Put Z = 1 in § 5 (iii) then 

XxXl^ + XxXl^ + ... + x/x/ = 0 (i) 

If = 1 (i 1), the representation is of degree 1 and is 
therefore Abelian. Hence G, being isomorphic with 8^ is not 
simple. 

Next suppose Xi^ 1 unless i = 1. Since XiX'k == 
follows from (i) that not all of Xl^Xfc^ ..-j X-iXk be 

divisible by p. Suppose divisible by p. 

Let <T of order q be an element of 8^ corresponding to an 
element of Ck* Then o- can be transformed into a multiplica- 
tion of the form (w^icci, ajg, ,..) where oo is a primitive 

g^-th root of unity, and Xk^ == ^«>®‘i + co °2 + a)®8+ .... Denote by 
<Oj(==x 7 ^^), cog, <0g(=Xi^) quantities obtained by 

putting 0 )^, o)^, ..., 0 ) 2 ”^, 0)2 for <0 inx;^;^- Let 

(ic— co^) (a?— oog) ... = a;2 + Ziir2'“i + .., 4-Z^. 

Then •••> integers ; for they are integral symmetric 
functions of the roots of aj2 == 1, 

Now by § 5 (iv) hkXtf "r- Xi* ^ ^oot of an equation of the 
form = 0, where are integers. 
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XV 6 ] BURNSIDE’S THEOREM 

Then the H. C. F. of +p^s^-''- + .,,+p^ and 

is of the form fl3-^+g'iCc/“^ + ... +^, where qi, q^, •••)?/ 
rational ; / is 0 since the H. C. F. is divisible by a; — • 

" Xi^ 

Let 

= (^+ ?1 + • • • + 4- . . . 4- r 

where r ^ e+f- Then gy is integral. For let X and m l >6 
the L. C. M.’s of the denominators of the rational fractions 
9ii ?23 ^13 '^2 5 •••3 I'espectively. Then 

\fx (x'^ -h ... + J^r) 

= (Xic/+ 4- . .. + Xyy) 4- jar^cc®”^ 4 ... 4 

and therefore by Gauss’ theorem * A = = 1 . 

Now the integer is the product of / quantities 

Xi ' Xi" ’ Xi" 

Since and Xi^ is prime to p, the product ^ • 

. Xi Xi Xi 

must be integral. But since coj, o)^, < 05 , ... are each the sum 
of Xi^ quantities with unit modulus, the moduli of coj, co^, ... 

are each < Xi^*t Hence the modulus of ^ ^ is integral, 

since the modulus of is integral. This is only 

^ Xi" Xi Xi" 

possible if = Og = 03 = ..., and then the substitution o- is 
a similarity. Hence contains a normal element <t and is 

not simple. Therefore G being isomorphic with is not 
simple. 

Ex. Prove that a group G of order {p and q prime) is 
(i) composite, (ii) soluble. 

* * If the coefficients of aQ 4* 5c”*“^ + . . . 4- are integers with no common 
factor, and the same is true of 6Qa;*‘4-tiaj’^^4-...4-tn, the coefficients of their 
product Cqx’”'+” 4" Cia;”*+””^4- ... 4- c^+n have no common factor.' In fact, since 
= aob^4-ai6^.-i4-...4'a/«i&i4-«i&oj ^ given prime dividing a^, ai, ..., and 
^oj h> ^7j-i ®i7 divides Co> •••y ^g+h* 

t For the sum of the moduli of two or more quantities > the modulus of 
their sum. This is at once evident from the graphical representation of com- 
plex quantities. 


' 


hints foe the solution of the 

EXAMPLES 


CHAPTER I 

§ Ex. 2. (i) a. aa = ea = ae, ••. aa = e. {ii)gaa = haa, 

f/ = /t. 

Es:. a. aS.-.H-Z-iri... 5-ia"^=a5... ... ... 

= <jch . 6 ~ = a . = 1. 

Kx. 4:, 5. Prove as in ordinary algebra. 

Ex* 0. = aha = haa = ; and this can be at once 

extended. 

Ex. 7. Prove as in Ex. 6. 

Ex. 3, 9. Prove when ^ = 1, and then use induction. 

Ex. lO, 11. The identical element is zero when the law of 
comlbination is that of addition, unity when the law is that 
of mnltiplication. 

§ S5- Ex. 4. (ii) If x — Tzn-\-l {n>l>0), 1 == a}, i = 0. 

Ex. 7. Use I l 7 (i). 

Ex. S. (i) li X Tcn-^-l (n>l> 0), is permutable with K 

I == O. (ii) Prove as in (i). (iii) Find integers x and y such 
t ha.t £cr^ = 1 (mod n) and y5 = 1 (mod m). Then since and 6® 
are perxnutable, so are = a and hv^ = h 
Ex. ah.ha = aWa = == 1 . 

Ex. lO. ha = ha. ahah = ha^hah = h^ah = ah. 

Ex. 11. (i) Find integers x and y such that xr+yq=^l and put 
a = /3 = yg[. (ii) = {hc)^ = = c^. 

a^z=z ay^ = = c. 

Ex. 12. Use I IgQ and (iv). 

Ex. 13. Use I Ig, putting ^ == 1. 

§ 3 . Ex 1. If == 1, {h^^ah)'^ = = 6-^2) = 1, and con- 

versely. 

Ex. S. ah = h'“\ha)h. Now use Ex. 1. 

Ex. 4:. (aft) c = c"~^ao . 

Ex. <5. If a'^^ca = . c = c. and . c = c . ah'^K 

Ex. B. (i) Use induction ; 

(ii> il^^a>^)-’^{hya^)(h^a^)=:hy.h-^ya’^ny .a^. Nowuse§3. 
3Ex. 7 , Put y = w in 6-»a6» = a*®. 

23x. 8. lor 31. 
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Ex. 9. = 1 (modjp) for all values of h prime to^. 

Ex. 10. and a~^'ba = 

aha = hah . a = 

Hence h'^z=.d?z=z a~'^a^a == = h~^ and h^ = 1. 

Ex. 11. If a“^ca = c® and 6”^c6 = c^, (a2))“^c(a6) = 

= = (&a)”^c(l>a). 

§ 4 . Ex. 2. . h~'^a~'^ha = 1. 

Ex. 3. g~^{a~'^h~^ah)g is the commutator of and g~'^hg. 

Ex. 4. If h=:a-^-^ah, 5=1. 

Ex. 5. Use I 85. 

Ex. 6. a~'^h~^ah = (ha)^^. (ah). Now use 1 83. 

Ex. 7. (X-^5-ia5 = (5a)-‘i(a5a--i5~i)5a. 

Ex. 8. a~'^h~^ah = a5a5. 

Ex, 9. If aga~'^ = and 5^5“^ = ^ = h'^'^g^h. 

Hence = h~'^a~'^ha . g . a~^h~^ah = h~'^a~^h . ^. 5“^a5 

= h~^a~^ ,gy^ .ah-=: h~’^g^h = 
Ex. 10. Put a = the order of a in a~^h~^a^h = c^. 

Ex. 11. (i) and (ii). Use induction or Ex. 2. (iii) Making 
repeated use of aH^:=h^a^c^^ we have 

h'ya^^.h "•5a~^.a^52/.a^6s= h~y a^^h'^^aHyc^y'^h^ = c^s-y»*. 
Ex. 12. Use induction and g^Qj = 9jglo^. 

■ Ex. 18. (i) (ii)ax(;ciy+«-fcy)-r(W*-fc»)^ 


CHAPTEE II 


§ 1. Ex. 2. 0. 

Ex. 4. Call the rows of the board 1, 2, ... , m and call the files 
a, ..., jLt. Place a queen on the square common to each row 
and file with the same name. 

§ 2 . Ex, 7. Of (a h) and (h c). 

§ 3 . Ex. 1, (18 649) (285) (710), (1 11 10 9 6 2 7 8 5) (4 12 8) 
(13 14), and (a e) (h g c /). 

Ex. 5. (i) (a h ... l){m n ... a?), (n) (ah c ,,, xv z ...), 

Ex. 6. Use Ex. 5. 

Ex. 8. (i) (hj xy z ..,i ^T}C (ii) (hj C •••)(i^xy z ...). 

Ex. 9. replaces by 

Ex. 10. (ah c ... l){(x ^ y ... X) (A P (7 ... J}) ... containing Jc 
cycles = (a a A ...h ^ B ... cy C IkL ...)*. 

Ex. 11. (1 2 4 3 7 8 5 6 10 12 11 9)^ 

§ 4 . Ex. 2. 6, 20, 2. Eesolve into cycles. 

Ex. 8. By II 87 the statement is true for circular permutations. 
^.^PP^se 8^ ABO..., where A, B, 0, ... are circular permuta- 
tions, no two of which have a symbol in common ; and let 
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jA. — jd.ijd.oj S — JB-i Soj a — Oi Cfoj • ••• wli6r6 jd.-! j -^oj • -Z^o« G-x * 
C„ ... are of order 2.' Then ai4 ••• = 

•••)j which is of order 2. 

Ex. 4, is integral if r4-54-^+ ••• = w. 


§ 5. Ex. 1. (5 6 3 4) (9 8 1) (2 7), (4 1 3) (7 8) (6 2). 

Ex. 3. If J. = (a Z) c ...) {Jc I m ...) ... and 
B = (al3y...) (xAfi...) ... 
are the two similar permutations, B = T^^AT where 

rp ___ (CO ^ c m 

^ y ... K X /X ) 

Ex. 4. C is the commutator of A and T. 

Ex. 5. Let A = {a h c 1) {mn o ...) ... and B= {a ^ y ...) ... 
be the permutations. Then A‘‘^B'^^AB — A'^ • B~^AB = 
(cl) al ...) (o n m ...) ... . (/3& c ... Z) (m n o ...) ... = (a/Bh). 

Ex. 6. If the 2 symbols are not consecutive in a cycle of either 
permutation, the commutator is of order 3 as in Ex. 5. Similarly, 
if they are consecutive in (i) both, (ii) one and not the other, the 
commutator is of order (i) 2, (ii) 5. 

Ex. 7. By § 5 if T^^ST = Sj T is a power of S, 

Ex. 8, If A = (ah c d e)f B = (1 2 3 4 5), the permutations 
required are the 25 permutations of the form A'^B^ together with 
the 25 transforming A into B and B into -4, i.e. 20 of the form 
(a2d563elc4) and 5 of the form (a 3) (h 4) (c 5) (d 1) (e 2). 


§ 6 . Ex. 2. (1 3) (1 6) (1 4) (1 9) (2 8) (2 5) (7 10) and 

(a c) (a e) (af) (h h) (h i) (h d). 

Ex. 3. (rs) = (1 r) (1 s) (1 r). 

Ex. 4. Assume the result true for the product of any number 
of transpositions < Ic. Let 2\, T2, ..., be transpositions 
whose product is a permutation C of degree m with s cycles. 
Then ... Tj^-i = GTj^ has by II 84, 5 5±1 cycles ; so that 
Z;— l>m— 5+1 and . •. lo>m—s, Now use induction. 

Ex. 5. Use § 6 and Ex. 4. 

Ex. 6. Use Ex. 4, 5. 


§ 7. Ex. 2. Use § 6. 

Ex. 3. Use Ex. 2. 

Ex. 5. By II 63 any permutation can be expressed as the 
product of transpositions all having a symbol in common, and 
the product of any two of these is circular of order 3. 

Ex. 6. By Ex. 5 every even permutation is the product of 
permutations of the type (1 rs), and (1 rs) = (1 2 ,9) (1 2 r) (1 2 5)^. 

Ex. 8, If it contains a cycle of even degree, it is permutable 
with that cycle considered as a circular permutation. If it 
contains two cycles of equal odd degree, use II 5g. 
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CHAPTEK III 


§2. Ex. 4. x' =={—dx^h)^{cx--a\ (5rK+8^, and 

(— 4i3; + 8^+5^, x--y—z, hx—^y—^z). 

Ex. 6. 2, 2, 8, 8, 12, 6, 4, 2, 4. 

Ex. 7. Its ^“th power is rr' = (^i^ — 1). Hence 

the required condition is that a should he a root of unity and 9^: 1. 
Ex. 8. na'^'^Hx+a'^yj na^~’^cx‘^a^z), 

qU ^ 

Ex. 9. {a^x, cx-h^y)» ^ and d are roots of unity, and 


if ct = d, c = 0. 

Ex. 10. {-’X+2y-{‘2z,y,0); {—Sx+7y+Sz, --x^y + ^z, 

Ex. 12. (i) Prove by induction, (ii) (#> -f- tt is rational but not 
integral. 

Ex. 18. x=-~<a — 7-9 ... - to n-hl con- 

c( a+d-— a + d— —cx+d) 

vergents, where A = ad—hc- 

Ex. 14. Put in the forna K — t = ^ -“f • 
ar — 0 x--b 

Ex. 15. is derived from. by putting 
^4 == 1, ^4 == ^4 == C4 == di = dg == ^^3 == 0. .-. = 1 if = 1. 

Ex. 16. (i) s/i' = -2/1 -f- (2/1 + 1), 2^2' = :^2 -r (^1 -f 1), 2/3' = I 

2/ m-3 = 2/m-3 2/i' = = ^3^ - > /w-4 = /m™-3 


1 I Vm-Z Vl 

“ -^+.-.14. i:“i 4. -4, 1.1- 

(ii) Obvious from (i) ; or notice that the w I -f- 4 ! anharmonic 
ratios of m points in a line are equivalent to 8 independent 
anharmonic ratios, i.e. each such ratio can be expressed rationally 
in terms of any tn— 8 independent ratios. 


§ 3. Ex. 2. (i) cxf = [(aa-f 5y)ir+(a2^-~aha-f a?;d— 5^y)] 

-f-[yiC+(ao--5y)]; 

(ii) and (iii) (wio?!, WjiTj, ..., <o^xJ, (iv) {x, 2y, Zz ) ; 

(v) (—82a:— 25y, 41a:+32y). 


§ 4. Ex. 1. &a®ij+Z>i2a2j+ ... 

Ex. 2. The determinant of is 1. 

Ex. 8. The determinant of B’~^AB is 1 5 ] | a I . I 

Ex. 4. The determinant of is {] a |}^. 

Ex. 5. Prove by induction. 

Ex. 9. Use Ex. 5 or Ex. 8. 

Ex. 10. (ii) If AA' = PJT = 1, 0(7 = ABB'A^ 
or note that since A and B leave ... 

so does AB. (iil) Prove as in (ii). 






1 by Ex. 8; 
? umltored 
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1 ; (ii) and 


.Ex. 11 . (i) If A= A and AA' = 1, AA^ = AA' : 

prove as in (i). ^ 

Ex. 15. (ii) If C = AA' we have readily g^j = Cji and c {x, x) 

^Ex. 16. (i) By Ex. 7 the determinant of A A' is 
0 tlie product of j a | and its conjugate is 1 ; (iii) | a | is not 
tered by changing a^j into d.^j ; see also § 5. 

Ex. 17. If A is orthogonal, so is A', 

Ex. 21 . (i) Use Ex. 10 (i) ; (ii) is symmetric if A 

symmetric by Ex. 5 ; an( 

■‘•i) prove as in (ii). 

Ex. 22. x/ == a,x.+a 2 Xo+ .. 




B is 

orthogonal. 

B' = B -^ ; 


a,«2 

~\-x.+ 
^li 1 

( 

4l)^i4 ... 

I .V. 

"• . -< ‘^tW* 

i I 


«i±i 

^2+ ••• 

4" Pirn 

Then a (a;,?/) 


d(^,ri) hy 


4- Xr + ^s+i Us+i + 


4 Pm 


i I 

Ex. 23. (i) Let = p, 

. <35. Xj zz: 2 Pik^ij Pj{\Vfc^l ~ ^ Pjl\ ^k^l ■ 

/.*, i i,j k^l i^j 

x:. (ii) As in (i). 

§ Ex. 3. If 0 ){XjO^ zzi 4 

— ... — Yi4 ••• '¥ps^s^s’^Ps+i^s-¥i'^^\ 

— — d Y Y 

Hero all the a ’s and y9’s are positive, then 
:s:i5i 4 ... 4a^5 “ 

= C(r+l^r+l^r+l4 ... 4a 

a-w if m-'S + r > m—r-\-s we can choose 

^r+i ~ ~ = li = ... = Ug = 0, 

Hilo not all of ..., Z^, Yg+i, ..., are zero. This is 
1 possible, and therefore r < $. Similarly r>s; and . r = 5. 
IBx. 4. Every positive form is > 0, and the sum of any 
ixtxHer of positive forms is > 0. 

§ O. Ex. 2. |a| 0. 

fex. 8. Use equations (iii) of § 6. 

3Ex. 9. Transform A and B so that (1, 0, 0, ..., 0) is the 
nariCLon pole. Then using Ex. 6 the result is obvious. 


,^z^z^4^xTiri4 ...4/3,r,r,. 


Ex. 10. Use Ex. 9. 

Ex. 11. 6{k) is not altered by writing d. ^ 
Ex. 12. Put XZ^ for x/, Z^ for x^ in III 414 . 

lElx. 14. DZZ = Y “t* 




4 


Ex. 


15. 
/ . 


= ^ 2 (oijZi + a^jZ^ + 

If x/ =:aiiXi-i-aiiXz+ 


4 ‘ 


^^xz. 


t oc^ in these equations and eliminate Zi, Z 2 , ..., 
jacix-Tow T. a. 0 


.... 4- ^2^ + ... 

Now put kXi for Z^- 
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Ex. 16. (i) Use Ex. 10, 13 and A' ^ A (ii) Use Ex. 10, 14. 

Ex. 17. 

_ ^ = 1 * 

Ex. 18, 19. Put y^^Xi in Ex, 12; noticing that, if P = Z)'"^ 
B is real and symmetric or Hermitian when D is. 

Ex. 20. Prove as in Ex. 19. 

Ex. 21. Use equations (iii) of § 6. 

Ex. 22. Let TA ^ = L. TA changes into {a^i Zi + a^2^2 +-§ ** 

; and LT changes into {X^ln 
+ 2^21^4*2+ ••• • Hence A. 4*^21^12 "t ••• 

+ (^=lj 2, ..., m). Solving these m equations for 

^21? g®* ^11 = ^ ^21 = ^31= ••• =^mi = Hence by 

Ex. 6 (1, 0, 0, ... , 0) is a pole of TAT 

Ex. 23. Use equations (iii) of § 6. 

Ex. 24. Use Ex. 23 and III 42i, 22- 

Ex. 25. (i) {±i, 1). (ii) ±i] (1, 0), (1-fi, 2). (iii) ± 1 ; 

(1, 1), (i 1). (iv) 1, 2, 3 ; (1, 1, 0), (1, -1, 1), (1, 0, 1). (v) 1, -1, 
— 1 ; (3, —2, 4), (1, — 1, Z) for all values of Z. (vi) — 1, — 1, - 1 ; 
(3, 1, 2). 

§ 7 . Ex. 6. The w-th power of {aj^x, a^x, ... , a^x^) is {a{^Xi, 

Ex. 7. Use Ex. 6. 

Ex. 12. If S^'^AS = j 4, a2i = %!=... = a^i = 0. Hence 
(1, 0, 0, ... , 0) is a pole of A. 

§ 8 . Ex. 2. The substitution is obtained by transforming 
a similarity and is therefore a similarity. 

Ex. 3. The a’s and e’s are the roots of the characteristic 
equation of either substitution. 

Ex. 4. The practical method of § 8 can always be carried out in 
this case. 

Ex. 5. Transform one of the substitutions with two distinct 
poles into a multiplication. 

Ex. 6. Transform by (i) (5^— (8— i)y, 5x— (8 + t)^); 

(ii) {2x-{l + i)y, y ) ; (iii) {x-iy, x--y ) ; 

(iv) {x-^^yX'-y—^, — a;+^+2;er); {y) {x+y,2x+y-jsf, 4:X-h4:y—0); 
(vi) {x^y + {( 02 -^ 1 ) ^27 ••• > + 

Ex. 7, (i) If JO zzz ^2 ^27 where X2, ..., 

are the roots of 6 (A) = 0 corresponding to the m poles, we prove 
at once TA = LT, (ii) In equations (iii) of § 6 the determinant 
formed by the F's = | 6 | xthe determinant formed by the X's. 

Ex. 8. (ii) Use III ^ 20 ^ 21 7 m 

Ex. 9, 10. Prove by induction exactly as in § 8. 

. Ex. 11. (i) Prove hj induction as in § 8, using III 634 and 
noting that the product of two orthogonal substitutions is ortho- 
gonal. (ii) Use III 423* 
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Ex. 12. Prove by induction as in § 8. 

Ex. 14. Transform by (i) (3^+2^, 

(ii) (~4;r4- + 3^— 6-2?). 


§ 9. Ex. 5. Use III 89. 

Ex. 7. Use § 6. 

Ex. 8. (i) a, ^ are roots of cx^^{d—a)x--'b = 0. 

y..v y ax-^l) aa + h x—cx 

( 11 ) of --a = 


(iv) Use (ii). (v) Transform Shy xf=^ 


(vi) Use (ii). 


(vii) Transform /S by 


cx’{-d ca + t2 {cx + d) (ca + d) 

1 

a;— a 

(viii) and (ix) Use (vii). (x) If 
x' 


X— a 
X’-j^ ' 


where r and 6 are real, 8^ is the product of 


of 


x'-ld 


a x—a 
r r, 


x—a 


and -7 — 3 = 5 , which are respectively hj^perbolic and 

X j3 X~^p 

elliptic, (xi) Use (vii) or prove directly, (xii) Use (xi) and Ex. 7. 
(xiii) Transform S into a multiplication, (xiv) Use (vii). 


§ 10 . Ex. 1. 

Ex. 2j 3. Every other function of the type is re- 

ducible mod p. 

Ex. 4 (i) 



P=2% Pfx)=X^^X+/ 


M uULpUcaUon, 
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(ii) 



i 

2 

3 

4 

S 

6 

7 

a 

/ 

iL 

2 

3 

4 

3 

6 

7 

a 

2 

0 


6 

a 

7 

3 

3 

4 

3 

4 

a 

“^4 

7 

/ 

a 

2 

6 


s 

3 

7 

s\2 

3 

5 

6 

/ 

S 

3 

4 

3 

6 

^8 

2 

4 

6 

6 

7 

a 

0 

/ 

2 

3]^ 

/ 

7 

7 

a 

e 

/ 

2 

0 

4 


<L 


a 

e 

7 

2 

0 

/ 
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3 

4 

2 


AdaLUiort 


PfxJ^X^^hZX-tZ 


Ex, 5 . % ^5» % ^7> % *^f5* Use the table. 

^ _ smn(t> , ,,, sin^(/) , \ • j 

Ex. 7 (ii). Express o<id) or (w even) in de- 


sin 2 (p 


scending powers of 4 cos^ <f) ; then put 4 cos^ <jf) = 


,2 


d) 

' ad— he 


and we 


get the required condition ; cf. Ill 2^^, 

Ex. 8 . The number of substitutions on given variables with 
coefficients in a given Field is limited. 

Ex. 9. 3, 4. 

Ex. 10. 2 , 2, 6 . 

Ex. 11. 2 , 2 , 2, 4, 3, 7. 

Ex. 12. 2, 2 , 2, 5, 6 , 11. 

Ex. 13. 2, 5. 

Ex. 14. 3, 4. 

Ex. 15. If we equate two of these marks we get an equation for 
u of degree lower than fc. 

Ex. 16. Use Ex. 15. 

Ex. 18. (i)Assumetheresulttrue; replaceJ’(t^)by(t«“t«;;.+i).F’(^^); 
and use induction, (ii) and (iii) Prove as in the case of ordinary 
equations, using (i). 


§ 11 . Ex. 1. Use 11127 , 8, 9 
Ex. 2. 32, 108. 

Ex. 3. Use III lOia, 17 . 
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Ex. 5. Every power of an integral mark is integral. 

Ex. 6. (i) 2, 6, 7. S ; 5. (ii) sfo, 6, 7 ; 4. 

Ex. 7. (i) It is a power of .... wliere « is any 

primitive root. 

Ex. 8. If a given mark is tlie square of u^, 2x =s (mod IV 
We can always find an integer x satisfying this congruence if 
2} but only when s is even if p > 2. "* 

Ex. 9. Prove _as in Ex. 8. 

Ex. 10. (i) aa = wMch is the difference of a square 

and a not- square unless = a.> = 0. 

(ii) If a 0, aa b = aa2>i 4 aa 2^2 ? = 5 ^ 0 unless 5^ = 52== 9. 

(iii) (ai+a 2 (mod j?) = Oj 4 

= = a. 

(iv) Prove as in (iii) that = a. 


CHAPTEK IV 

§ 2 . Ex, 4. 0(7 lies in the plane AOBand sin BOO = m sin AOC. 

Ex. 5. Let 0 be at infinity. 

Ex. 7, 8. Put /I = — a in Ex. 5. 

Ex. 10. OA, OBj OC are brought into the positions Oa, 0h\ Oc' 
by a rotation through w about OA followed by a rotatic-n about 
OJ>. JDjOAj DOA are perpendicular and JDOBi bisects the 
angle between JDOA and DOa. Now consider the intersection of 
all lines and planes of the figure with a plane perpendicular to OD. 

§ 4s. Ex. 1. (i) The point about which the inversion of the 
equivalent rotatory-inversion takes place, (ii) When the rotatory- 
inversion reduces to a reflexion or gliding-refiexion. 

Ex. 2. jS = (a) . (h) . (c), where a and b are paraEel planes and 
c is a plane perpendicular to them. Let d he a plane perpen- 
dicular to a, b, c. Then S = (a), (d) . (d) . (h) . (c), and {a ) . (d) = a 
rotation through ti, {d ) . (5) . (c) = an inversion. 

§ 6 . Ex. 8. Rotations about lines through 0 ; rotatory- 
inversions whose inversions take place about 0 (including inver- 
sion about 0 and reflexion in planes through 0 as special cases). 

§ 7. Ex. 1. The product is equivalent to successive reflexions 
in 4r4^5 planes. 

Ex. 4. ^[3-(-ir]. 


i 
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§ 8. Ex. 1. A screw is equivalent to successive rotations through 
TT about two straight linos. Take a pair of such linos to nqjroBcuit 
the screw (§ 5). 

§9. Ex. 3. ^ = 

Ex. 4. If the lines Ox, Oy represent T and t geometrically, It is 
a rotation through the angle xOy about a line pcu'poiidiculur 
to Ox and Oy- 

Ex. 5. T is a translation bringing I to coincide with r, 
s = now use Ex. 8. 

Ex. 6. jK = ST, where 5 is a screw about V similar to S and r is 
a translation parallel to I, Now use Ex. 5. 

Ex. 8. Find by Ex. 6 translations t, r such that S = Hi, s = n ; 
then find t' such that tr = rr'. Then 

Ss = Btrr = Br. r^r = . T, 

Ex. 10. Use Ex. 8. 

Ex. 12. Use Ex. 10, taking a vertex of the paralIelepij>edon 
as O'. 

Ex. 13- Use Ex. 10, taking 0' as the point on a at a distance 
2 X from the point of a nearest to h. 

Ex. 14. Use Ex. 10 and 11 taking A as the point O' A rota” 
tion through tt about a line through I> perpendicular to AJ) 
and making an angle of 80° with CD. 

§ 10 . Ex. 1. The lines through the centre perpendicular to tlio 
faces are 4-al rotation-axes ; the lines joining the middle points 
of opposite edges are 2-al rotation-axes. 

Ex. 2. (ii) The axis of a spheroid. 

§ 11 . Ex. 1. The circles in which the inversions take place are 
(i) two intersecting straight lines, (ii) two parallel straight lines, 
(iii) two concentric circles. 

Ex. 2. Invert the circles into a pair of straight linc^j or a pair 
of concentric circles according as they meet in real or imaginary 
points, and use the theorem circle and a pair of inversij points 
inverts into a circle and a pair of inverse points 

Ex. 8. Use stereographic projection and § 2. 

Ex. 4. Prove as in § 9. 

Ex. 5. (i) Inversion about 0), (ii) Inversion in + = h 

followed by reflexion in y = 0. Eeplac© inversion about (| rf, 0) 
by successive reflexions in |/ = 0, and use Ex. 2. 

Ex. 6. See YIII 11. 

Ex. 7. If j is x^+y^^2gx-^2fy+m = 0 and I is 
a; cos 0-1-^ sin d = t, 

we have 

+ ^ == 2/e‘«(5r4. 1==^+*/; 

whence the result follows. 
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Ex. 8. (i) Use Ex. 7. (ii) Prove for the case in which 
ad!— 1 noting that {a + d)^ is real. Now multiplying a, ?>, 
c, d hy the same quantity is equivalent to magnifying the figure 
ABCI) with respect to the origin and turning the axes of 
‘ reference through some angle. 

§ 12 . Ex. 1. We have x' {Lx -k- My 

y' — &c. 

Ex. 2. If x\ X are the distances of corresponding points from 
fixed points of the lines, we have a relation of the form 
= {ax + 6) -r {cx + d). 

Ex. 5. The points whose coordinates are the poles of the 
substitution defining the relations between the coordinates of 
corresponding points when referred to the same (i) points, 
(ii) triangle, (iii) tetrahedron of reference. Exceptions : — a rotation, 
reflexion, translation, screw. 

Ex. 6, (i) 0 and the circular points, (ii) the point at oo on Z 
and the circular points in a plane perpendicular to Z, (iii) 0, the 
point at 00 on Z, and the circular points in a plane perpendicular 
to Z. 

Ex. 7. Use § 6. 

Ex. 8. Eeferring to rectangular Cartesian axes with correspond- 
ing points as origins the collineation is represented by a 
homogeneous substitution multiplying by a constant, 

since the plane at infinity and the cone = 0 are fixed. 

§ 13 . Ex. 1. Put a-f d = 0 in the solution of IV 122* 

Ex. 4. The two fixed lines are Z and the line at oo in a plane 
perpendicular to t 

Ex. 6. The fixed point or fixed plane are at oo . 

Ex. 6, 7, 8. Prove as in § 9. 

Ex. 9. Use Ex. 8 ; or transform one collineation so that it is 
defined by ic' = — x. 

Ex. 10. Use Ex. 6 ; or transform into the plane at oo . 

Ex. 12. The collineations can be transformed into (i) inversions, 
(ii) reflexions in parallel planes, (iii) rotations through tt about 
parallel lines. 

Ex. 13. Transform the intersection of the given plane and 
conicoid into the circle at infinity. 


CHAPTEK V 


§ 1 . Ex. 4. ^ 7i = ba~\ 

Ex. 8. See § 6. 

Ex. 9, 10. The elements of order 
pairs each consisting of 2 elements inj 
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Ex. 11. Let = {abf = 1. Then a'-'^h^'^ab == alab = 1. 

Ex. 12. See VI 2. 

Ex. 22. (viii), (x), (xii). 

Ex. 28. 2, 4, 6, 3. 


§ 2. Ex. 4. Wa^ix = 1, 2, 3, 4, 5 ; y = 1, 2, 3). 

Ex. 5. Use 13. 

Ex. 6. Since a^A = ^ and contains r distinct elements, ^*1 
contains af'^^ &c. 

Ex. 7. (ABY contains Ife^.a^l; BA=ABy &c. 

Ex. 9. {6}^, g} = +%% where r is the order of g 

relative to G. 

Ex. 10. See § 19. 

§ 3. Ex. 4. Put AB^a,B^ in = ?>2 = {ahf = 1. Every 
element of the group is of the form ABABAB .... 

Ex. 6. Put JLJB = a, i? = in = {ahf = 1. 

Ex. 8. Let POX be the angle, P^OX and P./JX its supplement 
and complement. Then OPj and OPg S'l’e the reflexions of OP in 
lines through 0 making angles of and |7r with OX- 

Ex. 14. Any element of either group is of the form Its 

order is found by 1 3. 

Ex. 16. Prove as in Ex. 14 using 1 4^2. 

§ 4 . Ex. 4. Use Ex. 8. 

Ex. 6. If gf^H and H have an element in common 
is contained in LT, and i = jf. 

Ex. 7. Take L in Ex. 1 as an instance. 

Ex. 8. If H is such a subgroup and ^ is in G but not in i/, 

G^H^Bg^Hg^^ ... +BgP'-\ 

Ex. 16, 16, 17. Use 127. 

Ex. 19. The subgroup composed of (i) the even permutations, 
(ii) the screws, (iii) the substitutions with determinant 1. 

Ex. 22. N = (l + a2)(l+a+&+?>a)=(l + 6)(l + a+a^4-a^). 

0=(l + a2)(l + 6Hhc+c&) = (l + ?^)(l + a^ + o + ea2). 

Ex. 23. if+P:'(234)+JT(243)+jff(12B4)+if(lB24) + JBr(14), 

§ B. Ex. 6 (ii). Let n = n'd, r = /d. Choose integers y such 
that /x—n'y = 1. Then {a^} contains a§ * * * * *** = == a^. 

Ex. 7. (i) They are ^(a? = l, 2, (ii) {a} contains 

elements whose orders divide and whose orders 

divide and .*. of order 

Ex. 8. (i) Prove as in Ex. 7. (ii) No two subgroups have an 
^ement of order m in common. 

Ex. 9. See § 19. 
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Ex. 10. If a, I, c, ... are elements of prime orders p, q, r, ... 
in an Abelian group of order pqr ... (Ex. 9), abc ... is an element 
of order pqr .... 

Ex. 11. See XIYl. 

Ex. 12. ^ 

Ex. 13. 21, 8 . 3, 2 . 

§ 6. Ex. 3. See I3i. 

Ex. 4. la = a~^ {ah) a. 

Ex. 5. {G, a} = Ga-h Ga^+Ga^+ ... 4 -ffa^ wl^iere r is the 
order of a relative to G^ 

Ex. 6 . 

Ex. 7. (i) Use Ex. 3. (ii) If g~^hg = A®, g~^}ig^ = 

Ex. 8 . Use Ex. 7, noticing that ~ 1 (mod m). 

Ex. 9. If h, hi are elements of H, hi~^hhi = h (being in II and 
conjugate to h). 

Ex. 12. Prove as in § 1 . 

Ex. 13. (i) The elements of G excluding 1 can be divided into 
sets of p elements such as g,gi, ..., gp-i, (hi) {ga'^^)^ 99i ffp-i 

is permut^ble with ga~'^ and with a. 

Ex. 14. Let = 6 ^ = {al^)^ = {hay = 1. *.• ah^ah^ah^ = 1, 

ah^al = ha^^ = h^aha, since bahaha = 1 or laha = aH^, Hence 
a,h~^ah = h~‘^db .a. 

Ex. 15. (i) If a is permutable with a is permutable 

with the product c = a~'^h^'^db .of a~^ and h~^ah. (ii) By 1 4 if 
zzzh^ =z 1 , c® = a'^^h'^^a^h = 1 and {hay = = 1 . 

Ex. 16. G contains an element of order 2 by V I 9 . 

Ex 19. I 4 -C, l + d^, 1 + e and {h, c}, {ba% c}. 

Ex. 20. 1 , a® and a'^% a + a^ and a^^ + a"^^, and 

^ 22 ^ ^14^ + + and a^+a^^, a'^ + a^^ and + + 

ha^'^^% and la^'^^^, and {ha^]. 

§ 7 . Ex. 5. See § 12 . 

Ex. 10. JET = g'^^Hg contains g^^Kg^ g being any element of 6 r. 
Ex. 11. See § 11. 

Ex. 12. If B. is of index 2 in (r, (t= H+Bg = B+gH where 
g is any element of G not in B. Bg = gH or g~^Hg = B, 

Ex 14. See X 2 . 

Ex 16. See § 17. 

Ex. 17. — is a subgroup of G, and .% its order 

Ic divides the order of How 7c = m x & factor of the order of 

g (§ 1 ), &c. 

Ex. 18. Let g, gi be any elements of Gj h and ghg^"^ = /^x 
elements of JBT. If 

9i\ = hgi, g-'^g^g ■ h = g-^giJhg = h . g~'^gig, &c. 

Ex 23. The only permutations permutable with the circular 
permutation are its powers. 
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Ex. 25. The subgroup is obviously permutable with a and 
and therefore with {a, &}. 

Ex. 26. Since . 

= — a~'^{a'bfa’=h ^{aJbyh a-{(xhya^, 

the subgroups are permutable with a and b and hence with {a, 5}. 

Ex. 30. {ha^y = which is permutable with a and b 

by 18. 


§ 8 . Ex. 5. Let 6 f be of order n. Then {Cr, a} = G+Ga^ and 
the elements Ga are the n elements conjugate to a in {G, a}. 

(i) The order of each element of 6 ra = the order of ^ tt = 2. 

(ii) If g is an element of (?, a~'^ga = = <7 (iii) g is 

not of order 2 m, for otherwise (iv) If g 

and h are elements of (r, a transforms gh into g and also 
into {ghY^* Hence gli = hg. 

Ex. 7 . Let yi, ^ 3 > •§ ** remaining elements and a an 

element of order 2 in 6r. Then g^a is of order 2 ; giG>^^gi^ = 1 
and == gf'^. Hence {gigjY^ = gf^gf^ and g^gj = gjg^ as 

in Ex. 6 . 

Ex. 8 . l + a+&, {dyb} and {&}, {a\ b} and [b], {a'\ 5}. 


§ 9. Ex. 5. Use V 63 . 

Ex. 8 . See XI 1. 

Ex. 9. Use Ex. 8 . 

Ex. 10. Let Hi, E 2 , Hf, be a set of conjugate subgroups 
of order m in a group G of order n- Then //j, Eic 

contain at most A;(m— 1 ) + 1 distinct elements between tliem, 
since each contains identity. Now Jc{m--1)+1 <n; for m— • 1 < 
the order w -r A; of the normaliser of IIj in (?. Hence Hi does 
not contain an element from every conjugate set in Cr. 

Ex. 11. If ^ is an element of order g in 6 r such that g'^^hg = 

Ji = g^^hg^ = ; and .% ^ = 1 (mod jp). But = 1 (modp) 

and .’. Z; = 1 . 

Ex. 12. Let g be any element of ff. Then we can find an 
element Iz ot K such that g^^Hg = 'kr^Hk] i. e. II is permutable 
with gkr^. Hence p is in ?tr. 


§ 10 . Ex. 2. When JST is a subgroup of 0* 

Ex. 8. If Ic is an element of K, kr^Hk is the G. C. S. of 
kr^m = B and 7o^^Ek= K kr’^Bh = D. 

Ex. 9. (i) l’^(gw){yzy (ii) ^ 7 '= ±a?, ±-. (ih) l + 

00 


§ 12 . Ex. 4. If ^ is any element of prime order in G and 

9t 9u 9it — are the conjugates oig, G = {g, g^, g^, ...}. 
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§ 13. Ex. 4. If 

G- -zz = + •••> 

{{t, jBT } contains the mn -f- 6 distinct elements G\ + GTi^ + Gh^ + . . . . 
If Kh = VYiYi^ { (xj H } zi: Gh^ 4" GJi^ 4” Gli^ 4“ • • • — ^9i. "h ^9^2 ,'^ "h • • • > 
and.*. GH = HG. 

Ex. 5. (i) If the indices are r and the order of G is ^ ; the 
order of the G. C. S. of the subgroups <n^ qr. But the order 
of {Hf K} < n; now use Ex. 4. (ii) As in (i). 

Ex. 6 . By § 13 the order of the G. C. S. is q^'^y~^r, where is 
the order of {G, H}, 

Ex. 7. Prove as in Ex. 6 . 

Ex. 8 . If d is an element of Z) and c of 0, dc = Cja, where Ci is 
in C and a in A. But a = Ci^^dc is in B and .*. in D, Hence 
DC=CR 

Ex. 9, 10. G = {H, K} and jST, K are permutable. 

§ 14 :. Ex. 4. -- 1 g^j^^d jg 

Ex. 5. If Ji is any element of H, h~‘^Ah is of order a in 
h~^Gh = G. Hence h'^^Ah = A. 

Ex. 6 . Use Ex, 5 repeatedly to prove that A is normal first in 
C, then in 2 ), ... . 

Ex. 7. Let A he SL subgroup of order a, and JB a normal sub- 
group whose order /3 divides a. Now proceed as in § 14. 

Ex. 8 . Let g be an element of G not in T. Then g~^Vg'^ V, 
for otherwise V would contain two subgroups JT and g'^^IIg of 
order prime to index, H being normal. 

Ex. 9. {all}, {^ 2 }^ 

Ex. 10. {a, 1)}, {oJ, 6 }. 

Ex. 11. {a, &}, {a}. 

§ 15 . Ex, 9. 7 ; use Ex. 8 . 

Ex. 12. Take any element gi of G, take any element g 2 of G 
not in {^i}, take any element g^ of G not in &c. Then 

G is the direct product of {^i}, {g^]^ {^ 3 }, .... 

Ex. 13. Let a, h, c, ... be elements of A, B, G, ... such that 
abc... is in G'. Then G' contains {adc .„y=ia\ where t is the 
order of be .... Hence G' contains a, since t is prime to the order 
of a (V5g); and similarly G' contains b, c, .... Hence G' is 
contained in A'B'G' and since G' contains A^B'C\.,, 
G'=A'BX\.,. 

§ 16 - Ex, fi. If ab = c = ha, a'^^h'~^ = c~i. 


§ 17 . Ex. 6. The order of y is the order of g relative to R, 

Ex. 7. If a is an element of A such that a~^Ra = K, K m 
normal in a^^Ga = G and G/R = cT^GaloT^Ra. 


Ex. 8. If 9i-'^gf'^9i9j=\, yf'^yf'^yiyj-l. 
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Ex. 10. If 6r zr Sqi + + ^Oz "I" • • * yi ^ X? 5 

for then {gigf'^T = ^ is Again, if giQj = hOk 

where h is in H, y^yj = hFyjc = Yk- Hence yi, y^^ 73 , ... are the 
elements of Gjll. 

Ex. 11. Let , , , 

6^ = X«7i + X^2+^^3‘^ *** & z:zL'g{-\-Ij'g.i •{’Lg^ + .... 

Then if ^^ corresponds to gY so does every element of Lg^^ while 
since gl corresponds to g^ so does every element of Ugl^ Hence 
the above partitions have a ( 1 , 1 ) correspondence. 

Ex. 14. 0 ^= 1 )^ =: {ahf = 1. 

Ex. 15. {ahf = 1. 

Ex. 16. = 1, ah = ha and = 1 , a& = ha^. 

Ex. 17. a7=:h'^=z 1 , ah = ha. 

§ 18 . Ex. 5. OJL=^ G/RJLIK and a factor-group of an Abelian 
group is Abelian. 

Ex. 7. If JS:=Z)lbi-fi)^ 2 + ••• 

(t ~ jET/^i - h Hlbg + -h "h “•* 

The partitions EJCi combine according to the same laws as Bki. 

Ex. 8 . Assume that such a group G contains a normal sub- 
group Bl of order p,.+i Then since G/R is of order 

Pi!P 2 ---Pr contains a normal subgroup of order ^ 

corresponds a normal subgroup of order ...pt in (?. Now 

use induction ; and then V I 43 . 

§ 20. Ex. 2. (i) If 6 contained two subgroups P, P^ of order 
{P, P} would be a subgroup of order p^, h>a. (ii) P and 
Q have only identity in common, (iii) If aj\ c, ... are elements 
of order p®, ry ... in {r, 6 r= {ahc ...}. 

§ 21 . Ex. B. (i) Each element of order qr can be put into the 
form ab = ha where a, h are of orders q, r ( 1 2ii). (ii) G contains 
at least qr elements whose orders divide qr ; now use (i). 

Ex. 4. R is of order > a by § 21. Again, H is of order < a, for 
otherwise R would contain an element whose order divides k 
by y 19. 

Ex. 6 . Since no two cyclic groups of order p^ have an element 
of order p^ in common, the number of elements of order p^ in G 
is Now put r=p^ in the corollary of §21, and 

use induction. 

Ex. 7. There are in the group 15 elements whose Brd power is 
1, and 3 whose Brd power is conjugate to a or a®. 


chaptee yi 

§ 1 . Ex. B. The symmetric group of degree m = {A, (1 2 ... m)}, 
where A is the symmetric group on 1 , 2 , ..., w— 1 , A and 
{{1 2 ... m)} are permutable by Y 134(u). 
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Ex. 4. {(12 
Ex. 5. (ii) Since either 


ot)} is a transitive group of order m. 

/I 2 ... {m — 2) {»M— 1) m 
U"2' 


;■) 


or 


(w — 2)' (w — ly m! 

/I 2 ... (m—2) m \ ^ , 

^ ^v/J IS even we can £nd a permu- 

Vr 2' ... (m-2)" m' (m-l)7 ^ 

tation of tlie alternating group replacing 1, 2, ..., m-2 by any 
given symbols I"', 2', ..., (^n— 2)^. 

Ex. 6. If is a permutation, of replacing bjr , 7i replaces 
; where g^h —gj. 

Ex. 9. Any permutatioii permntable with, the transposition 
(1 2) las the cycle (1 2) or (1)(2). Hence G is the direct product 

of {(12)} and a group acting on symbols 8, 4, 5, 

Ex. 11. {(12B4)}, {(12)(S4), (13){2 4)}, {(1 2), (34)}. 

Ex. 12 , 13. Use 1152,3- 

Ex. 15. (i) The number of distinct permutations on the m 
symbols with the given cycles is evidently ml^R (ii) If 
Cij Ug, Cg, ... are tie cycles, every permutation of T is of the 
form ... (a^- = 1, 2, ..., i). (iii) When a, y, c, ... = 0 

or 1, /?=8=:C= ...==0. 

Ex. Id. 37, W, 800. 

Ex. 17. The number of ways in which a, /3, can be 

chosen so that a-f2jS+3y+ ... = 

Ex. 18. If g^Hg =a, {gc)^^l){gc) = a ; and either g or gc is 
even. 

Ex. 19. (i) The two conjugate sets are the transforms of a by 
the odd and even permutations respectively, (ii) Use II 7g. 

Ex, 20. Use Ex. 15, 19. 


Ex. 21. (ii) 158,400. 

Ex. 24. 7’'“^ changes f into f, a permutation of Gr leaves f 
unchanged, changes /into/'. 

Ex. 25» (ii) Use Ex, 24. 

Ex. 26. (i) l+(<ic)(bd)4-(a5)(cd)*|-(«d:)(bo)4-(a5c(:i) + (ac) 

4- [add) 4- (M). 

Ex. 27. Let the function be changed into / j/j/g, by the 
permutations of the symmetric group. Choose JC so that the 
discriminant of ... =0 is not zero. 

Ex. 28. Let the function of Ex. 27 be changed into /, /, , /y. 

by the permutations of G- .../ is a solution of the problem 
if X is suitably chosen. 

Ex. 29. 'Use the properties of the polar triangle. 


§ 2 . Ex. 1. See X8. 

Ex 2. Qki is odd ox eveu as Si is odd or even, since 5^ contains 
n -r- cycles of degree e^. 

Ex. 4. (iii) ab ale ah o d ah c d aied db cd 

h d' b a Cj hade bade bda c h c d a 

eba edbd^ edah^ cadV edab^ 

dcotb dcha deba dabc 

and those obtained by permuting rows in these squares. 
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§ 3. Ex. 6. The subgroup {h} is of index 3 and order 2, and it 
contains no normal subgroup. 

Ex. 7. {a, 1} = v^j^ere H = {a}- Denoting 

the partitions by 1, 2, B, 4 we have a corresponding to (2 3 4) 
and h to (1 2)(3 4) ; since hah = . ha^, ba^h =^a.ha. 

Ex. 8. (i) = {ba^^Y = {ha^h^. a)^ = 1 ; now use Ex- 6, 

(ii) Denoting the partitions by 1, 2, 3, 4, a corresponds to (4 3 2), 
5 to (1 2 3 4) ; since ba^ a^, h^, h^a = ha^h^ ,b,l)^a=^a. ba^b^ . 6^. 

Ex. 9. (i) b^ == {aH^aY = {b.a^^aY = 1 ; now use Ex. 7. 
(ii) Denoting the partitions by 1, 2, 3, 4, ^ ^ corresponds to 
(12 3 4 5) and Z) to (2 5 4) ; since ab=^b^. a% a^b a^h^a. 
a^b:=aH^a,b,a, a^. 

Ex. 10. If f is an element of G not in H, the order of / 
relative to H is 3. Hence G contains an element g of order 3. 
Take as the partitions of § 3 the partitions of G with respect 
to {ec}. 

Ex. 11. Take the conjugate set of subgroups as II 2 , ... of 
the Corollary. 

§ 4 . Ex. 4. 2, 3, 4. 

Ex. 5. 4, 2, 2. 

Ex. 6. (i) A red-sided decagon, (ii) Place inside a red-sided 
pentagon a parallel red-sided pentagon. Draw arrows round the 
pentagons in the same directions. Join adjacent vertices by 
black lines (cf. Eig. 9). (iii) As in (ii) but with the arrows in 
opposite directions round the two pentagons, (iv) A decagon 
with sides alternately red and black. 

Ex. 7. Draw four parallel concentric red-sided squares. Put 
clockwise arrows round the two inner squares and counter- 
clockwise arrows round the two outer. Join adjacent vertices 
of the two inner and two outer squares by blue lines, and join 
adjacent vertices of innermost and outermost squares and of the 
other two squares by black lines. 

Ex. 8. (i) Draw p parallel regular concentric X-sided red 
polygons. Join adjacent vertices of consecutive polygons (and 
of the innermost and outermost polygons) by black lines. Put 
clockwise arrows round each polygon, (ii) Consider the common 
vertices of one red-sided and one Wack-sided polygon. 

Ex. 9. (i) Draw four parallel regular concentric red-sided 
octagons. Put clockwise arrows round the first and third and 
counter-clockwise arrows round the second and fourth. Join the 
first, third, fifth, and seventh vertices of the first and second 
octagon and of the third and fourth by black lines. Join 
similarly the second, fourth, sixth, and eighth vertices of the 
second and third octagon and of the first and fourth, (ii) As 
in (i) but with all arrows clockwise. 

Ex. 11. = 5^ = (abf = 1- 

Ex- 12. = Idbf = 1. 
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Ex. 13. (i) a« = B2 = 1 , fl& = la. (ii) = 1, ab = 

Ex. 14. (i) a 7 >^z=z-b^=z (aJ)2 = 1 . (ii) a>» = I® = 1, al =dai 

171 

(iii) = 1 , oF = {ahy = b^. 

Ex. 15, See American Journal Math.^ xviii. p. 159. 


§ 5. Ex. 2 . Prove as in YI124* 

Ex. 8 . By Ex. 2 the permutations of such a normal subgroup 
would not displace any symbol. 

Ex 4. Ese Ex. 3. 

Ex. 5. (i) [c] is normal in G-- !Now use Ex. 3. (ii) If one 
cycle of c is of degree r, displaces no symbol of that cycle 
and = 1, See also the solution of YI 95 . 

Ex. 6 , 7. Use Ex. b. 

Ex. 8 . 8 is normal in {Sj 6r}. Now use Ex. 5. 

Ex. 9. Hio two normal elements c, 0 ^ replace % by the same 
symbol; for otherwise would be a normal element not 

displacing (Ex. 5). Hence the m symbols are permuted by 
the elements of the central in m jx sets of each (YI Ig). 

Ex. 10. (i) Prove as in Ex, 9 using Ex. 8 instead of Ex. 5. 
(ii) The group P' of VI 2i. 

Ex. 11. The group formed by permutations of the type 


/ 9j 9% ••• 9n 

9i~'^9%9i 

not displace the symbol corresponding to identity. 


for these permutations do 


§ 6 . Ex. 1 . Prove as in VI I 24 . 

Ex. 3. See § 2. 

Ex. 4. The subgroup IT not displacing one symbol (YIS^). 

Ex. 5. Use YI 5^. 

Ex. 6 . (i) The m subgroups of order whose elements do 

not displace one of the symbols have identity in common and 


therefore contain at most — 1)+1 = ^“m 4 -l distinct 

\m J 

elements between them. There remain at least n— (^— m-hl) 
= m “* 1 elements of G- displacing every symbol, (ii) Any 
transform of a permutation displacing m symbols displaces m 
symbols. 

Ex. 7. If in one of the subgroups not displacing one symbol 
there are /x^ permutations not displacing t symbols, n-i-m = E/x^, 
But each of the permutations belongs to r of the subgroups 
not displacing one symbol. 


Ex 8. Suppose Jc >2» 


Then there are 


n 


elements replacing 


n 

hj Xf and replacing tci, by x,. Hence there 
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are at least — — — tt ^ Q. elements replacing x, 

m m(w^— 1) ^ jt o i 

by and displacing every symbol. If g, h are two of these, 
gh"'^ does not displace 

Ex. 9. Since db = every element of {a, h} is of the form 
; hence the order of {a, 1} is 20 . {a, t] is doubly transitive, 
since y^of replaces 1 by 5 and 5 by ^ when u is suitably chosen. 

§ 7. Ex. 2 . Every permutation of G is included in the direct 
product. 

Ex. 3. Use Ex. 2. 

Ex. 4. See § 8 . 

Ex. 5. Let A be the subgroup and let Qr replace 

Xi by iTi, ..., x^. Then (3^ = ••• +-^^r- 

Ex. 6 . Xi, are a transitive set. 

Ex. 7. Use V46. 

Ex. 8 . [1, 2 , 3, 4], [5, 6 , 7, 8 ], [9, 10] . [1, 2, 3, 4], [5, 6 ]. 

§ 8 , Ex. 1. H/K= G/{K, K'} ^B!lK\ 

Ex. 2. The permutations formed by multiplying each element 
of jff by the corresponding elements of the isomorphic group B! 
are all distinct, are all in 6r, and their number = the order of G* 

Ex. 3, (i) cyclic of order 4, B! = K' cyclic of order 2. 

(ii) (T = [9, 10] ; B. of order 2, B' G, K= 1, K' non-cyclic 
of order 4. o = [5, 6 , 7, 8 , 9, 10] ; B=:B' :=G, K=:K' = 1. 


§ 9 k Ex. 4. See § 10. 

Ex. 5. Let c be a normal element of a transitive group 6r. 
Every element of G transforms c into itself and hence permutes 
the cycles of c. Hence these cycles are imprimitive systems of G* 
Ex. 6 , 7. Use Ex. 1, 5. 


Ex. 8 . Si replaces each symbol of Bg^ by a symbol of Bg^q., 
Ex. 10. (i) [ 1 , 2 ], [3, 4], [5, 6 ]. (ii) [ 1 , 2 , 3], [4, 5, 6 ], " 


§ 10 . Ex. 2. G/T is of degree r. 

Ex. 3. (i) r = {{xyz){abc^ or 1 in the two cases respectively, 
(ii) {(12)(3 4),(3 4)(5 6 )}. (iii) {(1 2 3)(456), (1 2)(46)}. 


§ 11 . Ex. 2 , B is transitive ; now use § 6 . 

Ex. 3. The group = {B, K}, where IT is a normal subgroup 
and K a subgroup not displacing one symbol. 

Ex. 4. Use 7177 or VIOg. 


§ 12 . Ex. 1 . Use VI 9i, 2 . 

Ex. 2. Use II 63 . 

Ex. 3. (i) Let e be the first of the symbols 1, 2 , ..., ^ which 
is in an imprimitive system not containing 1 , 2 . Considering 
the effect of (1 2 ... m)®-^ on 1 and 2 we see that {( 1 2 ), (1 2 ... m)} 
is a primitive group, (ii) Apply (i) to (1 2) and IK 
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Ex. 4. UseIII2ig. 

Ex. 5, 6. Suppose G contains (123), (124), (1 2 e) but not 

(12/). By contains the alternating group on 1, 2, e. 

If G contains (1 rs) where either or 5 is not in <r, choose i, 
j in cr and distinct from r, s. Then {lji){lrs){lij)=^{irs). 
Hence G contains the alternating group on 1, 2, e, r, s 
contrary to hypothesis. IsTow proceed as in § 12. 

§ 13 . Ex. 1. Since (1 2 3) = (1 2)(4 5). (45)(1 3) G contains 
every circular permutation of order 8. 

Ex. 2. See § 14. 

Ex. 3. Let jET be a subgroup of index <p, and a any circular 
permutation of order p. The elements H-f Ha + jSh^-l- ... are 
more than m\ in number and are therefore not all distinct. Hence 
is in H(x < p) and . a is in H by V 1. Hence H contains 
every circular permutation of order p. 

§ 15 . Ex. 1. Ey YI I24 the permutations form a normal sub- 
group of the symmetric group. 

Ex. 2. Let H be a group of degree m and index r<m in 
the symmetric group G* Let / be a function of the m symbols 
unchanged by each element of H and changed into the distinct 
functions by the permutations ^1, ^2? •••) 9 r 7 '^bere 

••• (^^l2s)» Since the ml elements of G 

permute f 27 ^^id r < m, two elements {g, h say) of G 

permute the /’s in the same way. Hence leaves each / 

unaltered. Now by Ex. 1 all the elements leaving each/ unaltered 
form a normal subgroup of G and they are all contained in H. 

Ex. 8. If A, JB, C, JD are four points on a line, the cross-ratio 
X of {AJBGJy) is not altered by any permutation of the normal 
subgroup of order 4 in the symmetric group G on A, B, C, JD. 
By the other permutations of G ir is changed into (1— &c. 


CHAPTEE VII 
§ 1. Ex. 1. See end of III 1. 

Ex, 5. (i) The product of the two given substitutions of order 2 
is of order r if sin r<f> = 0 by III ^ben the group is of 

order 2r. (ii) Since cos2<p is rational, 2^ is a multiple of tt, 
or |7r. 


§ 


2 . Ex. The group generated by 
od ^ and of 

X 


X 


§ 3 . Ex. 2. Use III 8. 

Ex. 5. (i) By a suitable change of variables the invariant may 
be put in the form ... +X^K When G is expressed 

aiLTON F. a. P 
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in terms of Xj, X^, ... , X^ every substitution of G is orthogonal, 
(ii) Transform hj\x—y+e, p+0, z). n rr 

Ex. 8 . We have Xi'x^ ... Xm = ^ when ••• = 0. Hence 

when a:i = 0 one of V. —■> is 0, and .-. one of them 
= (iiXy^» Similarly the rest = a^x^y ct^x^y ...^ some order 

or other. 

§ 4 . Ex. 2. Transform the common pole into (1, 0, 0, ..., 0). 

Ex. 8 . (i) Express G in terms of /i and m—1 other variables, 
(ii) fi+f2+ ... +fn is an invariant of S ; now use (i). 

Ex. 4. Use Ex. 3 (i) and VII 85 . 

Ex. 5. x+y+0 is a relative invariant of the group. 


§ 5 . Ex. 2. Use mis- 
Ex. 4. Use III 4 i 9 , jj. 

Ex. 5. Use in 6 g. 

Ex. 6 . To the substitution x{ = o,ia!i+ + ... + «, 
correspond 

= + 0 ( 12 ^ 2 + - -^aVl-^i2V2- - 1 9 

Vi = + <^ 12^2 + + ^iXVl + ^i2V2 + — 

where %= — 1 , and being real. 

Ex. 8 , 9. Use III Og. 




•*> > 


§6. Ex. 2. (i) l)a;J(+(a)— 1)%; 

{nj 2^ri?+2^y-(l— 

(iii) 

Ex. 3. Choose new variables such that when the positive 
Hermitian invariant of the group is expressed in terms of these 
variables it is in canonical form. Then express the group in 
terms of these new variables. 

Ex. 4. (i) Every substitution of the group changes x^, X 2 , 
into functions of (i^ The hypohermitian Jnvariant 

can be expressed in the form Z 1 X 1 + X 2 X 2 + ... 4-XsXs. I^ow 
use (i). 

Ex. 5. Take real positive quantities a and yS such that a + yS = 1. 
c(/"-yS/' is always positive when ^-ra = 0 and is always 
negative when yS -f- a = 00 . Hence we can find a value of yS -f* a 
such that a/— yS/' is zero for certain values of Xi, x^n 

hut is never negative. In this case a/— yS/' is a hypohermitian 
invariant of the group. Now use Ex. 4 (ii). 


§ 7 . Ex. 2. Every substitution in the completely reduced form 
of the group is a multiplication. 

Ex. 4. One of the variables is a relative linear invariant of 
the completely reduced form of the group. 

Ex. 5. Use ¥ 1164 , 5 . 
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§ 8. Ex. 2. Use VII 75. 

Ex. 8. By § 8 if every element of a group G is permutable with 
an element which is not a similarity, G is reducible. 

Ex. 4. Transform by (— + + 5x—8y—6s} 

and the generators become 

(— —y, ^), (-aJ, yy z\ and {—x, — z), 

§ 9- Ex. 1. The expressions obtained 

by putting cii = any mark of the Field are permuted by every 
substitution of the general group. 

Ex. 2. (i) Every substitution of -P permutes the p' marks of 
the Field, while 0 is changed into an arbitrary mark u by 
a;' = x-\-u* (ii) Every substitution of Q permutes the p’' marks, 
while 0 and 1 are changed into u and v by x' =^{v^u)x-^u» 
(iii) Every substitution of M permutes the marks together 
with 00 (i. e. any mark r-O), while 00, 0, 1 are changed into 
^ 10 U X^ ““ V 

u, V, w hy x-= ^ -7 — . (iv) We can always find a mark 

u of the Field such that {ad--hc)u^ = 1 or r, and 

ax + b aux+hu 

cx+d cux-hdu 

(vi) Q = P-|-JR?4-Pa^+ — where s is a;' = ux, u being a primitive 
root of the Field. 

Ex. 4. We get the substitutions of K corresponding to any 
substitution of JETj^ by changing S into —S, 1. 

§ 10 - Ex. 1. Let A be any substitution of the central. Since 
A is permutable with (X,Xi, ^ix^j ... , %2 = ®i3 = ••• — ^ ? 

and similarly a^f = 0 if i^j. 

Ex. 2. w =2, p^ = 6, 7, 8, 11, 13, 17, 19, 16; w = 3, ^^ = 3. 

Ex. 6. If ad— be = 1, is ga+cDTygoy^Ci+ojTr 

cgt 0 and is TS^ TS ^ when c = 0 ; where ey = d8 = 1. 
Ex. 6. Use Ex. 5 and III 2^^. 

Ex. 8. Usei7s = l; D^ = E, DE = ED-, C^ = E, CE=E0, 
CD = EI>G-, B^ = E, BE=EB, BI) = CI)B, BG = I)B; A^ = l, 
AE = EA, AD = CA, AC= DA, AB = ECB^A. 


CHAFIEE Vin 
§ 1 . Ex. 8-7. Use IV I and IV 2. 

§ 3. Ex. 3. (i) If a point Q approaches P indefinitely, the « 
points equivalent to Q coincide in sets of m. (ii) Prove as in 
(i) using Vinig. 

P 2 
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Ex. 4 . If 1 , ^1, movements of G bringing P to 

P, Pi, P2^ - . 9 x Pi to Pj, where Qj = 

Ex. 5 . P, Pi, P2, ... are permuted in the same way as the 
symbols 1 , ^1, ^2? ••• VI 2 . 

Ex. 6-^8. Use IV 9 . 

/yf 

§ 5. Ex. S. The order of E is w ; of I is g { 3 -(-l)’^}. 

Ex.- 4 . By Ex. 3 contains an element of order n. 


§ 6. Ex. Combine §§ 2 , 6. 

§ 7 . Ex. 1 . Cg, De, D, D, O, T, O, E, E. 

Ex. 3 - 8 . Use § 3 . 


§ 8 . Ex. 6. A(jrz: A2), c(:zz Ci)f, A, A, C2, A4, G, 0 , G, Hj H> C2, 
^ 2 > ^ 4 ? ^ 2 > 52 * 

Ex. 10. r,^, A^, 82, &, G, H, {m not a power of a prime). 


§ 9. Ex. 4 . (i) If OA'f OB' represent the net 

formed from OA', OB' coincides with that formed from OA^^ 
OBi if the triangles OAiB^^ OA'B' have eq^ual area. 

«i A 71 

(ii) A = 02 /52 72 , = 0. 

^3 A 73 

(iii) A^ = 1. Prove by considering the parallelepipedon 
whose sides represent Tg, rg. 

Ex. 5 . The groups generated by the movements of C^, c^, D^, 
8^, r^, d^, Aa (including the case a = 1) and a translation parallel 
to the line OA of §§ 7 , 8 ; by a screw about a line Z ; by a screw 
about I and a 2-al rotation or rotatory-inversion about a line 
meeting I at right angles ; by a screw about I and an inversion 
about a point of L 

Ex. 6. Let P be the point whose coordinates referred to 
rectangular reference-axes through 0 are {x, y ) ; and let Q be the 


point (iCi, yi) where V — is a period. Then the function 

has the same value at all points derived from P by multiples 
of the translation OQ. Now proceed as in § 9 . 

§ 10. Ex. 1. C, c ; C2, Cg, r2; D, Sg, A 5 C3, C3, 83, Eg, A3 ; 
C^, C4, d4, r4, 84, D4, A4 ; Cg, Cg, dg, Fg, 8e, Dg, Ag ; T, 0 , 6, 0 , G- 

Ex. 2 . The corresponding nets have meshes which are parallelo- 
grams, rectangles or rhombi, squares, rhombi with angles of 60 ° 
and 120°. 

Ex. 3 - 9 . See books referred to in § 10 . 


§ 11 . Ex. 1 . Take rectangular axes through the fixed point 
find proceed as in § 11. 

Ex. 2 . (i) The determinant of an orthogonal substitution is 
± U (ii) E” can be derived as in § 11 from T, O, or E. 
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Ex. 3. The groups generated by (i) {-x, —y, z), {x, y, —s), 
and {—X, y, z) ; (ii) —x, —y) and \y, x, z) ; (iii) (— y, x, z) 

and {y, x, —zy, (iv) (z, x, y) and {—x, —y, z)-, (v) {x->ra,y, z), 
{x, y + b, z), {x, y, z + c), and {—x, —y, —z); (vi) {a~x, —y, 
z-^c) and { — a—x, —y, z+c). 

_Ex. 4. The groups generated by (i) {—y, x) and {—x, y); 
(ii) {a—x, —y) and {—a—x, — y); (iii) (a— a:, —y) a.ni{~x,y). 

2iri 2TTi 

Ex. 5. The groups generated by (i) x' = e'^ x ; (ii) x^ — e~x 

and iz:' = i ; (iii) ic' = i and x'= - • 

X ^ 1+x X 

Ex. 6. Use yiI5g and then reason as in VIII 7 using the 
points representing the poles of the substitutions instead of the 
lines OA, OB, OC, .... 

. a a 
sin^— cos^. ^ 

Ex. 7. (i) / = — , (ii) XT' == 

cos'^—sm^ . ^ 

§ 12 . Ex. 1. 0 is the group of movements bringing a regular 
tetrahedron to self-coincidence. Each movement of 0 permutes 
the vertices of the tetrahedron, and no two movements of 0 
permute the vertices in the same way. 

Ex. 2. Let OA, OF be lines about which take place 3-al and 
5-al rotations of £. Let OA be brought to the positions OB, 

2tt 

OO, OD, OB by successive rotations through -g- about OF. 

Consider the group generated by the 15 collineations of order 2 
which leave unaltered the figure consisting of the regular pentagon 
ABCJDJE and the line at infinity in the plane ABCJDB perpen- 
dicular to OF. If BC and EB meet in A', CB and the line at 
Qo meet in A'^, &c., these collineations have as fixed point and 
line A and A'A", A' and A'' A, A"' and AA', &c. They all 
interchange AA'A" and the 4 similar triangles ; the permutation 
being even. 

Ex. 3. (i) Use lYlBg. (ii) By lYlBio the group consists of 
identity and 3 collineations whose fixed points and lines are the 
vertices of a triangle and the opposite sides. 

Ex. 4. By IV 13io consists of 4 perspective col- 

lineations whose fixed points and planes are the vertices of a 
tetrahedron and the opposite faces, together with identity and the 
8 non-perspective collineations of order 2 whose fixed lines are 
a pair of opposite edges of the tetrahedron. 

Ex.5. UselVlBio. 

Ex. 6. Transform the generating collineations into (i) reflexions 
in parallel planes; (ii) 4 inversions; (iii) 2-al rotations about 3 
parallel lines. 
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§ 1. Ex. 2. {a, &} is finite. 

Ex. 3. (i) See XIV 1. (ii) Every element of {a, b} is included 
once and only once in 63/a® (a: = 1, 2, , A ; y = 1, 2, .... S). 

Ex. 4. Use Ex. 3 (i). 

Ex. 5. a“^6“’-a6 = a*'"^ = 6^~'. Hence a = b^~‘aV~^ = a*'"*, 
and the order of a is finite. Now use Ex. 3. 

Ex. 6. Since a’‘6®. a,‘“'b'°= «*■+“. a““6*a“6“®. 6®+® = a’'+®c““®6®+® 
= a’'+“6®+®c““® (14), every element of {a, 6} is of the form 
a® 63/ c®. Now use I im. 

Ex. 7. Every element of {a, 6, c} is of the form a^by(f. 

Ex. 9. (i) We may arrange the work as follows. The elements 
in any row are the uncancelled (unbracketed) elements of the 
preceding row multiplied on the left by a and 6. An element 
is cancelled if it is identical with some element already found. 

a h 

ah a? ha h^ 

a¥ (aha = 6^) aH (a® = 1 ) ha^ (hah = a®) h^a (b^ = 1 ) 
ah^a (aha^ = 6®a) (a^h^ = ha) (a® 6 = 6) (haH = ah^a) (hah^ = a%) 

(b^a^ = ah) (h^a=a) 
(a^b^a = ha^) (hah^a = ah^). 

Hence we have 


_{«, 6 } = l+a+h+a^+ah+ha+V^ + a^h+ah^+ha^+h^a+ah^a. 

(ii) Proceed as in (i) ; {a, 6} is of order 24. 

Ex. 10. (i) (6a)-i = {a252)-i, .-. an^ = h^aK Hence 
ah = a^. a^h ^ . 6^ = (a^V^y = (6a)2. 

Therefore (6a)« = (a6)® = a(bayh = a.ah.h = ha. (ii) Put h = ha, 
g — h. Since every element of {g, h} is of the form g^M, it is 
of order 20. 

Ex. 11. ah = (6a)®, (6a)®® = a(6a)®6 = 6a as in Ex. 10. 

Ex. 12. If 

A= {a}, the group = u4+A6+A6a+A6a6+A6a6a+ .... 

Ex. 13. 20, 18. 


Ex. 14. 12, 24, 60, 168. (i) Put a = a-\ ^ = ah: then 

a® = /3® = (a^y = 1, Now use Ex. 9 (i). (ii) Put a =6, /3 = a®. 
Then a® = ^ = (a/3)® = 1, a'^aa = ySa®, a-^^a = /3, 6-®a6 = a, 
h ^ /3b = a®/3a ; .*. the group contains a normal subgroup of index 
2 simply isomorphic with (i). (iii) Put a = ah, ^ = a® 6a®. Then 
since a® = ^® = (a^)® = 1, H= (a, y8} is of order 12. Now the 
group = ir+Ha+fla®+Ha®+Ha4 since 6=a®a, ah = a 
a®6 ^ I3a% a®6 = ^ao*, a*h = a®/3o®. (iv) Put a = a®6a*, (3 = ah’. 
Then since a* = ^® = (a/3)2 = 1, H = {a, (3} is of order 24. Now 
the group = H+Ea+Ha’‘+Ha^+Ha^+Sa^+Ha% since 6=y8®a, 
a6 = a^h = ^aa®, a®6 = a® a;®, a®6 = /3a®yQ®aa* a®6 = Ba^B^a\ 
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§ 2 . lEx* 1 . (i) jg[ is normal in G. (ii) JET = ... } is 

cyclic of order r. 

Ex. 2 . is Eiormal in the given group. 

Ex. 8 . (i> If ^ = (1 2 3) and b = ( 1 2 )(a 4), = (ab)^ = 1 . 

the alternating group of degree 4 generated by a and b is 
isomorpliic with zzz (ch)^ ■=■ 1- Since botii groups are of 

order the isomorpMsm is simple. Hext take a as 

b as rr' = &c. (ii) Take a = (1 2 3 4), b = (1 4 3), &c, (iii) Take 

a = ( 1 2 B 4 5), h = (1 2){3 4). Next take a as a?' = oc-hl, b as 

; and then a as b as ii?' = ic-f-S, &c. (iv) Take 

a = (l2B4567), T 3 = (12)(4 7). Next take a as = 

b as 05' = ^ ; and then a = 

Ex. < 6 . The folio-wing scheme sho-?vs tbe element of {a, 1} 
corresponding to each element of {a, T)}, and suggests tke 
equivalence^ of apparently distinct elements of 7;} (e. g. Zja-& 
and in cases where this equivalence is not immediately 

obvious. *We must, however, verify the equivalence in each case 
by means of the relations a^=zb^^ («5)® = {a^ ly =^1; for a 
and b mi^ht possibly be connected by relations independent of 

= 1)2 _ ^ab)» = (a^b )2 = 1 . 


L 

12345S 

t 

126453 

bd 

231564 

kO 

CO 

234561 

db 

264531 

aJa 

315642 

dla^ 

426158 

345612 

a^l 

645312 

156423 

261534 

a? 

46612S 

a^b 

453126 

564231 

a^ba^ 

615342 

a* 

561234 

«*6 

531264 

642315 

a^bd^ 

158426 

a® 

612345 

cfib 

812645 

423156 

a^ba^ 

534261 


haP = a^b 
ba^b = a^ba. 


Ex. 7. Take a. = (2ic, 2 i 5 H-y), b= (^, iCf-f ^). 

Ex. 8. Take a. =(1 2 3 4 5), b = (1 2 ). {a, b} is of order 120; 
for if a = a® and /3 = {a, is a normal subgroup of 

order 60 and index 2 , since a® = = (aj 8 ) ^ = 1 . 

Ex. 9. (^i) Since 0 is the direct product of T and c, 0 is 
simply isomorphic with a® = = (a^)^ = ay = yu, 

jSy = yyg. Now put a=ay, h fiy and we have 0 simply 
isomorplxic withi o® = = (ab)^ = ( 0 ^^)^= 1 . (ii) a® = 7)^ =(a&^ 6)2 

= == 1 . (iii) ^10 - 3^2 « (^ 55)2 ^ (^62^)3 = 
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§ 6. Ex. 2. The orders of H and K are \x = ... and 

V = ... . Hence H and JK^have no element in common, 

since the order of = {H, if} is (jlv. 

Ex. 3. 6r is the direct product of {^i}, ..., {g^}. 

!!i !!i 

Ex. 5. Its base is evidently gi^i, S'i+j, fl'J. 

Ex. 6. Its base is evidently \_g-^i, g^i, ... , 

Ex. 8. (i) [a6], (12) ; (ii) [ab, 6*], (120, 6) ; (iii) [&. a6^], (36, 2) ; 
(iv) a®], (180, 5); (v) [ah, bcl (30, 30); (vi) [6, ab\ a*&c], 

(72 3 3) 

Ex.’ 9. V/, (2, 2), (2, 2, 2), («», 2). 

§ 7 . Ex. 3. Every cyclic subgroup of order contains 
elements of order p\ and no two such subgroups 
have an element of this order in common. 

Ex. 4. If a.hj c, ... are elements in Gr of orders p\ 
every element of order p^q^r'' ... in G is of the form ale.... 
Similarly, in the case of subgroups (Y 2O2). Hence the numbers 
required are LMN ... , L'M'M ' ... , LMN ... -f- ...). 

Ex. 6. If h are elements in G of orders a, /B contained in 
the subgroups if, K with only identity in common, hJc is in a 
subgroup L having only identity in common with H or K. Now 
{hky = 7c^ is in K and X, and hence /B divides a. Similarly a 
divides and a = /3. Now use Ex. 5. 

Ex. 7. Let g be an element of order p in and denote a^^ga^ 
by Then a is permutable with K={hi, ..., \^i} and 
.-. K^G. But the order of K<p^~^ (cf. V613). ^ 

Ex. 8. (i) See V In. (ii) Let x be the order of a relative to 
G. Since is in Gy {a^Y = 1 and rr = r or ^r. Hence 
{G, a} =Ga-{-Ga^+ ... +Ga^ is of order 2«r or 2^'^^r. 

Ex. 9. (i) = = = 

1J)q = I 2 .j... . ^ (^^ 1 ^ 2 * 

(ii) Since &, lli are all of order 2, lli = b^l. Now assuming 
I, liy ..., all permutable prove 1, li, ..., all permutable. 
Then by induction {bi, l^} is an Abelian group of order 

2^ and type (1, 1, ..., 1), h <m. 

Ex. 10. (i) If the h"s are not independent, it must be possible 
to express in the form ... Equating powers of 

9m eliminating iTg, ..., we have 


OlX 

ai2 • 

• * 

«21 

^22 • 

• • ^2m 

«- • 

• » 

. • 



®m2 • 

* • %m 


SOLUTIONS. CH. K 


217 


If tie generate G, eveay element of tke form ... g^ym 

can be expressed in the form h^^m, == cxiiit'i 

-+«2i^2+ — = L 2, ...5 m\ and henee 

-f -• {Aijheing tke eofacfcor of a.^^- in D). D 

must le a factor of A^j, Let A^j = A^jD. Tken 

jym-^ = I I jyn j | hence -D = ±1. 

(ii) Tke Ti’s generate 

§ B. Ex. B- If •••» 9^ is ^ ev-ery element 

of order _p in G and hence every subgroup of type (1, 1, ..., I) 
is contained in the group whose base is 
Now use § 8. 

Ex. 4. let gi be any element of G* ’Take [^1, 5^2? -*-] 

a base of 6r. Tken gj is not in. tke subgroup {g^j ^3, ...} of 
index 

Ex. 5. ProTe as in Y 613 and IX 77. 

cyeKc subgroups and 

nou-cyclic subgroups. 

Ex. 7. p^{p+l)(z>^ -1-p-Hl). 

Ex. 8. 4* 1)^. The group contains (p^— l)p^2 elements 

of order ; hence the first generator \ of tke subgroup may be 
chosen in (p^ — l)p^^ ways. The second generator may tken 
be ekosen in (p^ — ways, for it may be any one of the 

(p^ — elements of order ^ hi G wkose p^-tk power is not in 
{/Zi}. The third generator may then be chosen in (p^ — l)i>^ 
ways, for it may he any one of the (jp^-“l)p^ elements of order 
in G whose p-thi power is not in Ji^}, Henee a base of 
the subgroup may “be chosen in X =(p^ — l)(2?^~-l)(p^-“l)p^^ 
ways. Similar reasoning shows that when tke subgroup is given 
its base may be chiosen in E= (p^— l)(p— l)(p-~l)p^® ways; 
and the total number of subgroups is X -f- X. 

Ex a (p— l)Wp-iW(W-l)(2w-f-6)^ 


CHAPTEE X 

§ !• Ex. 5. If y, ^3, ... are a conjugate set of elements, 

9^^9\y 9~^9 ‘li 9~~^9bi distinct commutators of G. 

Ex. 6. d , g'^^ag =g~^ag . a since a”^y~“^ay is permutable 
with a. 

Ex. 7, If gag'^^ = and Jiahr^=^ {gh) a{ 9 Ji)~^ =a“^ 
= {Jig) a {hg)-\ a. g~^ h~^gh = g-'^Jr'^gh . d. 

Ex. 8. Since <? = =a“”^= c is permutable with 

a and &. Every element of {a, 5} is evidently of tke form 
and tke commutator of two such elements is a power of c by 14^. 

Ex. useI4i3. 
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§ 2. Ex. 4 . UseTI 14 

Ex. 5 . The determinant of every substitution in tie commutant 
is 1. 

§ 3 . Ex. 1 . If A = 6^, A" = r. 

Ex. 2. Let J? be a normal subgroup of G- contained in no other 
normal subgroup. Then G/JS is simple and is non-AbeliaUj since 
JEC does not contain A. 

Ex. 3 . e. g. the direct product of K and any perfect group. 

Ex. 4 . Let -S' be a normal subgroup of index p. Since GJE is 
Abelian, H contains A. 

Ex. 5 . If 72, 73, ... in G/S correspond to ^i, g2ij3^ — 

G = {^1, ^2J •••}> the 7’s are permutable. GIE = {71, 72? 

73, ...} is Abelian- 

Ex. 6. If a, b are two commutators of G and a, ^ are the 
corresponding elements of F, a, /S are commutators of T. Since 
ab = la, afi = / 3 a. 

Ex. 7 . (i) {aJ, 1}, (ii) {a, h}, (hi) If a~^b~^ab=c and 
ca = aoif we can prove that = ac, clc^b:^ CitCi , cci = OiC, 
Hence by Ex. 5 A = {c, Ci}. If the H. C. E- of m and r is d, 
the order of c is mr^ d and the order of Ci relative to {c} is 

j [ 3 — ( — (cf. Tldg). Therefore A is an Abelian group of 

index 4 or 8. (iv) Cyclic of order r. 

Ex. 8. or as m is odd or even, D, T, E. 

§ 4- Ex. 1 . For every element of G corresponding to such an 
element of A would be in G 

Ex. 2. (i) Let a, I be any elements of G. Then ch = TiaCj, Ih = libo^ 
where are in G. . 7i =:a>~^l)~'^a}ibc2 

(ii) The element of A corresponding to c is 1 . (iii) See I 4 . 
(iv) W is in G. (y) Use (iii) and (iv). (vi) If r is the maximum 
order of c as ^ runs through the elements of G, the order of c 
divides r whatever element h may be. . *. W is always in G, and 
hence t divides r. But = 1 and i = r. 

Ex. 3 . Use Y island V 17 i 2 . 

Ex. 4 , The normaliser in G of an element g corresponding to 
a is of index < and its central contains {g, 0} of order €7. 

Ex. 5 . (i) Identity; non-cyclic of order 4 ; (ii) non-cyehc of 
order 4 ; (iii) = 1, (jtt = da, dc-^cb^, ac= ca. 


§ 5. Ex. 1 . Let a, I be any two commutators of G and a, p the 
corresponding commutators of A. Then jS is normal in A and 
b is permutable with every commutator of G by X42(i). Hence 
= ba. 

Ex. 2 . Use X I7. 
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Ex. S. By 14 (&«)*= since c is 

perranfcalDle witk a and b. Hence if t is the eider of ah and 
ba (I B3), <f = 1- Again a~^b~^al)^ = c^, and hence = 1 if W 
is in {<as}. 

Ex:. 4. (i) If t is the order of cb in Ex. 3, = 1 since t is 

odd and (^=1. Hence if a, /3, ... are permutable elements 
corresponding to a, hy ... having the same orders and such that a 
has the same order relative to {^} as a has relative to {&}, &c., 
{a^ h, -..} and {a, ...} are conformal, (ii) The second group 

of Y 83 is metabelian but not conformal with any Abelian group. 

§ 6 . Ex. 3. If g\ a' correspond to the elements a in any 
automorphism of G, of corresponds to a~^ga in the auto- 

morphism. Hence the elements conjugate to g' correspond to 
the elements conjugate to g. 

Ex. 4. = {db)~^ if db 

Ex. 6. The only class of outer automorphisms admitted hy <? is 
that interchanging A and JB when A = H. 

Ex. 7. No element of one of the groups can he transformed 
into an element of another. 

Ex. 9. If g and h are two elements of Gr not in K, g and h are 
permutable with each element of Ky since K is complete. Hence 
gh is permutable with each element of K and is not in K. 

Ex. 11. If ^ is an element of order jp^, there is an auto- 
morpHism of {g} in which g^ corresponds to y, where r is any one 
of the — 1) integers less than and prime to If 

h~'^gb=^^y l)~'^gl)^ ; hence when r is chosen so that 

1) is the least value-of s satisfying = 1 (modp®), every 
automorphism of {g} is obtained by transforming by powers of b. 

Ex. 12. The generator of order 2^“^ corresponds to the auto- 
morphism in which g‘^ corresponds to where r is chosen so that 
got- 2 ig the least value of s satisfying r® = 1 (mod 2?). The 
generator of order 2 corresponds to the automorphism in which 
corresponds to g. 

Ex. 13. A cyclic group of order 2“ 3^ 5'^ ... is the direct 
product of cyclic groups of orders 2®, 3^, 5*^, ... ; now use Ex. 7. 

Ex. 14. (i) If 9ig^=g^, and 

(ii) hi^gr-K 

Ex. 15. (i) [a^^gia, •••> ^ ® 

Ex. 16. (i) The elements gf^f are ^1 distinct 

when for a?!, ajg, we put any of the integers 1, 2, , j), 

if and only if the determinant \a\^0 (mod p). 

Ex. 17. ^ divides the order of the group of automo^hisms of (r. 

Ex. 18. By I4 i 3_ the commutator of a' and V is and 

.% 0 (mod jp). The order of {a^ 2)} isjp^ and the order 

of the group of automorphisms = the order of the general homo- 
geneous linear group of degree 2 in the G-F{p] = l)(p^ — p). 

Ex, 19. 24, ^ 120. Suppose that a' corresponds to a, V to 5 
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in an automorphism. Then (i) a' may be any one of the 8 
elements of order 3, V any one of the 3 elements of order 2 ; 
(ii) a! may be any one of the 6 elements of order 4 and then 
V may be one of 4 elements of order 3, as is easily seen by 
considering the simply isomorphic group O and remembering 
that (pUJY = 1 ^ similarly. 

§ 7 - Ex. 7. Use V 20^. 

Ex. 9. If h is any element of G not in K, there is an auto- 
morphism of G in which gh corresponds to g. 

Ex. 10. (i) Use Ex. 9. (ii) There is only one invax'iant of 
maximum order. 

Ex. 14. Use X6e. 

Ex. 15. Use Ex. 14. 

Ex. 16. Use X 613. 

Ex. 17. r contains a normal subgroup JE simply isomorphic 
with G formed by substitutions of the type x{ + while 
T/H is simply isomorphic with the general homogeneous linear 
group of degree m in the GF[p], Now use XG^g. 

§ 8. Ex. 1. L does not displace the symbol corresponding to 
identity in 6r. K contains a transitive subgroup P of the same 
degree. 

Ex. 2. (i) If r were such a group, H would contain P' (§ 6) ; 
which is impossible, (ii) Use (i). 

Ex. 3. Use § 8. 

Ex. 4. (i) Use § 8 taking c as the automorphism in which a 
corresponds to a, 'ba to 5 and d as the automorphism in which 
corresponds to a, b to b. 


CHAPTEE XI 


§ 1 . Ex. 4. See X I5. 

Ex. 6. If H and K are two normal subgroups of order jp, R and 
K both contain the commutant of G since G/H and G/K are of 
order and Abelian. 

Ex. 6. If jGT is a normal subgroup of index G/H is Abelian ; 
,% H contains the commutant of (r. 

Ex. 7, As in Ex. 6 each such normal subgroup contains the 
commutant. 

Ex. 8. If h is an element of a normal subgroup H of G, H 
contains every element conjugate to ^ in 6r. Then if the G. C. S. 
of H and G is of order /x, the order of JET = ... . Now 

proceed as in § 1. 

Ex. 9. Use Ex. 8 and X 3. 

Ex. 10. Let g be an element of G corresponding to a normal 
element of G/C, and let A be an element of G not permutable 
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■with g. Then the commutators of h and g, g^, are in G 

jand are all disfcinet. 

Ex. 11. Use Ex. 10. 

Ex. 12. (i) Let T Le a normal subgroup of G contained in no 
other normal subgroup of G-, Then 6^/r is simple and is .*. of 
order 

Ex. 18. Since in Ex. 12 G-JT is Abelian, T contains the com- 
mutaat of G. 

Ex. 14. Let O', b be elements of G such that a is of order jp and 
ah = Then ^ = a by Fermat’s Theorem (IB). 

Hence the index of the low'est power of b permutable with a is 
a factor both, of p — 1 and of the order of h {I2g). 

Ex. 15. 0 is in eTery subgroup of index p in (Ex. 7) and 
is in the normalisers of a and b. The conjugates of a in G 
are h~~^ah^ == ac^{t ^ 2, ... ,j)). cP=l. 

Ex. 16. By Ex. 15 (bay = h^a^ when e is a multiple of p, since 

= 1 (1 4). Hence the order of ba dmdes pA Also any 
conjugate of ha such as g~'^hag=z g~'Hg . is of the form 

bac^y and 6a is an element of a conjugate set of 1 orp elements. 

Ex. 17. is in 0; hence {C> = -hCg^ and 

is evidently Abelian of order If ^ is any element of G 

and /c, y are the elements of G/G corresponding to ^ in G, 
K'^-y/c == y and 'kr'^gJc =yc {c in U). Hence g has at most p^ 
conjugates in (r ; and the normaliser of p in ff has a central 
containing {C, g] and is of index <j^. 

Ex. 18. Use induction and Ex. 17, so long as 

a— ^y?(2a?-f/3—l) > 

Ex. 19. G contains a subgroup H of order By 

Ex. 18 JE contains a subgroup K of order 

p^f(2x-i-€-l)+.l-|(€-l)(2a;+€-2) r^pa^-l-c 

whose central is of order This is only possible if ST is 

Abelian (X 4). 

Ex. 20. Use Ex. 19. 


§ 2* Ex. 1. Let G be the direct product of prime-power groups 
Af B, O, .... Find normal subgroups A\ B\ ... of A, JB, (7, ... 

such that the product of their orders is m. Then 
... } is a normal subgroup of order miaG, 

Ex. 2. The subgroups required are those corresponding in G to 
the series of normal subgroups in G/T, 

Ex. B. (i) The subgroup required is one corresponding to a 
normal subgroup of order in 6r/H. (ii) {if, K} is of index 
p^(l < 7 ) and .% the G. C. S. JD of -ST and H is of index p^(b > 
by V 18. The subgroup required is the subgroup of & correspond- 
ing to a normal subgroup of index in G/D, {C£ XI 52 ). 


respectiTely 

{A', c; 
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§ 3. Ex. 2. If H is a subgroup of index p in Gr containing Xj, 
E contains K^, j?3, ... since H is normal. 

Ex. 4. (i) js contains G since otherwise G = C} and is 
Abelian ; similarly K contains C. Again, every element of the 
G. 0. S. of H and K is normal in H and in K and hence in. 

{jff, X}. (ii) G/C is Abelian of type (1, 1) since it is non- 
cyelic of order Again, if a and b are two non-permntable 
elements of c = a~^b''^ab is permntable with a and b since 
the commutant A is in (7 (Xri 7 ). Hence 1 

and every element of A is of order 1 or 

Ex. 5. Using Y we see as in Ex. 4 that the central is of 
index and hence contains the commutant. 

Ex. 6 , If g is an element of G not permutable with every 
element of I), G contains j? conjugates to g the 

normaliser of ^ in G is of index p but does not contain Z). 

Ex. 7. If g is any element of order < in G, is in some 
subgroup of index p (Ex. 1) and ^ is in T. Hence G contains 
elements of order 

Ex. 8. As in Ex. 7 G contains an element g of order p^(r > s\ 
being of order is identical with K. 

§ 4. Ex. 2. G/D is a subgroup of (r/A. 

Ex. B, For the p-th power of sneh an element would not be in Z). 

Ex. 4. Since the G.C.S. of all subgroups of index p? in G/E= 1 
{ 1 X 84 ), the G. 0. S. of all subgroups of index p in G containing 
E is Z7. But this G. C. S. contains D. 

Ex. 5. (i) Since the p-th power of each element of G is in 
{A, P}, each element of G/{A, P] is of order 1 or_p. (ii) By 
Ex. 4 {A, P} contains D and by § 4 Z) contains (A, P). 

Ex. 6 . If G contains two Abelian subgroups of index p, the 
central C is of index and is contained in every Abelian subgroup 
of index p (XI Now proceed as in § 4. 

Ex. 7. Let ZT be a subgroup of index p not containing Pa* 
Choose elements ^a-i as in § 2 for the group P". Then 

Qcx satisfies the conditions that gJP and g~^g(r^gga are in H. 

Ex. 8 . (i), (ii) By V the G. 0. S. of the normal subgroups of 
index p or is of index Now proceed as in § 4. (iii) The 
non-normal subgroups can be divided into conjugate sets each 
containing pm subgroups (m integral). 

§ 5. Ex. 2, If X is a subgroup of index p in X not normal in G, 
H contains every subgroup conjugate to K in G. How the 
number of groups conjugate to K = the index of the normaliser 
of X =: a multiple of p. But H contains ^ + 1 subgroups of 
index jp ; hence at least one is normal in G. 

Ex. 8 . The elements of G permutable with every element of X 
form a subgroup P. , The Abelian subgroups of order in Q 
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containing H are the subgroups of T corresponding to the sub- 
groups of order jp in T/K, 

Ex. 4. Let Bi, B^ be the normal subgroups of this 

index ; ^[2, the normal subgroups of index p. Then 

the proof runs as in § 5 using XI 2^, 

§ 7. Ex. 2. Each set is of the form (Z = 1, 2, 

unless a; = 2/ = 0 (mod p) ; see X I5. 

Ex. 5. It is the only non-cyclic subgroup of the same order. 

Ex. 6. By 1 4 Now if < a - 3, 

we haye on putting m = Hence 

by Ex 2 eyery subgroup of 6r is normal except the p subgroups 
conjugate to {b}. 

Ex. 7. Eyery normal subgroup of G- contains the commutant. 

Ex. 9. Let Uj ~ hya^ correspond to a and bj = b^a'^ to b in any 
automorphism of 6r. Then since &/ = 1, r = 0 (mod_p®"2) ; since 
=: 1, X is prime to p; since 5=1 

(1 4ii). Hence the order required is p{p^~‘^—p^‘'^)p = (2?— 1). 

Ex. 10. Let ^ be a normal cyclic subgroup of order p®. By 
XI 22 we can find normal subgroups Kj Kij K 2 , ... each of index 
p in its successor. The first which is non-cyclic contains a 
characteristic non-cyclic subgroup of order ^ which is the normal 
subgroup required. 

Ex. 11. Abelian of type (8), (2, 1), or (1, 1, 1) ; =: 1, 

ab = ba }'^^ ; {a, b) where a and b are each of order p and per- 
mutable with their commutator. Note that in a non-Abelian 
group of order p^ the central and commutant coincide and are 
of order p? (XI Ijo). 


CHAPTEE XII 

§ 1 . Ex. 1. They are Sylow subgroups of K. 

Ex. 2. The Sylow subgroups are all conjugate. 

Ex. 4. (i) If r^- =r^-, r^- contains two normal Sylow subgroups 
Mi and Hj, (ii) Since is the normaliser of M^ in G, the 
normaliser of in = 6^ is 

(hi) Since Tj is one of ^ + 1 conjugate subgroups in G, the 
normaliser of is of order w-r-(^i>+l)= the order of T^. 
(iy) Apply CoroUary II to 

^ Ex. 5. In the proof of Corollary II the number of quantities 

y, ... = r must be = 1 (mod p). 

Ex^ 6. The G. C. S. of M and H,-, i. e. of hf^Ehi and 
is hf^JDhi which is of order Hence G contains p^~'^ sub- 
groups conjugate to JOT having with H a G. C. S. of order 
p^~y having with H a G. 0. S. of order p'^, .... 

Ex. 7. Use Y 15,3. 
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Ex. 9. Use Ex 8 and IX 6 ^, IX 8 g. The number is (i) 28, 
(ii) {p^ + 2p^ + -bp-fl) + S+ 1 ) 

(V+ 1 ). 

Ex. 10. If a, I are elements of S 7 I 0 W subgroups of G whose 
orders are unequal, the order of c =a“^ 6 ~^ab divides the orders 
of a and b ( 1 and .*. c = 1 . 

Ex. 11. (i) The commutant of G^ = 1, for otherwise A would 
contain an element of order (ii) l^pP is the order of the 
order of {A, G^} is since A is normal in {A, G^} while 

A and G^ have only identity in common. Hence G^ is a Sylow 
subgroup of {A, G^}. If there are ^Pj+1 Sylow subgroups of 
order p/ in {A, G^}, + l is a factor of p^K Now use 

Corollary IV. 

Ex. 12 . If g generates one of these cyclic Sylow subgroups, 
the permutation of P (VI 2 ) corresponding to g contains an odd 
number of cycles of even degree and is an odd permutation. 
Then the even permutations of P form a normal subgroup of 
index 2 ; which contains every permutation of odd order when g 
is of order 2 . 

Ex. 13. If P and Q are Sylow subgroups of order and 
every element of G is included once among the elements FQ 
or ^P, since P and Q have only identity in common. 

Ex. 14. Take H, as subgroups of index p. If is not 
normal in G, and Hi is not permu table with any element 

of G not in F^. Then the proof of § 1 would show that there 
are ^ + 1 subgroups conjugate to Fj which is impossible. 

Ex. 15. (i) Let F be the subgroup of order t formed by the 
permutations not displacing one symbol a: (VI 5). The per- 
mutations of H not displacing a: evidently form the G. C. S. of 
H and F, which =1 since t is prime to p- Hence every 
permutation of H displaces every symbol, and tbe number 
of symbols in any transitive set of H = the order of S, 
(ii)G=FF=FF. 

Ex. 16. If is the highest power of p which divides G 
contains a group of order p^ which lies in L. Hence A is a 
multiple of ; and so for every prime-power factor of e. 

Ex. 17, Let F=g~'^Eg (g in G). Since F is normal in F, F 
is normal in and .% R and g'^Fg are Sylow subgroups 

of tbe same order in the normaliser JB of P in 6r and are hence 
conjugate in P. there is an element b of F such that 
H = b~'^(g~'^Fg) I, Then is in T and {gl)~^E(gl)) = F. 

Ex. 18. G contains -I- 1 subgroups of order p^, where kp-^1 
divides e. In this ease = 0. 

Ex. 19. By § 1 a group G of order pq contains elements a, h of 
orders p, q. The Sylow subgroup {a] is. normal, since gfO 
(mod ^p-l-1) unless A;= 0. Let b~^al) =a^. If k= 1, ah is of 
order pq and G is cyclic. If /c ^ 1 , h'^aU (13) and 
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= 1 (mod p), (mod p) if e < q; for otherwise a and ¥ 

and . \ a and I would be permutable. 

Ex. 20. (i) Cyclic and dihedral ; (ii) cyclic ; (iii) cyclic and 

^ })Z z=z 1, ab = 1 ) 0 ? ; (iv) cyclic and ah = l)o? ; 

(v) cyclic and a}^ = ~ al) = hd ? ; (vi) cyclic ; (vii) cyclic ; 

(viii) cyclic and ah = 

Ex. 21. 825 = 11.3.5^. No factor of 825 -f- 25 is of the form 
and no factor of 825 -f- 11 is of the form ll/u-}-l unless 
/j = 0 ; but 11 . 5 and 5^ are of the form 3;^+ 1. 

Ex. 22. As in Ex. 21 the group contains a normal subgroup 
of order 25, 17, 13, 11, 7, 13, 127, 169, 121. 

Ex. 23. As in Ex. 21 prove that every Sylow subgroup) is 
normal and use Corollary IV. (i) cyclic ; (ii) cyclic or Abelian 
of type (665, 5) ; (iii) 10 types ; see XI 1 and XI 7^1. 

Ex. 24. (i) 520 = 2^ . 5 . 13. The only factors of 520 -f- 13 of 
the form 13^ + 1 are 1 and 40. Hence a simple group G- of 
order 520 must contain 40 subgroups of order 13, since it contains 
no normal subgroup of order 13. Similarly G contains 26 sub- 
groups of order 5. Now two groups of prime orders have only 
identity in common. Hence G contains 26(5 — 1) distinct 
elements of order 5 and 40(13—1) distinct elements of order 13. 
But 26.4 + 40.12 > 520. (ii) G contains 6 subgroups of order 5 
and 10 of order 3; (iii) 20 subgroups of order 19 and 76 of 
order 5; (iv) 45 subgroups of order 11, 11 of order 5, and 55 
of order 9 ; (v) 78 subgroups of order 7 and 14 of order 13. 

Ex. 25. (i) As in Ex. 24 a simple group G of order 616 
contains 56 . 10 elements of order 11 and 8, 6 of order 7. Since 
616 = 560 + 48 + 8, G contains only a single subgroup of order 
8 which is . *. normal, (ii) G contains 8 subgroups of order 7 ; 
(iii) 27 subgroups of order 13. 

Ex. 26. (i) As in Ex. 23 a simple group G of order 450 
contains 6 subgroups of order 25 and is isomorx:)hic with a 
simple transitive permutation-group G' of degree 6. The 
isomorphism is simple since G is simple. G'^ contains no odd 
permutation, for otherwise the even permutations of G' would 
form a normal subgroup of G', G' is a subgroup of the 
alternating group of degree 6 ; but 450 is not a factor of 6 ! -+ 2. 
(ii) The order of G is not a factor of 3 ! +• 2, (iii) 5 ! -+ 2, (iv) 6 ! -+ 2, 
(v)6!-r2, (vi)ll!-+2. 

Ex. 27. (i) As in Ex. 26 a simple group G of order 90 is simply 
isomorphic with a transitive permutation-group G^ of degree 6 
containing only even permutations. By § 1 contains a per- 
mutation g of order 2 which (being even) is the product of two 
transpositions and does not displace eveiy symbol. Hence g 
is contained in some subgroup of index 6 consisting of the 
permutations of G' not displacing one symbol. But W -r 6 is 
odd. (ii) Here G' is of degree 18 and each of the 18 subgroups 
of ff' not displacing one symbol is of order and degree 17, while 
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there are 18 permutations of 6r' (not included in these 18 sub- 
groups) which displace every symbol. One of these is of order 2 
and is the product of 9 transpositions and is an odd permutation. 

Ex. 29. (i) {a}; {&}, {la], {la^}> (ii) [a, h] ; {c¥} (r=l, 
2, ..., 7). Note that every element of the group can be put in 
the form which transforms c into cb~y. 

Ex. 30. {(12)(8 4), (14)(2 3)h {(234)}, {(3 4 1)}, {(412)}, 
{(1 2 3)}. 

Ex. 31. Apply Sylow’s theorem to the general homogeneous 
linear group. Since the period of every mark divides 1, no 
multiplication is of order divisible by^. 


CHAPTER XIII 

§ 3 . Ex. 1. Let A be the maximum normal subgroup of G 
containing H, B the maximum normal subgroup of A containing 
JET, .... Then G, A, R, ... , if, ... is a composition-series containing 
H if H is normal. 

Ex. 2. (i) A cyclic group of order contains only one normal 
subgroup of index p, (ii) Use XI 6. 

Ex. 4. By XII li 9 G contains only one normal subgroup which 
is of order p. 

Ex. 5. Use VI 14, 15. 

Ex. 6. One composition-series is G, H, 1, and .•. the composition- 
factors are m! -f- 2 and 2. Hence if G contains a normal subgroup 
other than H, it is of order 2. Evidently no such normal sub- 
group exists. 

Ex. 7. Use V 20. 

Ex. 8. Use Ex. 7, noticing that a cyclic group cannot have more 
than one subgroup of given order. 

Ex. 9. (i) The composition-factors of G are 13 q'B, y r\ ... 
which can be arranged in c different orders. Now use Ex. 8 . 

(ii) If all the Sylow subgroups of K are cyclic the theorem is 
true by V 202(iii). If the Sylow subgroup of order p^^ is non-cyclic, 
Ex. 2 (ii) shows that there is more than one composition-series of 
K in which the a composition-factors p occur last. 

Ex. 10. Let Ua he the number of distinct composition-series 
of G. Then the second group Gi of a composition-series may 
by XI 7 be one of p cyclic subgroups of index p each giving rise ^ 
to a single composition-series, or may be a given group of order 
jpo-i with a cyclic subgroup of index p giving rise to 
composition-series. =P+'i^a-i* Now use induction. 

Ex. 11. Let Ua he the number of composition-series of G* Hie 
second group Gi in the series can be chosen in — 1) -f- (p — 1) 
ways by IX 8. % = w<]i„i(p®— 1) -r (p—l)- Now use induction. 

Ex. 12. UseVl4e. 
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Ex. IB. G has a composition-series containing a Sylow subgroup 
of order ifK Now use Ex. 12 . 

Ex. 14. (i) By Ex. 12 all the Sylow subgroups of G are normal. 
Now use XII 1 Corollary IV. (ii) As in XI B we can show that 
every subgroup of G is contained normally in some subgroup of 
higher order. 

Ex. 15. The number is 1, 5, 21, 7, B according as the group 
is Abelian of the type (3), (2, 1), (1, 1, 1), dihedral, or dicyclic. 

Ex. 16. (i) dg, (© 3 , 63 , C 3 ), C 3 , 1 and dg, Co, c, 1. (ii) Q, (O, 0, 6 ), 
T, B, (C2, C2, C 2 ), 1. (iii) H, E, 1. 

§4. Ex. 2. If H = + , {G,.,E}=Grh 

+ Grh2 + G^h-h .... (SeeVlB.) 

Ex. 3. In Ex. 2 every subgroup of is simply isomorphic 

with a subgroup of JS}/G.y and .*. with a subgroup of 

since contains G^. and E. Now apply to Ei the 
same reasoning as was applied to E and use Ex. 1, &c. 

Ex. 4. A and cyclic groups whose orders are the prime factors 
of -r l)d ; except in the case m = 2 and p ’*=2 or 3 
when all the composition-factor-groups are of prime order. 

§ 5. Ex. 2. A soluble group has a normal subgroup of prime 
index, and this must contain the commutant. 

Ex. B. Use XIII 43 . 

Ex. 4. Use XIII 84 . 

Ex. 7. Use Ex. 2 and 5. 

Ex. 8 . Use § 4. 

Ex. 9. Take {a} as the group of § 4 ; then G/E is cyclic. 

§ 6. Ex. 1. G is the direct product of groups of order p and is 
.*. Abelian. 

Ex. 2. If / is a composition-factor of G, we have =pr; 
and . •. ^ = 0 . 

Ex. B. Let / be a composition-factor of the alternatmg group. 

AsinEx. 2/^+i = B.4.5 m; and.*. ^ = 0. ^ 

Ex. 4. If JST is a normal subgroup of P contained in E, its order 
is not a multiple of p ; for otherwise K would contain one Sylow 
subgroup of order p in P, and . *. E would contain all the Sylow 
subgroups of order p, since they are all conjugate and K is normal. 
Hence since K is of degree K is intransitive (VI 6 ), which is 
^ impossible (VI 11). Now use Ex. 2. 

§ 8 . Ex. 1. Prove as in § 4. 

Ex. 2. Take the composition-series {a, 0 ], {a-, o;, {oj-, ^ 
the group = {ab)^ = 1 . ^ j 

Ex. 6 . By XI 2 the chief-factor-groups are of prime order. 

Ex. 7. Use XI Is- 
Ex. 8 . Use § 6 . 
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Ex. 9. (ii) Use X 

Ex. 10. Use XI 7c and XIII S^o. 

Ex. 11. (i) 1, 5, 21, 3, 3. (ii) 4, 3, 1. 

§ 9 . Ex. 1, 2. Use § 6. 

Ex. 7. Any element pemiutable with a group transforms a 
chief-series into a chief-series. 

§ 11. Ex. 1. Use XIII 52, 3. 

Ex. 2. The group preceding identity in the series of derived 
groups. 

Ex. 3. Use X3. 

§12. Ex. 3. SeeX5i. 

Ex. 6. (i) Cr/Ci^i is Abelian, O.^-i contains A^. (ii) The 
commutant of is Abelian (Ex. 3); by X3 each 

commutator of {A^, C^-_3}/Q^3 = 1, and hence every commutator 
of {Ai, C,-_3} is in G,_3. 

Ex. 7. UseXIlg. 

Ex, 8. Prove as in XI 2. 

§ 13 . Ex. 1. Use XIII 55. 

Ex. 2. By XIII 80 the central AT of A ^ 1, since a chief-series 
of Gr can be formed containing A ; while by X 3 the commutant of 
G/K is A/X. Now every chief-factor-group of G/K is cyclic, and 
.*. the central of A/K ^ 1. Continuing this reasoning we see that 
the class of A is finite. 


CHAPTEE XIV 

§1. Ex. 2. (iii) UseX5. 

Ex. 3. a^^=^h^ = {a'bY:=l. 

Ex. 4. They are permutable with a and &. 

Ex. 5. Let be the lowest power of a in any subgroup H, and 
suppose that H contains hVa^ but no element where p < p 
or p = ?/, <T < X, Then 1 3 shows that ^ where u is integral 
and that H contains the elements 2, 

u; i = l, 2, ..., Z-f-A). Putting t^uwe have I a factor of 
r+ir(F---l)-r(^2/---l). The groups AT, IVa^} are distinct; 
for if H contains hya^j it contains {by a^y^ijby a^) == which is 

impossible when I > z > x>0. 

Ex. 7. By Ex. 4 G contains a normal subgroup of prime index. 

Ex. 8. Suppose h a primitive root of = 1 (mod A). Then 
{a, b"} is Abelian and its Sylow subgroups are all cyclic. Hence 
by V202(iu) {a, ¥] is cyclic; and it is normal by Ex. 4. Hence 
f ==A 
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SOLTJTIOJfS. CH.XIV 
§ 2 . Ex. 1. TJseXIVlo. 

^ (I) 4w— (the H.C.P. of 2 m and 

(II) 2 or 4 as * ^ even or odd; (HI) 2 ; (TV) 4. 
7 conjugate sets are of the form (I) and 

la ; (ii) + and ha^ (x odd), la^ even) 

one or two conjugate sets as m is even or odd ; 
a elements la^ form one or two conjugate 

sets siB 7n IS odd or even; (lY) and ha^ (x odd), ba^ 

even) form conjugate sets. 

Ex. B. Use :XIVl 5 . 

Ex. dr, ha^} is Abelian or of the type I as Z is even or odd. 

Ex. 7. 2<^)(4m) or 4<#>(4w) as m is odd or even; 2w<#>(4w); 
m<p{m>) ; Jn any automorphism let a® correspond to or, 

ba^ to & ; then and ba^ satisfy the same relations as a and b. 
In group I we can have bct^ corresponding to a and ba^ to b if 7n 
is even, (See Footnote, p. 32.) 

Ex. 8 , The normal subgroups of III are the subgroups of [a] 
and b}, ba} when m is even. Now use XIII Sg and 

induction. 

Ex. 9, Use § 1 , 


§ 3 . Ex. 2. Since {a} can have only one holomorph, the meta- 
cyclic group is abstractly the same whatever primitiv'e root Z; 
may be. 

Ex. 3. Use 18. 

Ex. 5. {a, Z? 2 

Ex. 0 . It is contained in {a} or {bya^}. 

Ex. 7, 8 . If — 1 = gr ... veo where g, r, v, w are primes not 
necessarily all distinct, every composition-series is of the form 
{a, h}, {o, &2}, {a, 62 r}, (a, 1 . 

Ex. 9. If in an automorphism of G d corresponds to a and 
byoF' to b, ; which gives ^=1. Hence 

the order of the group of automorphisms =p(p—l) = the order 
of the group of inner automorphisms = the order of G, 

Ex. 10. See X 84 . 

Ex. 11. Prove 8 ^ = = 1 , ST ^TSK Since TyS^ replaces 

1 ) P Ey x respectively, and 1 * 2 / -fa?, x may be made equivalent 

to any two whatever of 1 , 2 , ..., p; the group is doubly transitive. 


§ 4 r. Ex. 1- If g^, Om elements of orders 

- fftff -2 — 9m is of order n. 

Ex. 2 . P is the only subgroup of its kind in ff. 

Ex. 3. Since is permutable with =P„, g^} 

is of order and =P„_i. Similarly {gm- 2 > 9m-u 

g^y^ -Pm — 2 5 & 0 . 

Ex. -4. By XIII Corollary II every Sylow subgroup of PT is 
contained in some Sylow subgroup of G. 

q3 
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Ex. 8. As in § 4 (4) prove the existence of and then use V 14. 
Ex. 9. G contains elements whose orders divide 

but not 

Hence G- contains an element of order Now proceed as 

in §4 (1). 

§ 5. Ex. 1. By § 5 r is of the type =1, = a’’, ab = bol^- 

Putting I?' = Vy we have V generated by a and b' which satisfy 
relations of the given form since A is prime to /3. 

Ex. 2. (i) 0 - = 0, 2/ = 1 (mod /3), p is prime to A., x{7c^-'l) -r- 
— 1) = (p ~ 1) r (mod X). 

(ii) (j) (X) X ^the H. C. F. of X and * (See Footnote, p. 32.) 

§ 6 . Ex. 4. Use Corollary IV of XII 1. 

Ex. 6. Since {abY = and a~^b^a =^b~^ a~^. 

• 7)2 — — ff 2 siTirl /7^ — — "f 

’ ’ Ex. 7, ba^ ^ab- bar - ; ^ ^2^ j^ow use Ex. 6. 

Ex. 9 (ii). If c, cZ are the elements of the group of automorphisms 
corresponding to those automorphisms in which b^ corresponds to 
a and ba to b, aio a and ba to b, then — iP = {cdY = 1* Now 
use YI3^. 

Ex. 10. UseX4i. 

§ 8 . Ex. 2. (i) Generated by the elements of H excluding 
identity ; (ii) generated by the elements aJ5, bB, abJB, (iii) and 
(iv) The G. C. S. of all subgroups of index 2 or 4 is {a^}. Now 
consider the number of subgroups of index 2 or 4 in Gf{a^} 
which is Abelian of order 2*^“^ and type (1, 1, 1). (v) The 

first generator of such a subgroup may be chosen in 2^ — 2«“2 
ways and then the second in 2*^^^ ways. Hence the generators 
may be chosen in 2°'“^(2‘^ — 2®“^) ways. Putting a = 3 we have 
24 ways of choosing the generators of a quaternion group. Hence 
the number of quaternion subgroups is 2°""^ (2*^— 2“'" 2) -f- 24. 

Ex. 3. If JEJ is a normal subgroup of order p, K/E has every 
subgroup normal and is therefore Abelian. Hence E is the 
commutant of E. 


CHAPTEK XV 

§ 1. Ex. 2. The distinct representations of the cyclic group {a} 
of order 3 are obtained by making 1, a, correspond respectively 
to (1) X, Xy X] (2) x':= Xj (i)Xy co^x ; (3) x, (a^x, o^x, where 
< 0 ^ = 1. Eepresentations (2) and (3) give the same substitution- 
group. 

Ex. 3. Each of coj, C 02 , cog, .T. is ±1. 

Ex. 4. With G/H, where R is the normal subgroup formed 
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by tbe elements corresponding to {xi, x.y, ...) in the repre- 
sentation. 

Ex. 7. Use VIIS. 

Ex. 8. e. g. — ^^5^2 — i 

§ 2. Ex. 2. Xk the sum of Xi^* quantities whose modulus is 1. 
Now use the theorem ^the sum of the moduli of two or more 
complex quantities is < the modulus of their sum 

Ex. 3. By Ex. 2 every element of -S’ must correspond to 
(%, X 2 , •••) in Si- 

Ex. 5. Every conjugate set is self-inverse. 

§ 3. Ex. 1. Let g = ... gt^t. Put = 1, = «2? ^’3 = ^3, 

Qf, Then = 0^ or ^ aj. Similarly ^2 = ^2 i ^2? — 
jEx. 2. Each such representation is Abehan and is therefore 
a representation of Gr/A by X 3 and XY I4, But the number 
of representations of G/A = its order. 

Ex. 3. Use § 3. 

Ex. 4. Multiply each row hy the characteristic of the element 
heading the row and do the same for the columns. If we then 
add each row to the first, every term in the first row is the same, 
and is therefore a linear factor of the determinant. Do this for 
each of the n characteristics. 

Ex. 6. (i) Apply the method of Ex. 4 to the characteristics 
in the g representations of the first degree (Ex. 2). 

(ii) li-a + d + c+d-he, d— e. 

6. Xa(Xi + X2+ ••• +X«) = XiXft+X2X&+ — +X»iXit = Xi+X2 
+ ... +Xw- ^ow choose 
Ex. 7. As in Ex. 6. 




§ 4 . Ex. 4. If H, K are a pair of reciprocal groups, K and G/S 
have the same invariants. 

Ex. 6. Use Ex. 4 and IX 83, 

Ex. 6. Use Ex. 4 and IX 

Ex. 7. (i) Use Ex. 6 and proceed as in XI 4. (ii) ^ = 5? = 1. 


§ 5 . Ex. 3. Put ^* = 1 in (ii). 

Ex. 4. Put Xe^ x/ (ii)* 

Ex. 6. UseXYSe. 

Ex. 7. (i) Two Abelian representations and -Kp— 1) generated 


by substitutions of the form 

/ 2^77 . 2^'7r 


'), (-a;, 


( cos — x—sm V, sm— a?+cos g ), (— g\ 

\ p P P p / ' ' 

(ii) Four Abelian representations and that generated by (—p, x), 
(’-X, y). (iii) Pour Abelian representations and those generated by 

/ 277 . 277 . 277 , 277 \ > \ 3 

{^coB-^xsm'^y,Bm — x-\-cos-^yp {—x^y) and 


( 77 , 7T . 77 , TT \ / \ 

cosg Bui’^x+cos^y j, {—x, y). 
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Ex. 8. Taking in (i) Oi = 1 , a^, = a + a^, C4 = ; 

O5 = Z) + 5 a 2 + Z)a^ ; Cq = &a+Z)a^ + &a® and in (ii) Ci = 1, C2 = a^, 
G^ = a+a^, + C5 = + la^ we have as sets of 


characteristics respectively 
11111 

1 

1 

1 

1 

1 

1 

1 1 

1 

1 

-1 

-1 

1 

1 

1 

-1 

-1 

1 -1 

-1 

1 

% 

1 

•ca 

1 

1 

1 

-1 

1 

-1 

1 -1 

-1 

1 


i 

1 

1 

-1 

-1 

1 

2 2 

-1 

-1 

0 

0 

2 

-2 

0 

0 

0 

2 -2 

1 

-1 

.0 

0 







Ex. 9 . Taking Ci = 1 , 62 = a+a^ + a^, 6)3 = a^ + a^-^a^ ; = 

5 + + 1)0^ + 'bcL^ + ta^ + ; G^ = l^a + 4 * 0? + 

we have as sets of characteristics 


1 

1 1 1 

1 

1 

lift) 

(1)^ 

1 

1 1 ft )2 

<0 

3 

«! C (2 0 

0 

3 

02 Oi 0 

0 

where co^ = 1, a^ag = 2, 

Qi + ®2+1 = 


Ex. 10 . Taking Ci = 

1 , Co == the permutations of order 3 , 

Co = the permutations of order 4 , C4 = 

the even and C« = the 

odd permutations of order 2, we have as sets of characteristics 

1 

111 

1 

1 

1-1 1 

-1 

2 . 

-102 

0 

3 

0 -1 -1 

1 

8 

0 1-1 

-1 


Ex. 11. Taking Q = 1 , O^y O3, C4 = the permutations of orders 
3 , 4 , 5 respectively, G^ = the even and 0 ^ the odd permutations of 
order 2, 0 <^ the permutations of order 6, we have as sets of 
characteristics. 

(i) 1 1 1 1 1 

3 0 i(l-v^) i{l + V^) -1 

3 0 ^( 1 +^ 6 ) 4 ( 1 - v'S) -1 

4 1-1 -1 0 

5-10 0 1 

(ii) 1111111 

1 1-1 1 1 - 1-1 

4 1 0-1 0 2-1 

4 1 0-1 0-2 1 

5 - 1-1 0 1 1 1 

6 - 1 1 0 1-1 -1 
6 0 0 1 -2 0 0 

§ 6 . Ex. (i) The numher of elements conjugate to a normal 
element of a Sylow subgroup of order is a power of p. (ii) No 
factor-group of Cr ia simple unless it is of prime order. 



APPENDIX 


In the hope that some of my readers will wish to add to existing 
knowledge of group-theory, I give a few interesting questions still 
awaiting solution.* 

1. Can a group of odd order be both non-cyclic and simple? 

2. Discuss every type of group with an Abelian commutant 
(SeeXSj). 

3. Can a perfect group contain elements which are not commu- 
tators of the group ? 

4. The greatest common subgroup of the normalisers of no 
two elements of a group G is identity. Can G be simple ? 

5. Can a group be simple if it cannot be generated by less than 
three independent generators ? 

6. A group G has a finite number of generators, and the order 
of every element < a finite number r. Is G necessarily finite ? 

7. Can a non-Abelian group have an Abelian group of auto- 
morphisms ? 

8. Can a group of order have a gi’oup of automorphisms 
whose order is also a power of jp ? 

9. Can an outer automorphism permute among themselves the 
elements of each conjugate set of elements of a group, or does it 
necessarily permute some of the conjugate sets ? t 

10. Find the group of automorphisms of the group in XIV l.§ 
Find also its group-characteristics. 

11. Find a proof of the theorem of XY 6 which does not involve 
the properties of irreducible gi-oups of linear substitutions. 

12. Is it always possible to transform a finite homogeneous 
linear substitution-group into a group in which the coefficients of 
eveiy substitution are rational functions of roots of unity ? 

I am indebted for the majority of these questions to the kindness of 
Prof. W. Burnside, who is one of the greatest authorities on the subject. 

t See X 63. 

§ For the special case of the group in XI 7 , see Amer, Journ, Math, xxv, 




Abelian group, 51. 

Absolute inYariant, 99. 

Abstract group, 55. 

Adjoined groups, 167. 

Alternating group, 79. 

Appendix:, 2S3. 

Automorpliisia, 136. 
AutomoipMsius, group of, 137. 

Bauer’s theorem, 145. 

Bilinear form, 16. 

Birational substitution, 12. 
Burnside’s theorem, 186. 

c, Cjji (point-groups), IIB, 114, 

212 . 

Canonical Hermitian form, 20, 
Cayley’s colour-groups, 86. 

Central, 63, 167. 

Centre of symmetry, 42. 
Characteristic equation, 21. 
of a conjugate set, 179, 
series, 165. 
subgroup, 139. 
Chief-composition-series, 164. 
Chief-factoT-groups, 164. 
Chief-factors, 164, 

Chief-series, 164. 

Circular permutation, 7. 

Class of a group, 167. 
of integral functions, 28. 
of outer automorphisms, 137. 
Cogredient automorphism, 136. 



Collineation, 45. 

Colour-groups, 86. 

Commutant, 133. 

CommutatiYe elements, 1. 

group, 51. 

Commutator, 4. 
of a group, 133. 
sub^oup, 133. 

Complete group, 137. 

Completely reducible group, 106. 
Component^groups, 69. 

Composite group, 63. 


Composition-factor-groups, 158. 
Composition-factors, 158. 
Composition-series, 158. 

Conformal groups, 55. 

Congruent figures, 39. 

Conjugate complex quantities of 
a Field, 32. 

elements and subgroups, 61. 
substitution, 16. 

Contragredient automorphism, 136. 
Cycle, 8. 

Cyclic or cyclical group, 60. 


(point 

groups), 118, 114, 115. 
Decomposable groups, 67 . 

Tizafi nifok TTAri'nif.Tfl.n frvTm. 20. 


Degree of a cycle, 8, 
of a permutation, 6. 
of a permutation-group, 79. 
of a substitution, 12. 
of a substitution-group, 98. 
Derived groups, 166. ^ ^ 

Determinant of a substitution, lb. 


Dicychc group, 150, 170. 
DilTedral group, 113, 170. 
Direct product, 69 . 

Distinct representations, 179. 


E, H (point-groups), 113,115. 
Element, 1. 

Elliptic substitution, 27. 
Enantiomorphous figures, 39. 
Equivalent representations, 179. 

system of points, lines, &c., 109, 
Euler’s construction, 36. 

Even permutation, 11. 

Extended point-groups, 114. 


Eactor-group, 72, 

Einite group, 51. 

Eirst adjoined group, 135. 
central, 167- 
cogredient, 135. 
derived ^oup, 133. 

Fractional linear substitution, 26. 
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Frobekius’ theo reaj. Tb. Ibb. 

r (pomt.ffroui.., 114. 

Galois Field, 2^. 

Gauss’ theorem^ 1,^7 

Geometrical movement, 

repiesentation ot"a. liio^ eineiit, 4u. 
General honiog^eiieoii- linear sul)- 

stitution-js^roiii.. i£«:). 

Generator, oo>. 

Generators of an AJ;.elian srroup. 126. 

Ghding-reftexion, S'; 

Gnomomc projection', 47. 

Great estcomiii on g ubgxoap ( *J .C.S /?, 
66 - 


Groap, ol. 

of aiJtoniorx>lii.>nig, 1 ;-> 7 . 
of cogreclient isomorphisms, 135. 
of oner amto morph 135 . 

of isomorpliisn^g^ 

of movements. iOS. 

Hamiltonian g-roum 175. 

Herniitian foncn,, 18, 

^roup, 104r, 

invariant, 102. 
substitution, 16. 

Hints for solution of the examples, 


Holoaxial point-group, 111. 
Hololiedral isoxno rphism. 71. 
Holomorpli, 1 :39. 

Homogeneous linear suhstitution, 
12, 15. 


linear substitution -group, 98. 
Hyperbolic sobstitutioii, 27. 
Hypohennitija^B. form, 20. 


Icosahedral g^rouj), E, Ho. 
Identical element, 1. 
group, 57. 

Imprimitive group, 9S. 
systems, Q3. 

Independen-t elements, 55. 

Index of a su-bgroiipj 58. 

Infinite group, 51. 

Inner automorplaisni, 136. 
Integral mar-k, 29. 

Intransitive group, 79. 

Invariant element, 62. 
of an Abelian gionp, 127,160. 
of a substitution-group, 99. 
snbgionpj 63. 
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elei.:ent. I. 

1 nverG:-ii a- 
Irrctli’crG: ‘ . . 

isoniori^M-n:- T 

■ bomori'-lii?:!;-. jt ■ 

■ Latin * 

; Latticv 117.. 

Loxodrr»iui... *' “ 

i iMarhs n-f a i ^ j - 
: 3rax imnin n-.'-riaai .* * 

■: 31 orohi.H. Iral : : i- : : ■; 

; 3l€tabelkn ri- r i ' 

5 lletacydic .{■ l'"l 

: llininmiu r, a'ra a: : 

: llodular 

31 one 2i*-i*.X 1 S'* J ■'gjfc’i i 1 t 
; 31 ov c-nien t. ■ n j - ”• .• ; a 4; „ 

i of the lirst r r n-... . 

i lliiltiple b.-'-.'av. '.rrh::-'-! . '7! 
j 31nltiidieat,% - r . 1’ : 

; tabic f>f a rr ar .. ’ I 
I Multiply 


u-al rotation vr - 

110 . 

Kegative p-c rn; Ia'U I ! 

Ket, 115. 

Non-perspci tive c , ,:;r, ...,rj 

order two, 47, 

Normal element. €2 
tbrm of a lititi.tj ^ n 
subgroup. 6-'-. 

Nomialiser ofaj: 

of a subgroup’, f - e 
Not-sq_uare of a FielL ' G* 

i O, £2 4'^oinbgroii|»^e. 113. H*?,, 

^ Octahedral group, O. ll-b 
! Odd jieriiiutation, 1! 

Operation, I. 

Order of a group, 
of an element 2, 
of an elenientrektiia io a ^ruiir 
51. 

Orthogonal suktitation. It% 

Outer autnmorphisai, 1 S . 

Parabolic subititiiti-oii, 27, 

Partition, 5S. 
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[•'•Hoct group, 133. 

/■nod or a mark, 31. 

> i*riunt.a1jle elements, 1. 
Client and group, 61. 
;^n*oups, 67. 


niovemcnts, 33. 

♦fnuufcation, 6. 

’ennutation-group, 79, 

I <4‘Hpoctive colli iieation, 47. 

/>int-group, 108. 

* <»!<• of a fractional linear sub- 
stitution, 27. 

of a homogeneous linear substitu- 
tion, 20. 

Ponit ive Herniitian form, 20. 
l»cnnutation, 11. 

rnme-])o-wer Abelian group, 130. 
proup, 142. 

Primitive group, 93. 
root of congruence, 156, 169. 
root of equation in a Field, 31. 
root of Field, 32. 

Product of elements, 1. 
of movements, 39. 
of permutations, 6. 
of substitutions, 12, 13. 

Projective transformation, 44. 

Pseudo-substitution, 121. 


Quadratic group, 113. 
Quaternion group, 175. 
Quotient-group, 72. 


Rank of hypohermitian form, 20. 
Real substitution, 16. 

Reciprocal subgroups, 183. 
Reducible group, 100. 
Reflexions, product of two, 33. 
Regular permutation, 8. 

permutation-group, 79. 
Relative invariant, 99. 
order, 51. 

Representations, 179. 

Residue of a function, 28. 
Resultant of elements, 1. 

of two reflexions, 33. 
Rodrigue’s construction, 36. 
Rotation-axis, 42. 
Rotatory-inversion, 37, 41. 
Rotatory-reflexion, 37 . 


Screw, 38. 

Self-conjugate element, 62. 

subgroup, 63.^ , . 

Self-inverse conjugate sets, bl. 

representation, 179. 

Semi- group, 51. 

Series of adjoined groups, 167. 

of derived groups, 166. 

Set of characteristics, 181. 

Similar movements, 41. 

IDermutations, 8. 
Similarity-substitution, 23. 

Simple group, 63, 107. 

isomorphism, 71. 

Simply transitive group, 79. 

Soluble group, 161. 

Solutions of examples, 189. 
Speciality of a group, 167. 

Square of a Field, 32. ^ 

Stereographic projection, 4o. 
Subgroup, 57. 

Substitution, 6, 12. 

Substitution-group, ^98. 

Sylow subgroup, 153. 

Sylow’s theorem, 152. 

Symmetric group, 79. 

substitution, 16. 

Symmetry, 42. 

Symmetry-axis, 42. 

Symmetry-plane, 42. 

T, 0, 6 (point-groups), 113, 114. 
Tetrahedral group, T, 113. 
Transform of an element, 3. 
of a group, 61. 
of a movement, 41. 
of a permutation, 9. 
of a substitution, 14. 

Transitive permutation-group, 79. 
sets, 91. 

Translation, 33. 

Translation-group, 110. 

Transposed substitution, 16. 
Transposition, 7. 

Type of an Abelian group, 127, IdU. 
of any group, 167. 

Unitary substitution, 16. 

Vierergruppe, 113. 
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